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Opti 501 Solutions 1/3 
 
Problem 2.34) The symmetry of the problem is such that each particle will remain on the 𝑥𝑥-axis 
and on the same side of the origin at all times. Let us denote by 𝑥𝑥(𝑡𝑡) the position of the particle 
which resides on the positive side of the 𝑥𝑥-axis, and by 𝑣𝑣(𝑡𝑡) = �̇�𝑥(𝑡𝑡) and 𝑎𝑎(𝑡𝑡) = �̈�𝑥(𝑡𝑡) its velocity 
and acceleration, respectively, at time 𝑡𝑡 ≥ 0. The Coulomb force 𝐹𝐹𝑥𝑥(𝑡𝑡) acting on the particle 
residing on the positive side of the 𝑥𝑥-axis satisfies Newton’s equation of motion, as follows: 

 𝐹𝐹𝑥𝑥(𝑡𝑡) = 𝑚𝑚�̈�𝑥(𝑡𝑡) = 𝑞𝑞2

4𝜋𝜋𝜀𝜀0[2𝑥𝑥(𝑡𝑡)]2. (1) 

Multiplying both sides of Eq.(1) by �̇�𝑥(𝑡𝑡), integrating with respect to time, and introducing the 
integration constant ℰ, we find 

 𝑚𝑚�̇�𝑥(𝑡𝑡)�̈�𝑥(𝑡𝑡) = 𝑞𝑞2

16𝜋𝜋𝜀𝜀0
� �̇�𝑥(𝑡𝑡)
𝑥𝑥2(𝑡𝑡)�     →  𝑑𝑑

𝑑𝑑𝑡𝑡
[½𝑚𝑚�̇�𝑥2(𝑡𝑡)] = − 𝑞𝑞2

16𝜋𝜋𝜀𝜀0

𝑑𝑑
𝑑𝑑𝑡𝑡
� 1
𝑥𝑥(𝑡𝑡)� 

 →  ½𝑚𝑚�̇�𝑥2(𝑡𝑡) = ℰ − � 𝑞𝑞2

16𝜋𝜋𝜀𝜀0
� 1
𝑥𝑥(𝑡𝑡)     →      �̇�𝑥(𝑡𝑡) = ±�2ℰ

𝑚𝑚
− � 𝑞𝑞2

8𝜋𝜋𝜀𝜀0𝑚𝑚
� 1
𝑥𝑥(𝑡𝑡) . (2) 

Note in the above equation that ℰ = ½𝑚𝑚𝑣𝑣2(𝑡𝑡) + ½ 𝑞𝑞2 [8𝜋𝜋𝜀𝜀0𝑥𝑥(𝑡𝑡)]⁄  is the total energy (i.e., 
kinetic plus potential) of each particle. The potential energy of the pair of particles, separated by 
2𝑥𝑥(𝑡𝑡), is seen to be equally divided between the two particles. In general, ℰ is positive, and the 
particles must come to a halt when 𝑥𝑥(𝑡𝑡) = 𝑥𝑥min = 𝑞𝑞2 (16𝜋𝜋𝜀𝜀0ℰ)⁄ . The plus sign on the right-
hand side of Eq.(2) applies when the particles recede from each other, whereas the minus sign 
applies when they approach each other. If 𝑣𝑣0 ≥ 0, only the solution with the plus sign will be 
acceptable. However, if 𝑣𝑣0 < 0, we must first solve Eq.(2) with the minus sign, until the 
particles come to a halt at some 𝑡𝑡 = 𝑡𝑡min, after which the sign of the radical must be reversed and 
the equation solved for 𝑡𝑡 ≥ 𝑡𝑡min. Conservation of the overall energy 2ℰ of the system is inherent 
in the equation of motion, Eq.(2), where ℰ is a time-independent constant. 

To solve Eq.(2), we define the parameters 𝛼𝛼 = 2ℰ 𝑚𝑚⁄  and 𝛽𝛽 = 𝑞𝑞2 (8𝜋𝜋𝜀𝜀0𝑚𝑚)⁄ , then rewrite and 
integrate Eq.(2) over the time interval [0, 𝑡𝑡], as follows: 

 𝑥𝑥(𝑡𝑡)�̇�𝑥(𝑡𝑡) = ±�𝛼𝛼𝑥𝑥2(𝑡𝑡) − 𝛽𝛽𝑥𝑥(𝑡𝑡)        →        ±� 𝑥𝑥 𝑑𝑑𝑥𝑥
�𝛼𝛼𝑥𝑥2− 𝛽𝛽𝑥𝑥

𝑥𝑥(𝑡𝑡)

𝑥𝑥0
= ∫ 𝑑𝑑𝑡𝑡𝑡𝑡

0  

 →    𝑡𝑡 = ± 1
𝛼𝛼
��𝛼𝛼𝑥𝑥2 − 𝛽𝛽𝑥𝑥 + 𝛽𝛽

2√𝛼𝛼
ln�2�𝛼𝛼2𝑥𝑥2 − 𝛼𝛼𝛽𝛽𝑥𝑥 + 2𝛼𝛼𝑥𝑥 − 𝛽𝛽��

𝑥𝑥0

𝑥𝑥(𝑡𝑡)
 

 →    𝑡𝑡 = ± 1
𝛼𝛼
�𝑥𝑥(𝑡𝑡)|𝑣𝑣(𝑡𝑡)| − 𝑥𝑥0|𝑣𝑣0| + 𝛽𝛽

2√𝛼𝛼
ln �𝑥𝑥(𝑡𝑡)𝑣𝑣2(𝑡𝑡) + √𝛼𝛼 𝑥𝑥(𝑡𝑡)|𝑣𝑣(𝑡𝑡)| + ½𝛽𝛽

𝑥𝑥0𝑣𝑣02 + √𝛼𝛼 𝑥𝑥0|𝑣𝑣0| + ½𝛽𝛽
��. (3) 

Thus, for each acceptable value of 𝑥𝑥(𝑡𝑡), we must first compute 𝑣𝑣(𝑡𝑡) = ±�𝛼𝛼 − 𝛽𝛽 𝑥𝑥(𝑡𝑡)⁄  from 
Eq.(2), then substitute for 𝑥𝑥(𝑡𝑡) and 𝑣𝑣(𝑡𝑡) in Eq.(3) to find the corresponding time 𝑡𝑡. If the initial 
velocity 𝑣𝑣0 happens to be negative, then 𝑥𝑥min = 𝛽𝛽 𝛼𝛼⁄ , 𝑣𝑣min = 0, and Eq.(3) yields 

 𝑡𝑡min = 𝑥𝑥0|𝑣𝑣0|
𝛼𝛼

+ 𝛽𝛽
2𝛼𝛼3 2⁄ �ln�2𝑥𝑥0𝑣𝑣02 + 2√𝛼𝛼 𝑥𝑥0|𝑣𝑣0| + 𝛽𝛽� − ln𝛽𝛽�. (4) 
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For times 𝑡𝑡 > 𝑡𝑡min, one must set 𝑥𝑥0 = 𝑥𝑥min = 𝛽𝛽 𝛼𝛼⁄ , 𝑣𝑣0 = 𝑣𝑣min = 0, and reset the origin of time 
to 𝑡𝑡 = 0. The subsequent trajectory 𝑥𝑥(𝑡𝑡) of the particle may then be found from Eq.(3), with the 
understanding that the right-hand-side of the equation must switch sign (from minus to plus). 
 
Digression. Suppose now that the particles are oppositely charged, that is, their charges are 
given as +𝑞𝑞 and −𝑞𝑞. The velocity equation, Eq.(2), now becomes 

 𝑣𝑣(𝑡𝑡) = �̇�𝑥(𝑡𝑡) = ±�2ℰ
𝑚𝑚

+ � 𝑞𝑞2

8𝜋𝜋𝜀𝜀0𝑚𝑚
� 1
𝑥𝑥(𝑡𝑡) = ±�𝛼𝛼 + 𝛽𝛽

𝑥𝑥(𝑡𝑡). (5) 

In this case, the total energy of the system may be positive, negative, or zero. When 𝛼𝛼 > 0, we 
find essentially the same solution as in Eq.(3), namely, 

 𝑥𝑥(𝑡𝑡)�̇�𝑥(𝑡𝑡) = ±�𝛼𝛼𝑥𝑥2(𝑡𝑡) + 𝛽𝛽𝑥𝑥(𝑡𝑡)        →        ±� 𝑥𝑥 𝑑𝑑𝑥𝑥
�𝛼𝛼𝑥𝑥2+ 𝛽𝛽𝑥𝑥

𝑥𝑥(𝑡𝑡)

𝑥𝑥0
= ∫ 𝑑𝑑𝑡𝑡𝑡𝑡

0  

 →    𝑡𝑡 = ± 1
𝛼𝛼
��𝛼𝛼𝑥𝑥2 + 𝛽𝛽𝑥𝑥 − 𝛽𝛽

2√𝛼𝛼
ln�2�𝛼𝛼2𝑥𝑥2 + 𝛼𝛼𝛽𝛽𝑥𝑥 + 2𝛼𝛼𝑥𝑥 + 𝛽𝛽��

𝑥𝑥0

𝑥𝑥(𝑡𝑡)
 

 →    𝑡𝑡 = ± 1
𝛼𝛼
�𝑥𝑥(𝑡𝑡)|𝑣𝑣(𝑡𝑡)| − 𝑥𝑥0|𝑣𝑣0| − 𝛽𝛽

2√𝛼𝛼
ln �𝑥𝑥(𝑡𝑡)𝑣𝑣2(𝑡𝑡) + √𝛼𝛼 𝑥𝑥(𝑡𝑡)|𝑣𝑣(𝑡𝑡)| − ½𝛽𝛽

𝑥𝑥0𝑣𝑣02 + √𝛼𝛼 𝑥𝑥0|𝑣𝑣0| − ½𝛽𝛽
��. (6) 

In the case of 𝛼𝛼 = 0, the kinetic and potential energies of the system are exactly equal in 
magnitude and opposite in sign, yielding 

 𝑣𝑣(𝑡𝑡) = �̇�𝑥(𝑡𝑡) = ±�� 𝑞𝑞2

8𝜋𝜋𝜀𝜀0𝑚𝑚
� 1
𝑥𝑥(𝑡𝑡) = ±� 𝛽𝛽

𝑥𝑥(𝑡𝑡). (7) 

We will have 

 ±�𝛽𝛽𝑡𝑡 = � √𝑥𝑥 𝑑𝑑𝑥𝑥
𝑥𝑥(𝑡𝑡)

𝑥𝑥0
= ⅔�𝑥𝑥3 2⁄ (𝑡𝑡) − 𝑥𝑥0

3 2⁄ �     →   𝑥𝑥(𝑡𝑡) = �𝑥𝑥0
3 2⁄ ± 3

2�𝛽𝛽𝑡𝑡�
⅔

. (8) 

Finally, in the case of 𝛼𝛼 < 0, the initial kinetic energy of the system is insufficient to keep the 
particles apart — assuming, of course, that the initial velocity 𝑣𝑣0 is positive. The particles recede 
from each other until 𝑣𝑣(𝑡𝑡) = 0 at 𝑥𝑥(𝑡𝑡) = 𝑥𝑥max = −𝛽𝛽 𝛼𝛼⁄ , which occurs at some 𝑡𝑡 = 𝑡𝑡max. 
Afterward, the velocity reverses direction, and the two particles rush toward each other until they 
collide at 𝑥𝑥(𝑡𝑡) = 0. The solution to Eq.(5) may now be determined as follows 

 𝑥𝑥(𝑡𝑡)�̇�𝑥(𝑡𝑡) = ±�𝛼𝛼𝑥𝑥2(𝑡𝑡) + 𝛽𝛽𝑥𝑥(𝑡𝑡)        →        ±� 𝑥𝑥 𝑑𝑑𝑥𝑥
�𝛼𝛼𝑥𝑥2+ 𝛽𝛽𝑥𝑥

𝑥𝑥(𝑡𝑡)

𝑥𝑥0
= ∫ 𝑑𝑑𝑡𝑡𝑡𝑡

0  

 →    𝑡𝑡 = ± 1
𝛼𝛼
��𝛼𝛼𝑥𝑥2 + 𝛽𝛽𝑥𝑥 + 𝛽𝛽

2�|𝛼𝛼|
 arcsin �1 + 2𝛼𝛼

𝛽𝛽
𝑥𝑥��

𝑥𝑥0

𝑥𝑥(𝑡𝑡)
 

 →   𝑡𝑡 = ± 1
𝛼𝛼

[𝑥𝑥(𝑡𝑡)|𝑣𝑣(𝑡𝑡)| − 𝑥𝑥0|𝑣𝑣0|] ± 𝛽𝛽
2𝛼𝛼�|𝛼𝛼|

�arcsin �1 + 2𝛼𝛼
𝛽𝛽
𝑥𝑥(𝑡𝑡)� − arcsin �1 + 2𝛼𝛼

𝛽𝛽
𝑥𝑥0��. (9) 

In the special case when 𝛼𝛼 < 0 and 𝑣𝑣0 > 0, the time 𝑡𝑡max at which 𝑥𝑥(𝑡𝑡) = 𝑥𝑥max = 𝛽𝛽 |𝛼𝛼|⁄  may 
be readily found from Eq.(9), that is, 
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 𝑡𝑡max = 1
|𝛼𝛼| 𝑥𝑥0𝑣𝑣0 + 𝛽𝛽

2|𝛼𝛼|3 2⁄  
�𝜋𝜋
2

+ arcsin[1 − 2(𝑥𝑥0/𝑥𝑥max)]�. (10) 

For times 𝑡𝑡 > 𝑡𝑡max, one must set 𝑥𝑥0 = 𝑥𝑥max = 𝛽𝛽 |𝛼𝛼|⁄ , 𝑣𝑣0 = 𝑣𝑣max = 0, and reset the origin of 
time to 𝑡𝑡 = 0. The subsequent trajectory 𝑥𝑥(𝑡𝑡) of the particle is then found from Eq.(9), with the 
understanding that the right-hand-side of the equation must switch sign (from plus to minus). 
 


