Solutions Opti 501

Problem 21)
a) J(r,t)=qV(t) 5(X) 5(y) 5[z—f0tV(t’)dt’] Z.
b) OE(rY) ot = E(r,t)-J(r,t) = Eo,qV () 6(X) 5(y)5[z—/0tV(t') dt'].

Integrating over the energy density, let é(t):///_;ff(r,t)dxdydz denote the energy of the
particle at time t. We will have
dety/dt = @idt) [~ &(r,tydxdydz= [ [0&(rH)iot)dxdydz= qE, V().

The change in the kinetic energy of the particle as it moves from z=0 to z=d is thus given by

t; 4
A&=/ " qEV(t)dt =qE,/[ V(t)dt =gEd.

c) The E-field of the system is the sum of the constant E-field between the plates and that of the
point particle, namely, E(r,t) = EoRect(z/d)z + (q/4 &) [r —ro(t)]/|r —ro(t)]. The E-field energy
density is therefore given by

E(r,0) =g EX(r,t) = Yago E(r, 1) - E(r, 1)
=Y eo{EZRect(Z/d) + (qf4 wo)?l [T = ro(t)[* + 2 (qEo /4 mes) Rect (Z/d) [ = ro(t)]- 2/ | r —ro(t) P}
=1 g EZRect (2/d) + (0432 72 0) P+ Y2+ [2- 2o(1)] 2}
+(qEo/47) Rect (2d) [z- )]/ {X +y*+ [z- (1))}~

The total E-field energy of the system at time t is obtained by integrating the above energy
density over the entire space, that is,

)=/ " &(r tydxdydz="25,E2 /] Rect(z/d)dxdydz

+ (@132 [l] (< +y?*+[z-2(t)]%) * dxdydz

+(QEo/47) Jl] . Rect(@ld) [2-2o()] (6 +y*+[2-2(0)]) ** dxdydz
self energy of

=Yg, EZAd +(0%3272%6) [l (% +y?+2%) P dxdydz < Soint chargs =20

+(qEo/47) /| Rect(zld)[z-z(t)]dz/, (r2+[z—-2(t)]?) ** 2zt dr.

The first term in the above expression is the E-field energy of the plates in the absence of the
point particle, which is a constant, independent of the position of the particle in the system. The
second term, although infinite in magnitude — because of the zero diameter of the point particle —
is constant nonetheless, as it does not depend on the particle’s position within the system. The
only relevant term, therefore, is the last term, which may be evaluated as follows:



&(t) =constant +%qE,/  Rect(z/d) [z-z(®)[{~ (r *+[z- (1)) **}, dz

= constant +%0qE, ./ Rect(z/d)[z-z(t)]|z—2(t)| dz
=constant + %20E,[d—22z,(t)].

Thus, as the particle moves from z,(t,) =0 to z,(t;) =d, the total E-field energy &(t) of the system,
aside from the additive constant, drops from +%qE,d to —¥2qE,d, for a total decline of qE,d.

This, of course, is precisely the kinetic energy gained by the particle when it moves from the
bottom plate to the top plate, as evaluated in part (b).




