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In photonics, Fano resonance takes place when two oscillators with 
different damping rates are weakly coupled, that is, by coupling 
resonators with narrow (weakly damped) and broad (strongly 

damping) spectral lines1. Although individual Mie scatterers exhibit 
a subtle Fano resonance near their plasmonic or polaritonic reso-
nance1,2, a clear Fano resonance is observed in the extinction of cou-
pled plasmonic nanostructures with multiple spectrally overlapping 
resonances and different damping rates. This is realized, for instance, 
by coupling a radiatively broad bright mode and a spectrally narrow 
dark mode3–8. In metamaterials, Fano resonance was demonstrated 
in the reflection of asymmetric split-ring resonators, an observation 
arising from the interference between narrowband magnetic dipole 
and broadband electric dipole modes6,9. A high quality factor Fano 
resonance has been demonstrated in all-dielectric metasurfaces10. The 
steep dispersion associated with Fano resonances and their relatively 
high quality factors promise various applications in lasing, structural 
colouring11, slow-light devices1,12, optical switching and bistability13, 
biosensing14, ultrasensitive spectroscopy15, non-linear optical isola-
tors16 and image processing17. In addition, Fano resonance morphs 
into electromagnetic-induced transparency when the energy levels of 
both broad and narrow resonance coincide1,18,19. However, demon-
strations of Fano resonance in nanophotonic devices typically require 
time-consuming and costly nanolithography fabrication techniques, 
for example, electron-beam lithography or focused ion beam mill-
ing7, which limits their utility from a technological perspective.

On the other hand, optical coatings represent a century-old class 
of optical elements that are integral components of nearly every 
optical instrument20. Their applications span many branches of sci-
ence and technology, including lasers21, astronomy22, displays and 
lighting23,24, anti-counterfeiting25, radiative cooling26–28, photovolta-
ics29, structural colouring30–33, smart windows34 and the UV protec-
tion and anti-glare coatings used in eyeglasses35, to name a few20,36.

Here, we introduce a thin-film optical coating that exhibits pho-
tonic Fano resonance. The optical coating consists of a broadband 
light absorber, representing the continuum, weakly coupled to a 

narrowband light absorber, representing the discrete state. In this 
study we first developed an analytical model for Fano-resonant opti-
cal coatings (FROCs) based on coupled oscillator theory. Then, we 
investigated the optical properties of FROCs, comparing them with 
other commonly used optical coatings. We have identified a unique 
property of semi-transparent FROCs, namely that they can behave as 
beam-splitting colour filters. Finally, we experimentally demonstrated 
efficient hybrid solar thermal/electric energy generation using FROCs.

Figure 1a schematically shows the main types of thin-film optical 
coatings. A metallic film deposited on a transparent substrate (Fig. 
1a(i)) serves as a mirror or as a beam splitter by controlling the film 
thickness. An anti-reflective coating (Fig. 1a(ii)) suppresses reflec-
tion and consists of a dielectric film deposited on a higher-index 
dielectric substrate in its simplest form. A dielectric (Bragg) mir-
ror consists of multiple dielectric thin films with quarter-wavelength 
thickness and different refractive indices (Fig. 1a(iii)). More recently, 
attention has been given to thin-film optical absorbers as they 
provide a large-scale and inexpensive alternative to complex and 
lithographically intense nano-resonators, metamaterials and meta-
surfaces for controlling light absorption31–33 and thermal emission 
beyond the intrinsic absorption or emission37,38 of materials. A sim-
ple broadband light absorber cavity consists of an ultrathin dielec-
tric film with strong optical losses deposited on a highly reflective 
metallic substrate32 or a lossless dielectric on an absorptive substrate 
(Fig. 1a(iv))31. A simple narrowband light absorber cavity consists of 
a metal–dielectric–metal (MDM) cavity that has been shown to be 
an absorption filter for structural colouring30,33 and gas sensing (Fig. 
1a(v))39,40. When a broadband light absorber cavity is weakly coupled 
to a narrowband light absorber cavity (Fig. 1a(vi)) resonant destruc-
tive interference between the spectrally overlapping cavities yields 
asymmetric Fano resonance absorption and reflection lines.

Coupled oscillator theory for thin-film optical coatings
The coupled mechanical oscillator model is used extensively to 
model Fano resonances41. Here, we extended the coupled oscillator 
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theory to thin-film optical coatings1,42 (for the detailed derivation, 
see Methods). A schematic of a FROC is shown in Fig. 1b: resonator 
1 consists of a lossy material of thickness La and complex refrac-
tive index na ¼ nRea þ inIma

I
, followed by a metal of thickness Lm and 

complex refractive index nm ¼ nRem þ inImm
I

, where Re and Im stand 
for real and imaginary parts, and i is the unit imaginary number. 
Resonator 2 is an MDM cavity43 consisting of a thin metallic film 
with thickness Lm, a lossless dielectric with thickness Ld and refrac-
tive index nd, and an optically opaque metallic substrate. The total 
electric fields within the first and second resonators are E1 and E2, 
respectively. We define the intensity ratio Ak as the ratio of the field 
inside the kth resonator (Ek) to the field injected into the kth resona-
tor (Ei

k
I

), that is, Ak ¼ Ek=Ei
k

� �

I
. These ratios are given by:

A1 ωð Þ  1

1� ra0ramj je�2Im ϕa ωð Þ½ ei 2Re ϕa ωð Þ½ þϕa0þϕamf g ; ð1Þ

and

A2 ωð Þ  1

1� rdmj j2e2i ϕd ωð Þþϕdm½  : ð2Þ

Figure 1c shows the calculated oscillator intensities |Ak(ω)|2 for 
the sample material parameters described in the Methods. The res-
onant frequencies ωi are indicated by dashed lines. The oscillator 
phases Φi(ω), defined by Ai ωð Þ ¼ Ai ωð Þj jexp iΦi ωð Þ½ 

I
, are shown 

in Fig. 1d. Note that the phase of the strongly damped oscillator 
(resonator 1) varies slowly, whereas the phase of the weakly damped 
oscillator (resonator 2) changes by ~π at resonance. When the two 
resonators are coupled and resonator 1 is driven by a field incident 
from the superstrate Ei, we can express the total field injected into 
resonator 1 as E1i ¼ t0aEi þ E2irdm~tdara0e

i 2ϕd ωð Þþϕa ωð Þ½ 
I

. In turn, the 
field in resonator 2 exists due to the field from resonator 1 propagat-
ing downward through the spacer and is given by E2i ¼ E1~tadeiϕa ωð Þ

I
. 

Here, ~tad
I

 and ~tda
I

 represent transmission coefficients across the metal 
spacer layer (Fig. 1b and Methods). These relationships can be 
expressed in the following matrix equation for E1 and E2:

1
A1 ωð Þ �rdm~tdara0e

i 2ϕd ωð Þþϕa ωð Þ½ 

�~tadeiϕa ωð Þ 1
A2 ωð Þ

0
@

1
A E1

E2

 
¼

t0aEi
0

 
:

ð3Þ
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Fig. 1 | Fano resonance in thin-film optical coatings. a, Schematics of the reflectance R and transmittance T of the main types of optical coatings, including 
metallic coatings used as mirrors and beam splitters (i), anti-reflective dielectric coatings (ii), dielectric (Bragg) mirrors (iii), broadband optical absorbers 
(iv), narrowband absorbers (v) and the proposed FROC coating (vi). b, Schematic of the structure of a FROC consisting of two weakly coupled resonators 
where resonator 1 (the top two layers consisting of lossy material and metal) represents a broadband absorber and resonator 2 (layers 2 to 4 consisting 
of metal, dielectric and metal) represents a narrowband absorber. The two resonators share a metal layer that determines their coupling strength. c, The 
calculated oscillator intensities AiðωÞj j2 ði ¼ 1; 2Þ

I
. The resonant frequencies ωi are indicated by dashed lines. d, The corresponding oscillator phases Φi(ω). 

e, The reflectance from the whole system of two coupled resonators (green). For contrast, the reflectance of just resonator 1 (lossy material on a metal 
substrate) is shown in blue.
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The coupling between E1 and E2 occurs through the off-diagonal 
terms in the matrix. Equation (3) enables us to obtain the reflectance 
from the coupled oscillator, shown in Fig. 1e. The coupled oscillator 
reflectance shows a narrow reflection band that exhibits the asym-
metric Fano line shape with a peak occurring at ~ω2. Note that for 
~tad
I

 and ~tda ! 0
I

, that is, for an optically opaque top metal film, that 
is, when the cavities are decoupled (Lm → ∞), the off-diagonal terms 
vanish and the Fano resonance disappears (Supplementary Fig. 1).

Demonstration and properties of FRoCs
Figure 2a–c shows the reflectance and absorptance of a broadband 
absorber, narrowband absorber and FROC, respectively, calculated 
using the transfer matrix method. The broadband absorber (Fig. 2a) 
consists of a 15-nm Ge film on a 100-nm Ag film [Ge (15 nm)–Ag 
(100 nm)] with an absorption band full-width at half-maximum 
(FWHM) of ~600 THz. The narrowband absorber (Fig. 2b) consists 
of a Ag (30 nm)–TiO2 (50 nm)–Ag (100 nm) MDM cavity produc-
ing an absorption line with a FWHM of ~15 THz. Figure 2c shows 
the calculated reflection and absorption of a FROC (Ge (15 nm)–
Ag (30 nm)–TiO2 (50 nm)–Ag (100 nm)). The FROC in Fig. 2c is 
realized by overlapping the broadband absorber, which represents 
a continuum with a nearly constant phase, and a narrowband 
absorber, with a rapid phase shift near resonance (Supplementary 
Fig. 2). The Fano resonance linewidth can be controlled by con-
trolling the damping in the second resonator (Γ2; see Methods and 
Supplementary Figs. 3 and 4). The FROC produces broadband 
absorption except at wavelengths corresponding to the MDM cav-
ity resonance where it shows an asymmetric (Fano) reflection and 
absorption lines (Supplementary Fig. 5). Figure 2d–f show the 
calculated power dissipation densities corresponding to the opti-
cal coatings presented in Fig. 2a–c, respectively (see Methods). 
For the broadband absorber (Fig. 2d), the incident light is trapped 
inside the absorbing Ge film40. Similarly, when the MDM cavity is 
at resonance, light is trapped inside the cavity and dissipated in the 
metallic mirrors (Fig. 2e). By overlapping the two optical coatings, 
resonant destructive interference between the two resonators takes 
place and light escapes both resonators (Fig. 2f).

The iridescence of the selective reflection can be controlled by 
judiciously choosing the dielectric film in the MDM cavity33 (see 
Methods). Figure 2g,h shows the measured angular reflection 
spectra of p-polarized light from a high-index dielectric FROC  

(Ge (15 nm)–Ag (20 nm)–TiO2 (100 nm)–Ag (100 nm)) and 
a low-index dielectric FROC (Ge (15 nm)–Ag (20 nm)–MgF2 
(180 nm)–Ag (100 nm)), respectively (for s-polarized angular 
reflection, see Supplementary Fig. 6). The refractive indices of TiO2 
and MgF2 are ~2.2 and 1.35, respectively. The reflectance of the 
high-index FROC is angle-independent over a wide angular range 
(±70°), whereas the low-index FROC is highly iridescent. Iridescent 
structural colours are important for the anti-counterfeiting mea-
sures used in many currencies and also for spectral splitting of 
the solar spectrum (Supplementary Fig. 7)25. For most structural 
colouring applications, however, iridescence is problematic44 and a 
high-index FROC is more suitable44.

The observed selective reflection is reminiscent of dielectric mir-
rors, for example, distributed Bragg reflectors (DBRs). Although 
dielectric mirrors are used as high-reflection coatings, their selec-
tive reflection properties make them attractive for structural colour-
ing and single-frequency lasers45,46. The bandwidth of a DBR mirror 
is inversely proportional to the difference in refractive index of its 
two constituent dielectrics. Similarly, the required number of peri-
ods to achieve high reflection is inversely proportional to the differ-
ence in index. Figure 2i shows the calculated reflectance for a DBR 
mirror and a FROC. The DBR consists of ten Al2O3–SiO2 bilayers 
with an overall thickness of 1.9 μm and a FWHM of ~100 nm, and 
the FROC consists of Ge (15 nm)–Ag (35 nm)–TiO2 (105 nm)–Ag 
(100 nm) with an overall thickness of 0.255 μm and a FWHM of 
~30 nm. Accordingly, FROCs can provide narrowband selective 
reflectance with a thickness an order of magnitude less than DBR 
mirrors. The high dispersion associated with Fano resonance leads 
to a high effective group index which is promising for slow-light 
applications12 (Supplementary Fig. 8).

FRoCs as beam splitter filters
FROCs enjoy a unique property unattainable by existing thin-film 
optical coatings, namely they act as beam splitter filters (BSFs), 
that is, they transmit and reflect the same colour under white 
light illumination (for comparison with other beam splitters, see 
Supplementary Fig. 9). Figure 3a shows the calculated reflection 
and transmission of an MDM cavity consisting of Ag (20 nm)–
TiO2(85 nm)–Ag (20 nm). The MDM cavity acts as a transmission 
filter such that the reflection minimum corresponds to the trans-
mission maximum. Figure 3b shows the calculated reflection and 
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transmission for a FROC with semi-transparent metallic films con-
sisting of Ge (15 nm)–Ag (20 nm)–TiO2 (85 nm)–Ag (20 nm), for 
which the peak transmission and peak reflection overlap within the 
visible range, that is, the FROC behaves as a BSF. The inset of Fig. 3b 
shows a photograph of a transmission filter and a BSF-FROC. The 
transmission filter reflects and transmits different colours (red and 
green, respectively), whereas the BSF-FROC reflects and transmits 
the same blue colour (Supplementary Fig. 10). Figure 3c shows the 
measured reflection and transmission (incidence angle is 15°) from 
three BSF-FROCs (Ge (15 nm)–Ag (25 nm)–PMMA (I, 100 nm; II, 
120 nm; III, 170 nm)–Ag (25 nm); PMMA, poly(methyl methacry-
late)). Clearly, the reflection and transmission peaks overlap for each 
BSF. Figure 3d presents a photograph of four BSF-FROCs showing 
that the reflection of the incandescent bulb and transmission from 
the fluorescent light bulb have the same colour. This property is 
particularly interesting for the structural colouring of transparent 
objects as it provides a similar effect to pigment-based colouring of 
transparent objects such as glass.

Solar hybrid thermal-electric power generation using 
FRoCs
Hybrid thermal-electric power (HTEP) generation is a solar 
energy generation approach that has recently gained attention47–50. 
The goal is to divide the solar spectrum into a photovoltaic (PV) 
band, with photon energy larger than or approximately equal to 
the bandgap energy Eg guided towards a PV cell, while directing 
the rest of the solar spectrum to a solar absorber to be converted 
into thermal energy (thermal bands). For single-junction PV cells, 
however, photons with energy <Eg are wasted, which is a major 
source of the Shockley–Queisser efficiency limit. In addition, pho-
tons with energy <Eg or ≫Eg heat up the PV cell, which decreases 

the efficiency by ~0.5% per 1 °C51 and increases the aging rate of 
PV cells, with the rate nearly doubling with every 10 °C increase 
in temperature52. On the other hand, HTEP takes advantage of the 
strengths of PV and concentrated solar power energy generation: 
PV energy is efficient but solar thermal energy can be stored at 
low cost for night-time dispatchment, or can be used directly for 
solar thermal application, for example, water heating, sanitation or 
desalination53 (see Supplementary Figs. 11–13 for more details on 
HTEP vs solar thermophotovoltaics and concentrated solar power 
generation). Addressing night-time dispatchment is crucial to deal 
with the duck curve and curtailment problem, that is, the mismatch 
between peak solar energy (midday) production and peak energy 
demand (sunset), which forces grid managers to curtail solar energy 
sources by switching off solar panels54.

A major practical challenge for hybrid thermal-electric sys-
tems, however, is finding feasible optical materials that can effec-
tively divide the solar spectrum into the desired PV and thermal 
bands48,49. Figure 4a shows a conventional hybrid PV/solar-thermal 
energy conversion strategy in which the incident solar spectrum is 
concentrated on a spectrum splitter that directs sub-bandgap pho-
tons (<Eg) to a thermal receiver and reflects photons with energies 
>Eg to a PV cell49. A quad-band spectrum-splitting filter has been 
reported that divides the solar spectrum into a PV band, two ther-
mal bands and an infrared band, with the filter itself having low 
emissivity55. The optical filter consisted of a dielectric mirror on a 
cermet selective solar absorber. However, this approach suffers from 
the high cost of depositing dielectric mirrors that are usually tens 
of micrometres thick47. Moreover, optical concentration is required 
to economically justify the use of dielectric mirrors. Dielectric mir-
rors, however, do not operate efficiently under optical concentra-
tion due to their strong angular sensitivity47.
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A FROC acts as a monolithic spectrum splitter and a solar 
absorber. With proper design, a FROC can selectively reflect a 
wavelength range corresponding to photons with an energy of 
around Eg and absorb the remainder of the solar spectrum (Fig. 4b). 
We used a FROC consisting of Ge(15 nm)–Ni(5 nm)–TiO2(85 nm)–
Ag(120 nm). Figure 4c shows the FROC reflection at an incidence 
angle of 45°, at which the Fano resonance peak overlaps strongly 
with the amorphous silicon (a-Si) absorption band, that is, the 
FROC is designed to selectively reflect the PV band of an a-Si PV 
cell. We designed a FROC spectrum splitter/absorber with four 
bands: two thermal bands that absorb ultraviolet and near-infrared 
wavelengths, a PV band that corresponds to wavelengths around the 
Eg of a-Si PV cell and an infrared band with near zero emissivity to 
minimize thermal radiation losses in the absorber. Figure 4d shows 

the measured absorption of unpolarized light incident on the FROC 
at an incidence angle of 45°. The FROC exhibits strong absorption 
over the entire solar spectrum with limited absorption beyond the 
solar spectrum, that is, it behaves as a selective light absorber with 
average absorptance �α � 0:55

I
 (see Methods). Thus, the a-Si PV cell 

receives photons of ~Eg only and, ideally, can operate with higher 
efficiency at higher optical concentrations while the solar energy 
absorbed by the FROC can be independently used for other solar 
thermal applications or for energy storage. In addition, the FROC 
behaves as a selective solar absorber as it has low spectral emissiv-
ity �ε � 0:0014

I
 in the infrared wavelength range (Supplementary 

Fig. 14). The low emissivity suppresses the blackbody radiation 
losses and increases the optothermal efficiency of the absorber56,57. 
Finally, the weak angle dependence of the FROC with a high-index 
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dielectric means that it can operate efficiently under optical concen-
tration (Supplementary Fig. 15).

To demonstrate HTEP generation using FROCs experimentally, 
we used a solar simulator and a lens to provide optical concentra-
tion (Supplementary Fig. 16). The incident intensity I ¼ COptISolar

I
, 

where COpt is the optical concentration and ISolar is the solar radia-
tion intensity and is ~1,000 W m−2. Here, solar light is incident on 
a reflecting silver mirror or a FROC tilted at an angle of 45° and is 
then directed to an a-Si PV cell. The temperatures of the Ag mir-
ror, FROC and PV cell were measured using thermocouples (see 
Methods). At low COpt, the PV cell generates more power from light 
reflected from an Ag mirror (Fig. 4e). However, for COpt ≥ 2, the 
PV cell receiving solar light from a FROC generates higher power. 
This is because for lower COpt, the higher reflection of the Ag mirror 
within the PV band outweighs the deterioration of efficiency due 
to heat generated inside the PV cell. At higher COpt, however, the 
elevated temperature reduces the PV efficiency and a PV cell oper-
ating with a FROC generates more power. Figure 4f shows that the 
temperature of a PV cell operating with light reflected from an Ag 
mirror is consistently higher than that of a PV cell operating with 
light reflected from a FROC. The temperature difference between 
the two PV cells at COpt = 9 is ~30 °C, which amounts to a possible 
six-fold increase in the projected lifetime of the PV cell operating 
with a FROC. These approaches, however, mitigate the thermally 
induced efficiency reduction and do not exploit the excess thermal 
energy. The power generated from the FROC/PV system is ~50% 
higher than that from the Ag/PV system at COpt = 5. In addition, the 
temperature of the FROC is higher than the temperature of the sil-
ver mirror for all COpt (Fig. 4g), that is, the unwanted heat inside 
the PV cell is now generated inside the FROC and can be used for 
thermal energy storage.

Conclusions
We have presented herein an optical coating that exhibits the 
photonic Fano resonance (FROC). Two main applications of 
FROCs have been demonstrated: a beam splitter colour filter that 
reflects and transmits the same colour, and a spectral filter for 
hybrid thermal-electric solar power generation. We envision sev-
eral research directions resulting from our demonstration of the 
FROC. Improving PV efficiency under one-Sun illumination by 
increasing the reflectance in the PV band and increasing the sta-
bility of the thin-film coating at high temperatures are necessary 
for some high-temperature solar thermal applications, for exam-
ple, solar thermophotovoltaics and solar thermoelectric genera-
tion58. Controlling the parameters of FROCs opens the possibility 
to realize double and multi-Fano resonances using FROCs as well 
as the photonic analogue of electromagnetic-induced transpar-
ency. Moreover, the demonstration of multiple Fano resonances can 
be used to create hybrid thermal-electric energy generation while 
operating a multijunction PV cell. Furthermore, investigating the 
possible non-linear properties of FROCs could lead to active pho-
tonic applications and reconfigurable non-reciprocity59. Finally, 
incorporating a phase-change material into a FROC could lead to 
tunable optical modulators with high modulation depth and could 
find applications in steganography55,60.
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Methods
Coupled oscillator theory of FROCs. Here, we detail the coupled oscillator model 
presented in the manuscript. We considered the two resonators defined earlier: an 
externally driven oscillator with large damping (resonator 1) that is weakly coupled 
to a less damped oscillator (resonator 2).

To allow for the analytical results presented in equations (1)–(3), we made 
several simplifications. (1) All fields in are assumed to be propagating along the 
normal incidence direction (parallel or antiparallel). (2) Although the refractive 
indices in principle depend on the angular frequency of light ω, our focus is on a 
narrow range of frequencies around resonance, and we ignore the dispersion of 
the indices within this range. Incorporating the dispersion into the theory would 
change the quantitative details, but not the qualitative results. (3) The coupling 
between the resonators occurs through the component of the field that leaks 
from resonator 1 through the metal into resonator 2. We worked in the weak 
coupling regime, in which the metal layer is assumed thick enough that most of 
the field is attenuated in passing through the metal. Specifically, we assume that 
Lm � c= ωnImm

� �

I
.

To formulate the theory, it was useful to refer to the complex Fresnel reflection 
and transmission coefficients at various interfaces. These are indicated by rij and tij, 
respectively, in Fig. 1b, where i is the material in which the field originates, and j is 
the material in which the field is transmitted. The coefficients can be expressed in 
terms of the refractive indices of the respective materials:

rij ¼
ni � nj
ni þ nj

; tij ¼
2ni

ni þ nj
: ð4Þ

For convenience, we decided to treat the metal spacer layer as an effective 
interface between the lossy material and the dielectric. The associated reflectance 
and transmission coefficients are indicated with tildes and have a more 
complicated form than a simple interface between two materials. For fields within 
the lossy material propagating into the dielectric through the metal, the coefficients 
are:

~rad ¼ na þ nmð Þ nm � ndð Þ þ e�2iϕm ωð Þ na � nmð Þ nm þ ndð Þ
na � nmð Þ nm � ndð Þ þ e�2iϕm ωð Þ na þ nmð Þ nm þ ndð Þ 

na � nm
na þ nm

¼ ram;

ð5Þ

~tad ¼ 4ndnme�iϕm ðωÞ

nd�nmð Þ nm�nað Þþe�2iϕm ωð Þ naþnmð Þ nmþndð Þ

 4ndnmeiϕm ωð Þ

naþnmð Þ nmþndð Þ :
ð6Þ

Here, ϕi(ω) ≡ niLiω/c is the (possibly complex) phase gained by passing 
through a material of index ni and thickness Li. We have used the weak coupling 
assumption (point 3 above) to give simpler approximate forms on the right, 
keeping the leading order contributions. Note that the reflection coefficient is 
approximately the same as from a simple metal interface, ram. For the transmission 
coefficient, as Lm increases, eiϕm ωð Þ / e�nImm Lmω=c ! 0

I
, and hence the coefficient 

becomes progressively attenuated, consistent with the weak coupling assumption. 
Analogously, for fields within the dielectric propagating upwards into the lossy 
material through the metal,

~rda 
nd � nm
nd þ nm

¼ rdm; ~tda 
4nanmeiϕmðωÞ

nd þ nmð Þ na þ nmð Þ :
ð7Þ

To set up our theoretical description, we first considered each resonator 
separately, uncoupled from the other. It was easier to start with resonator 2, the 
MDM Fabry-Pérot cavity. Imagine a field E2i that was injected at the top of the 
lossless dielectric, propagating downwards. The total field E2 that establishes itself 
in the cavity is the sum of this original field and an infinite series of reflections 
from the bottom and top metallic interfaces:

E2 ¼ E2i þ E2i rdm~rdae
2iϕdðωÞ þ E2ir

2
dm~r

2
dae

4iϕdðωÞ þ ¼ ð8Þ

Summing these reflections, we can express the ratio of the total to the injected 
field as:

E2
E2i

¼ 1

1� rdm~rdae2iϕd ðωÞ
 A2ðωÞ ð9Þ

Using the fact that ~rda � rdm
I

, as discussed above, and writing the complex 
coefficient rdm ¼ rdmj jeiϕdm

I
 in terms of amplitude and phase, we can rewrite the 

ratio A2(ω) in the form:

AðωÞ  1

1� jrdmj2e2i½ϕd ωð Þþϕdm 

This cavity exhibits resonance at frequencies ω2 defined by the condition 
ϕd ω2ð Þ ¼ �ϕdm þ kπ
I

, where k is some integer. Using the definition of rdm from 
equation (1), we can also express this condition as:

tan ϕd ω2ð Þ ¼ tan ϕdm ¼ 2ndnImm
n2d � nImm

� �2� nRem
� �2 ð10Þ

For frequencies ω in the vicinity of the resonant value ω2, we can Taylor expand 
the denominator of equation (6) and write the ratio of field intensities A2ðωÞj j2

I
 in 

an approximate damped resonant oscillator form:

A2ðωÞj j2 c2

4n2dL
2
d rdmj j2

1

Γ22 þ ω� ω2ð Þ2

" #
; ð11Þ

where the damping factor Γ2 is given by

Γ2 ¼
c 1� rdmj j2
� 

2ndLd rdmj j  2cnRem

Ld n2d þ nImm
� 2h i : ð12Þ

Here, we have approximated the expression using the assumption nRem � nImm
I

 
for the metal, keeping the leading order contribution to Γ2. As we approach 
the ideal metal limit, nRem ! 0

I
, the damping factor Γ2 vanishes. But for any real 

metal there will be some finite damping in the MDM cavity. Figure 1c shows an 
example of A2ðωÞj j2

I
 versus ω for the following sample material parameters: n0 = 1, 

nm = 0.01 + 4i, na = 2.2 + 0.5i, nd = 2.5, Lm = 35 nm, La = 40 nm and Ld = 70 nm. In 
addition to the intensity, one can characterize the phase Φ2(ω) of the resonator, 
defined by A2 ωð Þ ¼ A2ðωÞj jeiΦ2ðωÞ

I
. Figure 1d shows Φ2(ω) making a sharp switch 

from negative to positive as ω passes through resonance. In the undamped limit, 
this phase difference would have magnitude π, but with finite damping it is always 
less than π.

Then, we considered resonator 1 alone. We proceeded analogously, calculating 
the total field E1 that is established in the lossy material when a field E1i is injected. 
For the uncoupled resonator we assumed the reflection coefficient from the bottom 
is just ram, a simple interface between the lossy material and metal. The ratio of the 
total to the injected field is then:

E1
E1i

¼ 1

1� ra0rame2iϕaðωÞ
 A1 ωð Þ: ð13Þ

Writing ra0 ¼ ra0j jeiϕa0
I

, ram ¼ ramj jeiϕam
I

, we can rewrite the above equation in the 
form given by equation (1) in the text:

A1 ωð Þ ¼ 1

1� jra0ramjei½2ϕa ωð Þþϕa0þϕam 
; ð14Þ

which can be rewritten as

A1 ωð Þ ¼ 1

1� jra0ramje�2Im ϕa ωð Þ½ ei 2Re ϕa ωð Þ½ þϕa0þϕamf g ; ð15Þ

where Re ϕa ωð Þ
� �

¼ nRea Laω=c
I

 and Im ϕa ωð Þ
� �

¼ nIma Laω=c
I

. There is no 
exact analytical expression for the frequency ω1 at which A1(ω) exhibits 
resonance. However, under the assumption that nIma

I
 is typically smaller than 

nRea
I

, the resonant frequency is given by the following approximate condition: 
2Re ϕa ω1ð Þ
� �

 �ϕa0 � ϕam þ 2kπ
I

, where k is an integer.
As with the earlier case, we can express the ratio of intensities in the form of a 

damped, resonant oscillator. Using the above approximation, we have

A1ðωÞj j2¼ c2e2n
Im
a Laω1=c

4 nRea
� 2

L2a ramra0j j
1

Γ21 þ ω� ω1ð Þ2

 !
; ð16Þ

where the damping factor Γ1 is given by

Γ1 ¼
cen

Im
a Laω1=c 1� e�2nIma Laω1=c ramra0j j

� �

2nRea La ra0ramj j1=2
: ð17Þ

Unlike resonator 2, for which one could approach the undamped limit as 
the metal becomes ideal (Γ2 → 0 as nRem

I
 → 0), here it is generally not possible to 

eliminate the damping. This is unsurprising, because unlike the Fabry-Pérot cavity, 
we only have a metallic mirror at one surface and a lossy medium. For Γ1 to vanish, 
the product of e�2nIma Laω1=c

I
, ramj j
I

 and ra0j j
I

 in the numerator would have to equal 
1. Because each of these terms is ≤1, that would mean each term individually 
would have to approach 1 for Γ1 to become zero. Eliminating losses in the 
medium, nIma

I
 → 0, and making the metal at the bottom ideal, nRem

I
 → 0, would make 

the first and third terms equal to 1, respectively. However, in this limiting case, 
ra0j j ! n0 � nRea

�� ��= n0 þ nRea
�� ��

I
, which is always less than 1 for real materials. So 

Γ1 would still be non-zero. This highlights the fact that resonator 1 will in general 

NATuRE NANoTECHNoLoGy | www.nature.com/naturenanotechnology

http://www.nature.com/naturenanotechnology


ArticlesNature NaNotechNology

be more strongly damped than resonator 2, that is, Γ1 > Γ2, and one can readily 
arrange parameters such that Γ1 ≫ Γ2. An example of this is shown in Fig. 1c, in 
which the resonance of A1ðωÞj j2

I
 is highly damped compared with that of A2ðωÞj j2

I
. 

The corresponding phase Φ1(ω), shown in Fig. 1d, shows a gradual crossover from 
negative to positive near ω1, in contrast to the sharp change in Φ2(ω) for the less 
damped resonator.

Finally, we considered what happens when we couple the two resonators 
together and drive the strongly damped resonator 1. This drive comes from 
the incident field Ei in the superstrate, which contributes t0aEi

I
 to the field 

injected into resonator 1. However, there is another contribution from the 
field in resonator 2 that is reflected upwards from the metal substrate through 
the metal spacer layer into resonator 1. We can express the total field injected 
into resonator 1 as E1i ¼ t0aEi þ E2rdmra0~tdaei½2ϕd ωð Þþϕa ωð Þ

I
. In turn, the fact 

that there exists a field in resonator 2 is due to the field from resonator 1 
propagating downwards through the metal spacer, given by E2i ¼ E1~tadeiϕa ωð Þ

I
. 

All these relationships can be succinctly expressed through equation (3) in the 
manuscript.

The coupling between E1 and E2 occurs through the two off-diagonal terms 
in the matrix of equation (3), which are assumed small under our weak coupling 
assumption. In fact, as the spacer metal layer thickness becomes large, Lm → ∞, the 
transmission coefficients across the spacer, ~tda

I
 and ~tad

I
, vanish, making the coupling 

terms zero. In this limit we recover the two uncoupled oscillators discussed 
above. For finite Lm, we have all the ingredients necessary for Fano resonance: a 
strongly damped, driven oscillator (resonator 1) weakly coupled to a less damped 
oscillator (resonator 2). Indeed, the form of equation (3) is similar in structure to 
the simple two-oscillator description of Fano resonance given in ref. 1. Following 
the approach in ref. 1 the Fano parameter q can be approximately related to the 
degree of detuning δ between the two oscillators at the resonant frequency of the 
less damped one: q ≈ cotδ, where δ = Φ1(ω2). To observe the Fano resonance near 
ω2, one can look at the reflected field Er in the superstrate (from which one derives 
the reflectance R  = |Er / Ei|2), which has contributions from the reflections of both 
E1 and E2:

Er ¼ r0aEi þ ramta0e
2iϕa ωð ÞE1 þ rdm~tdata0e

i½2ϕd ωð Þþϕa ωð ÞE2 ð18Þ

Beam splitter filter theoretical analysis. Here, we considered what occurs in the 
beam splitter configuration when we replaced the metal substrate at the bottom 
of the FROC with a metal layer of thickness Lm and used a dielectric substrate of 
refractive index ns. We obtained a field Et transmitted into the substrate due to 
leakage of E2 through the bottom metal layer: Et ¼ ~tdseiϕd ωð ÞE2

I
. Here, ~tds

I
 is given by 

equation (7) with na replaced by ns. The resonance in E2 at ω2 thus translates into a 
peak in Et near the same frequency. We thus observe beam splitter behaviour with 
peaks in both reflectance R and transmittance T ¼ ðns=n0Þ Et=Eij j2

I
 near ω2. This is 

illustrated in Supplementary Fig. 17 with the same sample material parameters as 
mentioned above and ns = 1.5.

Sample fabrication. Films were deposited on a glass substrate (Micro slides, 
Corning) using electron-beam evaporation for Ni (5 Å s–1), Ge (3 Å s–1), TiO2 
(1 Å s–1) and MgF2 (5 Å s–1) pellets and thermal deposition for Au (10 Å s–1) and Ag 
(20 Å s–1), with the deposition rates specified for each material. All materials were 
purchased from Kurt J. Lesker.

Numerical calculation of the reflection and absorption spectra. Numerical 
reflection and absorption spectra were generated using a transfer matrix-based 
simulation model written in Mathematica61. The power dissipation distribution 
in the thin-film stack was calculated using the commercially available 
finite-difference time-domain (FDTD) software from Lumerical62. The simulation 
was performed using a two-dimensional model with incident plane wave at zero 
incidence angle. Periodic boundary conditions were used in the x direction and 
perfectly matched layers were used in the y direction (normal to the sample). 
The mesh was tailored to each layer with a mesh step of 0.001 μm. Absorption is 
complementary to the calculated reflection and transmission, that is, A = 1 – R – T, 
and is complementary to the reflectance for opaque substrates.

Angular reflection measurements. Angular reflection was measured using a 
variable-angle high-resolution spectroscopic ellipsometer (Woollam, V-VASE). The 
transmittance was zero for all wavelengths and angles.

Bandwidth and resonance wavelength of FROC reflection line. The broadness 
of the observed Fano resonance can be tuned and made sharper. The broadness 
of the FROC resonance depends on the damping factor of the weakly damped 
cavity Γ2 (equation (12)). For a non-zero incidence angle, this can be generalized 
to yield the reflection line bandwidth δλ for an MDM Fabry-Pérot cavity,  
which is given by δλ ¼ λ20ð1� RÞ=ð2ndLd cos θπ

ffiffiffi
R

p
Þ

I
, where λ0 is the peak 

wavelength, R is reflectance, nd and Ld are the dielectric index and thickness, 
respectively, and θ is the incidence angle. Accordingly, to optimize the 
bandwidth, the mirror reflectance, the dielectric optical thickness and incident 
angle should increase.

Furthermore, using the transfer matrix method, we could determine the 
dielectric thickness necessary to realize a resonant reflection line at a given 
wavelength λ. We considered a FROC containing a lossless dielectric with 
refractive index nd(λ) and thickness Ld. The surrounding metal layers have index 
nm λð Þ þ i km λð Þ
I

, and we assumed nm � km
I

 (which is true for Ag in the wavelength 
range of interest). The condition for resonance in the FROC is:

tan
2πnd λð ÞLd

λ

� �
¼ 2km λð Þnd λð Þ

n2d λð Þ � k2m λð Þ ð19Þ

Given Ld, one can numerically try to solve this condition to find λ. 
Alternatively, if λ is specified, the above equation can be solved for Ld:

Ld ¼ λ

2πnd λð Þ mπ � tan�1 2nd λð Þkm λð Þ
k2m λð Þ � n2d λð Þ

� �� �
ð20Þ

Here, m is an integer. Note that the condition for Ld is independent of 
the details of the Ge layer on top, or the thickness of the metal, as long as the 
assumptions of Fano resonance are satisfied, that is, the MDM FWHM << the 
broadband absorption continuum.

Iridescence properties of FROCs. The iridescence of a FROC’s resonant reflection 
mode depends entirely on the properties of the MDM cavity. The dependence of 
the reflection peak wavelength λmax on the incident angle is thus given by33:

1
λmax θð Þ

dλmax θð Þ
dθ

 H λmax θð Þ; θ; nd½  cos θ sin θ
n2d � sin2 θ

; ð21Þ

where H λmax θð Þ; θ; nd½ 
I

 is a dimensionless function that depends solely on θ 
through λmax. As nd increases to values ≫1, the above expression decreases as n�2

d
I

. 
Accordingly, the iridescence of FROCs can be mitigated by using a high-index 
dielectric.

Calculating the average spectral absorptance and emissivity. The spectrally 
averaged absorptivity of the selective surface is given by63:

�α ¼ 1
I

Z1

0

dλε λð Þ dI
dλ

ð22Þ

And the emissivity is given by:

�ε ¼
R1
0 dλε λð Þ= λ5 exp hc=λkTð Þ � 1½ 

 
R1
0 dλ= λ5 exp hc=λkTð Þ � 1½ 

  ; ð23Þ

where I is the solar intensity, λ is the wavelength, ε(λ) is the spectral emissivity of 
the selective absorber/emitter, dIdλ is the spectral light intensity, which corresponds 
to the AM 1.5 solar spectrum, h is Planck’s constant, c is the speed of light, k is 
Boltzmann’s constant and T is the absorber temperature, here taken as 100 °C.

Photovoltaic measurements. A solar simulator (Sanyu) with an AM1.5G airmass 
filter was first calibrated for 1 Sun (1,000 W m–2) using an NREL-certified PV 
reference solar cell (PV Measurements). The measured power of a thermopile 
power meter (FieldMax II TO, Coherent; minimum measurable power ±10 μW) 
was set to a wavelength of 500 nm, corresponding to 1,000 W m–2 from the 
calibrated solar simulator and was used as unit of one optical concentration. A 
plano-convex lens of 250 mm focal length and 150 mm diameter was mounted 
at the output port of the solar simulator to enhance optical concentration. The 
simulator current was varied to adjust solar irradiance from 1,000 W m–2 (286 mW 
at thermopile head) to 5,000 W m–2 (1,430 mW). The PV cell was purchased, cut 
and two wires were soldered to create a functioning PV cell. The temperature 
was measured using thermocouples (temperature accuracy ±1 °C) and we have 
reported the equilibrium temperature. Power was measured using a Keithley 2400 
source meter using an open circuit voltage and sweeping the voltage down to zero 
while measuring the current. The maximum power reported is the maximum of 
the voltage and current product.

Data availability
The raw numerical data for the figures in the manuscript, as well as the code on the 
thin-film coupled oscillator theory, are available via GitHub at https://github.com/
hincz-lab/Fano-resonant-ultrathin-film-optical-coatings-FROC.
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