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Opti 501 Solutions

Problem 1-32) We confine our attention to the origin of the coordinate system, » = 0, where
E(r=0,t) = Re{[EOy exp(ipgy) Y + Eo, exp(ipo,)2] exp(—iwt)}
= Egy cos(wt — (poy)? + E,, cos(wt — ¢,,)Z.

Az

The above figure shows the ellipse of polarization oriented in the yz-plane in such a way
that its major axis makes an angle p with the y-axis. The ellipticity of the state of polarization is
denoted by n. The magnitude of the E-field along the major axis may thus be written as follows:

E(t) = Egy cos(wt — @g,) cos p + Ey, cos(wt — @g,) sinp
= [Eoy cos(@oy) cos p + Ey, cos(¢y,) sin p] cos wt
+[E0y sin(@y,) cos p + Ey, sin(@,,) sin p] sin wt

= Acos wt + B sin wt

A B )
=A% + B2 (Wcoswt +W smwt)
Ccos @ sin(p

= VAZ + B2 cos(wt — ¢).
In the above equation,
A = Ey,, cos(@gy) cos p +Ey, cos(@o,) sinp,
B = Ey,, sin(¢gy) cos p + Ey, sin(¢g,) sin p.
The amplitude of E (t) is thus given by

VA? + B? = \/Eozy cos? p + E§, sin? p + Eqy Ey, cos(@gy — @) sin(2p)

= \/VZ(Egy + Egz) + 1/Z(E(gy - Egz) COS(Z.D) + EOyEOZ COS((pOy - (pOz) Sin(zp)

The angle p has the property that the amplitude of E(t) is maximum at p, which means that
the derivative of VA? + B2 with respect to p must be equal to zero. Therefore,

1



%\/AZ +B2=0 - —(E§, — E§,)sin(2p) + 2EgyEy, cos(@oy — @o,) cos(2p) = 0

2EgyEoz cos(@oy—@oz)
Egy_Egz

- tan(2p) =

2(Eoz/Eoy) cos(@oz—Poy)
1_(EOZ/EOy)2

- tan(2p) =

In particular, when @4, = @,,, we will have

2 tan 2(Eoz/Eoy) E,
P — 4 Y - tan p = ﬂ’
1-tan2 p 1_(EOZ/E0y)Z Eoy

tan(2p) =

as expected. Or, when ¢, — @, = £90°, we have tan(2p) =0 - p =0, +90° or — 90°.
Or, when E, = Ey,, the denominator vanishes, yielding tan(2p) = c0 — p = +45°.

In general, both p and p + 90° satisfy any equation of the form tan(2p) = ¢, where c is
some constant. The solution we have found for p thus applies not only to the major axis of the
ellipse, but also to its minor axis. One must insert the value of p in the expression for VA2 + B2
in order to determine whether this amplitude of E(t) is maximized by the particular value of p
(i.e., corresponding to the major axis) or minimized (minor axis). If we denote the value of p
associated with the major axis by p,ax, then the orientation of the minor axis will be given by
Pmin = Pmax + 90°. The ellipticity n of the polarization state is then given by

tann = minvVA2+B2 \/Vz(E§y+E§Z)1/z(E§yEgz) c0s(2pmax)—EoyEoz COS(Poy—¢oz) SIN(2pmax)

max VA2 +B2 Vo(E§y+E§,)+Y2(ESy,~E§,) cos(2pmax) +EoyEoz €OS(Poy—Poz) Sin(2pmax)’

Various special cases may be readily obtained from the above formula.
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