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Problem 1-5)   a)  𝑑
𝑑𝑥

ln 𝑥 = 𝑥−1;      𝑑
2

𝑑𝑥2
ln 𝑥 = −𝑥−2;     𝑑

3

𝑑𝑥3
ln 𝑥 = 2𝑥−3;     𝑑

4

𝑑𝑥4
ln 𝑥 = −3! 𝑥−4. 

Taylor series expansion around 𝑥 = 𝑥0: ln 𝑥 = ln 𝑥0 + (ln 𝑥0)′ (𝑥−𝑥0)
1!

+ (ln 𝑥0)″ (𝑥−𝑥0)2

2!
+ ⋯. 

Now, setting 𝑥0 = 1 yields ln 𝑥 = (𝑥 − 1) − (𝑥−1)2

2
+ (𝑥−1)3

3
− (𝑥−1)4

4
+ ⋯. 

b) Setting 𝑥 = ½, we find ln(½) = −½ − (½)2
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− (½)3

3
− (½)4

4
− ⋯. 

Since ln(½) = − ln 2, we will have ln 2 = 1
2

+ 1
2×22

+ 1
3×23

+ 1
4×24

+ ⋯. 

Similarly, setting 𝑥 = 2, we find ln 2 = 1 − 1
2

+ 1
3
− 1

4
+ 1

5
− 1

6
+ ⋯. 

These are two different expansions for ln 2. 

c) Setting 𝑥 = 1 + i = √2 exp(i𝜋 4⁄ ), we find  ln(1 + i) = �ln√2� + i(𝜋 4⁄ ). Therefore, 

 ln(1 + i) = 1
2

ln 2 + i 𝜋
4
. 

Taylor series expansion: ln(1 + i) = i − i2
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+ i3

3
− i4

4
+ ⋯ = i + 1
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− i
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− 1

4
+ ⋯. 

Therefore, 1
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ln 2 + i 𝜋
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= �1
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+ ⋯� + i �1 − 1
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 = 1
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 = 1
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ln 2 + i �1 − 1
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+ ⋯�.  

We thus find 𝜋 = 4 �1 − 1
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+ 1
5
− 1

7
+ 1
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11
+ ⋯�. 

 

see part (b) 


