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Analysis of multilayer thin-film structures containing magneto-optic and
anisotropic media at obligue incidence using 22 matrices

M. Mansuripur

Optical Sciences Center, University of Arizona, Tucson, Arizona 85721

(Received 5 October 1989; accepted for publication 26 January 1990}

A complete analysis of multilayer structures containing an arbitrary number of dielectric,
metal, magnetic, and birefringent/dichroic layers is presented. An algorithm, based on simple
2 X 2 matrices, is derived which allows reflection, transmission, absorption, magnetc-optic
conversion, birefringence, and dichroism of the structure to be computed on a personal
computer. The incident beam is assumed to be plane monochromatic with arbitrary angle of
incidence. There are no approximations involved, and the results are direct consequences of

Mazxwell’s equations.

L. INTRODUCTION

Onptical properties of multilayer structures are of great
interest in a variety of technological applications. Methods
for analysis and design of these structures have been devel-
oped in the past, and computer programs exist that can cal-
culate their optical properties. The textbooks by Yeh' and
Macleod? contain thorough descriptions of the analytic and
numerical technigues available for the study of multilayers.

 Aslong as the various layers of the structure are isotrop-
ic (i.e., simple dielectrics and metals), the computation of
reflection and transmission involves only simpie 2 X 2 matri-
ces. When optical activity and/or anisotropy are introduced,
however, the reguired matrices become 4 X 4, and the analy-
sis becomes substantially more complicated. Early investiga-
tors of magneto-optical phenomena in multilayers,™* for in-
stance, used simplifying approximations and thus avoided
the treatment of the problem in its most general form. More
recently, several authors have attempted exact numerical
computations for multilayers containing magnetic and bire-
fringent media, predominantly in connection with optical
data storage applications.”™® These methods utilize the 4 X 4
matrix technique described by Yeh."?

In this paper a general method of computing refiection,
transmission, and absorption for structures containing an-
isotropic and optically active layers, using 2 X 2 matrices is
presented. While the final results are the same as those ob-
tained with the 4 X 4 matrix technicue, the new approach has
the advantage of simplicity, vielding significant insights into
the peculiarities of multilayers.

In the next section the notation and formalism used
throughout the paper are described. Then, in Secs. III and
1V, plane-wave solutions of Maxwell's equations for media
with optical activity and/or anisotropy are derived. Section
V describes the algorithm for calculating reflection matrices
at the various interfaces of a multilayer, while Sec. VI is
concerned with transmission matrices. Section VI is a brief
description of power computation using Poynting's
theorem. Numerical results are the subject of Sec. VIII, and
some conclusions and closing remarks are included in Sec.
IX. Appendix A shows how 1o relate the dielectric tensors
before and after a rotation of the coordinate system. Appen-
dix B gives formulas for computing the roots of a fourth-
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order polynomial equation encountered in calculating the
propagation vector.

. NOTATION AND FORMALISM

Let u=u, &+ u,§ + u,Z be a unit vector with real
components in three-dimensional Cartesian space. We de-
fine the following matrices based on the components of u:

i= {u,,u,,u, ), {la)
0] — i, u,

= u, 0 —u, i (ib)
-, Uy 0

The dot product of two vectors u-v can be written ejther as
#5” or as Di”. Similarly, the cross product of these vectors
uXv is written either as #0” or as #l. The concept is not
restricted to unit vectors or to vectors with real components,
and can be extended to arbitrary vectors with complex com-
ponents. For instance, consider the propagation vector k
which, in general, is written

k= (k, 4 ik D&+ (k, +ik})§+ (k. +ik])2
(2a)

In Eq. (2a) the real and imaginary parts of the components
of k are explicitly identified. Defining % as
(k2 +k:+ k2 and ¥ as (K + kP + kY2, one
can equivalently write k as

k=% u+i%'w. (2b)

In this equation u and w’ are two unit vectors having, in
general, different orientations. With this notation we will
have

k=Xu+i¥%"%, (3a)
k=904 i¥ i (3b)

When defining the dot and cross products of two complex
vectors, one must be carefol in generalizing to the complex
domain the concepts from the domain of real vectors. For
instance, the complex electric field vector E,, and the com-
plex propagation vector k specify the generalized plane wave

E(r,) =K, expli(k'r —wt)]. {4)
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The magnetic field vector H,, being proportional to the
cross product of k and E,, can be written

HI<kETL (3a)
The coneept of orthogonality, however, cannot be applied to
these complex vectors. This becomes evident as one ex-
presses Eq. (5a) in terms of the real and imaginary compo-
nents of the vectors:

(P + i WY o (F U+ iFWWE b+ i€ LT 7

(5b)
Clearly, w and w’ are linear combinations of uv, uXv/,
' X v, and &' XV, and as such, no simple relationship (i.e.,
orthogonality } can be identified among pairs of these vec-
tors.

Bothk and E, are complex vectors in thres-dimensionat
space, but we will find it usefu! to interpret them differently.
k is the propagation vector and, when written as
F w4+ ¥ 7w, specifies two directions in space: u is the di-
rection of phase propagation, whereas ¥’ is the direction
along which the wave amplitude undergoes an exponential
decay. In other words, the planes perpendicular to u have
constant phase, while those perpendicular to u' have con-
stant amplitede. The interpretation of E; = & v + /% v'is
as follows: At any given point in space, the electric field
vector is B, exp ( — iwt). One may consider either the real
part or the trnaginary part of this vector and show that, as
time progresses, the tip of the vector travels around an ellipse
confined to the plane of v and ¥'. The unit vectors v and v/
therefore define the plane of polarization of the wave de-
scribed by Eq. (4).

We shall find it convenient to define the divergence {V»)
and curl (VX ) operators in our matrix notation as follows:

Divergence: ¥ = (—4(?4— , 9 ) —tz) . ()
dx dv dz
_4 9
Jz dy
)
: 8 ——f.

Curl o (7

I

Ix

In the next section Maxwell’'s equations will be ex-
pressed in matrix form, and general formulas for plane-wave
propagation in homogeneous media will be derived. Readers
familiar with the electromagnetic wave theory may find this
exercise somewhat redundant, but the author believes that it
will help preserve the continuity of the argument and clarify
subseqguent derivations.

HI. MAXWELL'S EQUATIONS AND PLANE-WAVE
PROPAGATION

In a medivm with neither free charges nor currents, the
Maxwell equations are

VD=0, (8a)
yxu =22 (85)
at
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VXE= — —, {8¢c)

VB =0 (8d}

Let the time dependence be exp ( — iwt), with o in the opti-
cal frequency range. It is generally believed that in this re-
gime B = u H, where u, is the permeability of free space.
Under these circumstances the constitutive relation that de-
scribes the interaction of light with the medium of propaga-
tion will be

D = ¢,ZE. (8e}

Here g, is the permittivity of free space, and &, a 3 X 3 matrix,
is the dielectric tensor of the propagation medium. In the
matrix notation of the previous section, Maxwell’s equations
are written

VEE =0, (9a)
VH = —iwe,EE7, (9b)
VET = inu,H7, (%)
VH"=0. (94)

In the MKSA system of units, the electric fieid has units of
V/m, the magnetic field is in A/m, g, = 47> 1077 H/m,
and €, = 8.82 X 10~ ' F/m. We shall normalize the efectric
field by the so-called impedance of free space,
Zy = (o /€, )% = 377 (1, and use E instead of E to indicate
the normalized electric field. Also introducing the propaga-
tion constant in free space, &, defined as

ko = 2L = Jiaboo, (10}
Ao
one can rewrite Egs. (9) as follows:
VR’ =0, (11a)
VAT = — ik, 8", (11b)
VE =ik, H 7, (11c)
VET=0. (11d)

In this streamlined version of Mazwell’s equations both E
and H are in units of A/m, k, isin (m) ', and & is dimen-
sionless. The generalized plane wave described by Eq. (4)
{ with 2 similar expression for the magnetic field distribution
H(r,2)} will be a sclution of Maxwell’s equations, provided
that the following eguations are satisfied:

kERT =0, (12a)
FHT = — k287, (12b)
FEI =k AT, (12¢)
kHI=0. (12d)

Only two of the above four equations are independent. To see
this, note that for any complex vector k

k=0 (13)
Therefore, if Eq. (12b} is multiplied on both sides with k,
Eq.~( 12a} is obtained. Similarly, multiplication of Eq. (12¢})
by £ leads to Eq. (12d). Thus the first and the last of Egs.
(12) need not;pe considered any longer. Now if Eq. (12¢) is
multiplied by & and if the right side of the resulting equation
is replaced from Eq. (12b), we obtain
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[(k/ky)+ E1ET =0, (14a)

HT = (k/k)EL (14b)
Equations (14) are the fundamental equations of plane-
wave propagation in a2 homogeneous medium characterized
by the dielectric tensor £. The first equation will have a non-
trivial solution when the determinant of the coefficient ma-
trix vanishes, yielding the characteristic equation

|(k /ky)? + & =0 (15)

Eguation (15) imposes certain restrictions on the propaga-
tion vector k, depending on the dielectric tensor of the medi-
um. To give a simple example, consider the case of propaga-
tion in an isotropic medium where € =¢f. Here ¢ is a
complex constant and f is the identity matrix. Equation (15)
in this case reduces to

I+ ki4+ki=kle (16}
In other words, any wave vector k satisfying Eq. (16} isan
acceptable solution to Maxwell’s equations for propagation
in the corresponding isctropic medivm. In practice, the im-
posed restrictions by the characteristic equation are aug-
mented by other restrictions (such as those imposed by the
Snell’s law), limiting the acceptable values of k to a handful
of wave vectors. For each acceptable waye vector Eq. (14a)
must be solved for the components of E,. Since the three
linear equations implied by Eq. (14a) are not independent,
they do not yield a unique sclution for E,; rather they place
certain constraints on the electric field vector. Complete
identification of K, is made possible only after additional
constraints (such as continuity of fields at the interfaces) are
taken into account.

Finally, Eq. (i4b) is used to determine the magnetic
field vector H,, for acceptable wave vectors k once the corre-
sponding electric field vector E, has been identified.

V. SNELL'S LAW AND POSSIBLE SOLUTIONS OF THE
WAVE EQUATION

With reference to Fig. 1, a plane wave incident at
oblique angle (6,4) on the surface of a multilayer has the
following wave vector:

kY =ku'? = — k,(sin 8 cos $%

+ sin @ sin ¢§ + cos 62) (17
(superscript { is for incident). The continuity of E and H at
the interface between adjacent layers requires that the com-
ponents of the propagation vector along X and ¥ (i.e., £, and
k, ) be the same on both sides of the interface. Therefore, for
all plane waves in all layers,

k., = — ky sin g cos ¢, {18a)

-

(kx)€xz+6zx ,(ky €, + €y
A= T e e e
€

e:ch + eyx

MEDIUM OF INCIDENCE 1 z
<n9k) = {nhcfa)
5 Ak
%
£=0
=3 LAYER 1
K VRN \
~ LAYER 2
Al S—
f
2= 2 jererns
LAYER n
b S
ab .
Z=Zy e
LAYER N
Ay
SUBSTRATE
{nikl={ng .0}
o0

FIG. 1. Schematic diagram of a multilayer structure. The incident beam is
in the upper semi-infinite medium with refractive index »,,, and has propa-
gation vector k.

k, = — k, sin Gsin ¢. (18b)

Let us now examine the characteristic equation (15) for a
medinm with the general dielectric tensor:

L Exy €z

=

E€=F €y €, €4 (19)
€.x Ez,v €2z

Replacing Z of Eq. (19) in Eq. (135) and performing the
algebraic manipulations, one obtains the following fourth-
order equation for &,:

(o) () () +e() +o=0

ko ko) Nk ko s
20)

The coefficients 4, B, C, and 2 in Eq. (20) are given below:

kg €
k, )2( € ) k k
x : Ty 1+ vy + x"vy
>T k() 6z’z ( kl)z

Zz
J. Appl. Phys., Voi. 87, No. 10, 15 May 1990

s=(5) (o

€ix
o/ 6-zz
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" ( P T T )

2z

€

zz
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C=<kx2+kf> [(&_} € + Ene +(_ki> € +ezy}
ky? kg €, k, €,

+ (kx ) (exysyz + €yxezy - -EZL (fxz + sz ))
kg € €

ZzZZz ZzZZ

k £, €, € E €
_3_< ¥ Xy - Ex yxSxz  Txx (fyz +fzy) ,
kO €zz €zz 4

ki 4k? o\ k, \? k
Dz(—.i_‘%__y.) !i(..j._) 6xx+(__y—> fy}’+(kx2y
\ ko k() €2 kO ezz k(]

2 i
€4y T Epx €y E + ( k., ) (exysyx €€ . )
XX
é=zz ezz kO 6:2

kO €2z k (2; €2

+ [fxx €y +  Exy €y
€ZZ

exy éyz €ox + ny Ezy €z (6

€
Yy
) €‘yzé‘zy - ( ) exzezx}“
€z

In general, Eq. (20) has four complex solutions for k.
Of these, two solutions are in the upper half and two in the
lower half of the complex piane. The solutions with positive
imaginary part propagate in the positive Z direction, while
those with negative imaginary part propagate in: the negative
Z direction.

For each value of k, the corresponding electric field
must satisfy Eq. (14a). Since the determinant of the coeffi-
cient matrix has been set to zero, the thres equations in the
threeunknowns £, , E,, and £, can be solved for two of the E
field components in terms of the third one. The best strategy
is to arrange the four values of k, such that &, and &k, arein
the lower half of the complex piane {(i.e., propagating down-
ward}, while &k, and k,, are in the upper half (i.e., propagat-
ing upward). Then, for beams with k,, and X,;, express E,
and F, in terms of the corresponding £,. Similarly, for
beams with &, and k., E, and E, must be related t0 E,.
Table [ summarizes this strategy. The coefficients a,, and 5,,,
in Table I are obtained from Eq. (14a) using &, = k,,,,. For
each beam, the magnetic field components can be obtained
from Eq. (14b). The resuits for the H field are also given in
Table L.

The number of parameters that remain to be identified
has now beenreduced tofour: £, B, , E;, and E . As will
be shown in the next section, by matching the tangential field
components at the various interfaces, it is possible to deter-

—

mine the values of these parameters for each layer in an arbi-
trary multilayer stack.

V. BOUNDARY CONDITIONS AT THE INTERFACE
BETWEEN TWO LAYERS

Figure 1 shows a multilayer structure with interface
planes at Z=2Z,.Z,,.... The surface is at £ =10, and the
bottom layer (substrate) extends to infinity along the nega-
tive Z axis. We develop the boundary conditions for layer n
whose upper and lower surfaces areat £, | and Z, , respec-
tively. We shall use the plane Z = Z, as the reference plane
for the four beams in layer #n, so that each beam is described
by the equation

E=E,exp[ithkx+ky+k(z—2,] (21)

The refliectivity matrix R, at the lower interface is defined as
follows:

E., E, 7 r E,
()=nle)-Co )} e
E,\Ai Ey2 31 T Eyz
The components of E parallel to the plane at £, are thus
given by

TABLE I Relationship among the various components of E and ¥ for plane waves in homogeneous media. The four beams described here have thesame &,

and X,,.
Beam 1 Beam 2 Beam 3 Beam 4
k, k,, , lower half k,,, lower half k3, upper hatf k.., upper half
E, adjustable & E, adjustable G K,
E, a E., adjustable a E,; adjustable
Ez bl Exl bZ ‘Eyz b] Ex3 ba Ey4
ko H, (—kya +kb Y E, (—ky +kb)Ey (—kpay +k,83E ( =k + KBy )E,,
kOHy (hky —k.b)E, (kqa, — kb YE,; (ke — k. D)E,, (kya, — k. b YE
ko H, (—k, +ka)E, (~ka, +k)E, (—k, +ka)E, (—ka, +k)E,
6469 J. Appl. Phys., Vol. 87, No. 10, 15 May 1980 M. Mansuripur 6468




>
o &)
* ay,  1/\E./
where Z,= stands for points just above Z,. Defining the

2 X 2 matrices in the preceding equation as 4,, and 4,,, and
with the aid of Eq. (22), the preceding equation is written

(E") A, + AR (E’“>
Ey/z,rm< 2 + 42 R, E,/.

The tangential components of the magnetic field at Z " are

()= 2.(0)-( %))
Ey z:——mzl Eym - al 1 Eyz

(23)

k(H"> B, + B,R (E’“) 24
g )y, =Bt BB ) 24)
where
— ke, +k,b —k, +k,b
B,2=( e Y "'} (25)
ky — kb, kpa, — k. b,

with a similar expression for B;,. The tangential compo-
nents of E and H at the upper boundary of the layer #, name-
ly,at Z, ,,are

E, E, .
(E},)z;,x = (4,,C, +A34C34R),,<Ey2)n, {26}
H, E,
(), =ucasncam(5).  an
The matrix C,, in Egs. (26)-(27) is
2= (exp(lzﬂd") exp(iizzdn ))’ (28

where d,, is the thickness of layer n. A similar expression
describes C,,. :

Continuity of tangential £ and H at the interface
Z = Z, implies that

A, + A, R (E"‘>
( 12+ 34 )n E .

»2

£,
= (Anzcxz +A34C34R),,+1<E 1) s {29)
yv2én+ 1
(By, + By, R) (E’“\}
+ "
12 34 Ey2/n
Exl
= (Blzclz +B34C34R)n+ 1 E . (30)
24 n41

Eliminating ( ! ) from these equations and then equat-
-1

¥2

£
ing the coefficients of x‘) , We obtain
Y2 e n

(4,,Cy, +A34C34R),}_+11 (4, +A4:.R),

=(B1,Cpy + By Cyu R}, 1 (B, + BBy, (31
Let us define the matrix F, _, as follows:
Fopr=8nCy + By, Gy R) iy
X (A Cyy + AuCouR) (32)

6470 J. Appl. Phys., Vol. 67, No. 10, 15 May 1980

Then, Eq. (31) is written
Foo1{d +44R), = (B, + By R},
or, equivalently,

R, =(F, AL —B) "B —F, 47).
(34)

Eqguation (34) gives R, interms of R, ;. Realizing that R
for the substrate is zero, one can calculate R, iteratively,
starting at the substrate and moving up the multilayer until
surface reflectivity R, is obtained.

In practice, it is useful to express the state of polariza-
tion of the incident and reflected beams at the surface in
terms of the P and .S components of polarization. We now
express the relationship between the £ and S components of
reflected and incident beams in terms of the matrix R,. As-
suming that the incident k vector has spherical coordinates

{6,4), one can write
(Ex) N {cos fcosd —sin q&)(Ep)
E,] \cos@sing cos¢ /\E,/
Denote the coefficient matrix in Eq. {35) by P, , and define
the reflectivity matrix R for the multilayer by the relation

{33)

(35)

E, E )
=R{ 7} . 6
(Es)ref <‘Ec inc (3 )
Then,
R= Pi;;:]ROI)inc‘ (37}

Given R and the state of incident polarization, one can calcu-
late the polarization state of the reflected beam from Eq.
(36).

Vi, TRANSMISSION OF PLANE WAVES THROUGH
MULTILAYERS

Having found the matrices R, from the recursive rela-
tion {34), we go back to Eq. (29} and rewrite it as follows:

(Exl) r (Exl) (38)
EvZ n+1 B " Ey2 ns
where

Tn = (AIZCIZ +A34C34R);4»11 (A‘-Z +A34R)n' (39)

Allthe matrices on the right side of Eq. (39) areknown; thus
it is possible to calculate T, for all layers. The total transmis-
sion matrix is then given by

T=T,T,T, Ty (40)
T relates the incident E, and E, to the transmitted £, and
E,. To find the relation between the £ and § components of
polarization in the incident wave and those of the transmit-
ted wave, we must first find the direction of transmission,
namely, the angles (&,,6, ) that describe the propagation di-
rection in the substrate. Assuming that the substrate is trans-
parent with refractive index #_,,,, and that the medium of

incidence (also transparent) has refractive index #u,,., one
obtains the following relations from the Snell’s law:
. ninc .
sin B, = { —— | sin G, (41a)
nsub
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¢, =¢. (41b)
If the right side of Eq. (41a) happens to be greater than
unity, the wave in the substrate will be evanescent, and no

power transmission to the substrate will occur. On the other
hand, when Eq. (41a) has a real solution for §,, we define the

matrix 2, as
— sin q&)
cosg

cos 8, cos ¢
sub —
The total transmission matrix 7" {for the P and $ compo-

42
cos 8, sin ¢ (42)
nents of polarization) is defined as

EP Ep)
=7 . 43
(Es)trans (Es inc ( )
This matrix is related to T of Eq. (40) by the relation
T= Ps;blTPmc (44)

Given T and the state of incident polarization, one can calcu-
late the polarization state of the transmitted beam from Eq.
(44).

Vii. POWER COMPUTATION USING POYNTING'S
THEOREM

The total electric field at a point {x,p,z) within the layer
n is the sum of the four plane-wave amplitudes at that point,
namety,

E(z) = 2 E"")exp ik x+ky+k,,(z—

m=1

z,) ]
(45}
The magnetic field is also the sum of four magnetic ampli-

tudes as follows:

H(z) = ke E§myT

nM"“

_L
k,

Xexp[z(kxx +hky+k,,(z—2,)] (46}
The values of k and E, for each layer can be calculated with
the methods described in the previous sections. Therefore,

the total electromagnetic field can be computed from Egs.
(45) and {46). The Poynting’s theorem now yields

S = | Re(EXH*)

1 4 4 z(
" 2k, Re(z 2 B

moe=iom =1

”‘%”"‘"(E;""")T

k;ou~an), (47)

As expected, the Poynting vector is independent of x and y.
The compeonent of the Poynting vector S along the Zaxis, 5,
ig the time-averaged rate of flow of energy per unit area in the
Z direction. §, is the quantity of interest in most calcula-
tions.

Xexpli(k,, —

Vil NUMERICAL RESULTS AND DISCUSSION

We now present numerical results based on the algo-
rithm developed in the preceding sections, We study a gua-
drilayer magneto-optic device which has also been investi-
gated by Balasubramanian, Marathay, and Macleod using

8471 J. Appl. Phys., Vol. 67, No. 10, 15 May 1890

the 4 X 4 matrix technique.” Our findings are in full agree-
ment with the reported instances in Ref. 7; in addition, we
have studied other situations that were not reported in that
article, but are of sufficient potential value to warrant their
presentation in this paper.

The quadrilayer consists of a glass substarte with refrac-
tive index n,,, = 1.5, coated with a reflecting (aluminum)
layer of thickness 500 nm and complex refractive index
(nk) = (2.75, 8.31). A quarter-wave-thick layer of Si0,
(thickness == 143.2 nm) with (n,k) = (1.449,0) separates
the aluminum layer from the magneto-optic film which is 20
nm thick and the nonzero elements of its dielectric tensor are
€x =€, =€, = ( —4.8984 +/19.413} and €, = — ¢,
= (0.4322 + /0.6058). The magnetic film is coated with an-
other guarter-wave-thick layer of Si0,, and the medium of
incidence is air (n;,, = 1}. The incident beam is plane with
wavelength A = 830 nm.

Figure 2 (a) shows the various reflectivities as a function
of the angle of incidence 6. (Ounly the magnitudes of the
complex refiectivities are shown. ) r,, and r,, are, respective-
Iy, the P and § components of the reﬁeeted beam when the
incident polarization is P. Similarly, », and 7, correspond to
S-polarized incident light. It is observed that r,, and r,, are
identical. Note also that, unlike reflection from z single in-
terface where 7,,, usually shows a dip around Brewster’s an-
gle, the dip for this multilayer appears in the #_, curve, Figure
2(b) shows the Kerr rotation angle and ellipticity as func-
tions of & for P-polarized incident light. The corresponding
curves for S polarization are shown in Fig. 2(c). Even
though the effective magneto-optic signals are the same in
the two cases (i.e., 7,, = 1y, ), the Kerr angle and ellipticity
are totally different for P and § polarizations.

Figure 3 shows the magnitude of the Poynting vector 8,
when a linearly polarized beam with unit power density illu-
minates the quadrilayer at normal incidence. This is a plot of
the average power density that crosses planes parallel to the
XY plane at various positions along the Z axis. The power
density is constant in the transparent layers, but drops rather
sharply in the absorbing layers, as expected.

Let us now consider the magneto-optic signal at norma!l
incidence while the magnetization vector M is being pulled
out into the plane of the film, a situation that arises in optical
measurements of magnetic anisctropy.”'? For a linearly po-
larized, normally incident beam Figure 4 shows the calculat-
ed values of the Kerr rotation angle versus 8,,, the angle
between M and the Z axis. It is found that the polar Kerr
effect is proportional to cos 8, and that this result is inde-
pendent of the relative orientation of the magnetization vec-
tor M and the polarization vector.

Finally, in Fig. 5 we show some manifestations of the
longitudinal Kerr effect when the magnetic film in our qua-
drilayer becomes in-plane magnetized. (By definition, the
longitudinal Kerr effect occurs when the magnetization M
lies in the plane of the film as well as in the plane of inci-
dence.) Figure 5(a} shows the magritudes of 7, and r,,,
which are again identical, as was the case with the polar Kerr
effect in Fig. 2(a}. The largest magneto-optic signai in the
longitudinal case, however, occurs at 9 = 65°. Figure 5(b}
shows plots of the Kerr rotation angle and ellipticity versus &
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FIG. 2. Magneto-optic Kerr effect for a quadrilayer structure with perpen-
dicular magnetization. {(a)} Magnitudes of 7,,, 7, ., and »,, vs angle of
incidence 8. Note that 7, = r,, and that the corresponding curve is magni-
fied by a factor of 100. (b} Kerr rotation and ellipticity vs & for P-polarized
incident light. {¢) Kerr rotation and ellipticity for S-polarized incident
light. Note that the curves are plotted on different scales.
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FIG. 3. Poynting vector throughout the quadrilayer with perpendicular
magnetization. The normally incident beam is assumed to have unit power
density and linear polarization. Note that the bulk of the absorption (about
91% of the total incident power) takes place in the magneto-optic (MO)
layer, while the reflector absorbs only 3%. The remaining 6% of the inci-
dent power is refiected back towards the medium of incidence.

for P-polarized incident light. Similar results for S polariza-
tion are shown in Fig. 5(c). Notice that these values are
smalier than the corresponding polar Kerr values in Fig. 2
by more than an order of magnitude.

IX. CONCLUDING REMARKS

In this paper we have presented a complete analysis of
reflection, absorption, and transmission of plane waves at

1.0

o
o

KERR ROTATION ANGLE (degree)

H - |

ag 80 g0
®M {degrae)}

[«]

FIG. 4. The magneto-optic Kerr rotation angle vs 8,, (the angle between
the magnetization vector M and the Z axis) for normally incident, linearly
polarized light. The curve is proportional to a plot of cos ©,,.
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oblique incidence on multilayer structures. The considered
100 b multilayer is quite general in the sense that it can contain any
number of layers, each with its own (arbitrary) dielectric
tensor. Only 2 X 2 matrices are needed for the implementa-

075 tion of the proposed algorithm, which results in considerable
simplification. A computer program was developed, and ex-
050 - (1 g = Fgp) % 1000 tensive comparisons of the numerical results with similar

calculations based on the “‘standard™ 4 X 4 matrix technique
confirmed the validity of the new approach.
025

MAGNETO-OPTIC REFLECTIVITY
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U UF‘TEG?TY APPENDIX A

En this Appendix we describe the transformation of di-
electric tensors caused by a rotation of the coordinate sys-
tem. Consider two Cartesian coordinate systems XYZ and
\ R A N LN X'Y'Z’, which share the origin 0. Iu general three angles S,
15 30 45 80 75 g0 D, and W specify the relative orientation of these systems. 8
and P are the spherical coordinates of Z' in the X YZ system.
Imagine a rotation of X 'Y 'Z ' that takes place by keeping @
constant while reducing © to zero. After this rotation, £ and
Z ' will be aligned, but the angle between X and X’ will not

0.08 ROTATION ™

KERR ROTATION ANGLE
AND BLLIPTICITY {degree)

T
Z

ANGLE OF INCIDENCE @ {degree}

necessarily be zerc. This angle is denoted by ¥ and is mea-
C.25 sured counterclockwise from the positive X axis. Keeping Z
A and Z ' aligned while rotating X' Y'Z’ through the angle ¥
i ROTATION . . R .
o / will bring the two systems into complete alignment. (¥, G,
_§’ 0.20 ¢ and @ — ¥ are the Euler angles.) It is thus possible to ex-
; press the unit vectors X',§',2’ in terms of the unit veciors
% .15 b £,¥.2 as follows:
= / -
% [ %' = 4 & % Z
= / ELLIPTICITY | X =a;X+apy +4u:% (A1)
g 049 TN 3 V' =08 +a,¥ +a;%, (A2)
Z 3 =ay %+ an¥ + aat, (A3)
w
@A 005 where
-4 . .
<€ a,y = cos 8 cos D cos(P — W) + sin  sin(P — ¥),
& o (A4)
= . .
= a,; = cos O sin ® cos(P — ¥) — cos P sin{P — ¥},
o (A5)
= 005 .
% @,; = — sin B cos(P — P), (A8)
&4 @y = cos 8 cos Psin(P — ¥y —sin P cos(P — ¥),
-0.10 (A7)
@y = cos & sin P sin{P — V) + cos © cos(D — ¥),
§ b £ L\ 3 . ( Ag)
g 15 30 48 €0 78 80 .
(e} ANGLE OF INGIDENCE § {degree} @ = —sin O sin(® — ), {A9)
a3, = sin © cos P, (A10)
FIG. 5. Longitudinal magneto-optic Kerr effect for a quadrilayer structure . R
with in-plane magnetization. (a) Magnitudes of 7, and 7, vs angle of inci- @y, = sin O sin P, (Al1)
dence.é’ (rfmte that'rp‘_ =r, ),_Tl‘ne.curve is magnified ‘F)yaf.'act.or of 1900. (b) Ty = COS o (A12)
Polarization rotation and ellipticity vs 8 for P-polarized incident light. (¢} .
Polarization rotation and ellipticity vs & for S-polarized incident light. Now, let E and D be the electric field vector and the
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displacement vector in the XYZ coordinate system. The di-
electric tensor € in this system relates F and D as follows:

D = éE. {AL3}
Similarly, in the X 'Y'Z " system, we have
D=¥E, (A14)
but £ = E’'Pand D = D'P, where
@ G 4y
P={ay, Gy a5 (A135)
@33 Q3 Gy

is the rotation matrix between X¥YZ and X 'Y'Z . Therefore,
Egs. (A13) and (A14) yield

Here, P7= P ~! because P is unitary. Equation (A16)
shows the transformation of the dielectric tensor from the
X 'Y'Z’ system to the XYZ system.

As an example, consider a magneto-optic material with
direction of magnetization along Z°. Then, in X'Y'Z’, the

dielectric tensor is that of a polar Kerr material, i.e.,
€,y €. ]
&€=f —¢, €&, OL (A1)
0 0 €

P

The rotation angles © and P specify the magnetization vec-
tor in the XYZ coordinate system, but W is arbitrary. Using
Eq. (A16), we find the dielectric tensor in the new XYZ
coordinates as follows:

E=PTEP (A16)
B
€rx cos B¢, — sin © sin ¢,
£g=§ —cosOe¢, €ux sin © cos @¢,,
sin @ sin ®¢,, — sin @ cos Pe,, €.r

Note that the dielectric tensor in XYZ is independent of ¥,
and that it reduces to the familiar forms for longitudinal and
transverse Kerr effects when {(©=90°, =0} and
(© = 90°, © = 90°), respectively.

APPENDIX B

In this Appendix we describe a method for computing
the roots of the fourth-order equation

S*+ AS° +BS* 4+ CS+ D=0 (BL)

The first step is to calculate the roots of the following third-
order polynomial equation:

88° —4BS? + 2(AC —4D)S — [C* + D(4* —4B)] =0

r
B\ AD4+C?> ABC BD

={Z _ASC 58 B4

% (6) T 8 6 (B4)

xp =, + 1 727 (BS)

X = (3, — V1 + " (B6)

Since a complex number has three possible cube roots, x,
and x, can each have three different values. Of these, the
only acceptable ones are those that satisfy the equality

X%, +y; =0 (B7)

It is not difficult to verify that only three pairs (x;.x, ) satis-
fy Eq. (B7). The solutions of Eq. (B2) in terms of the accep-
table pairs {x,,x, ) are

(BZ) SO’SI’SZ :Xl +X2 + (3/6). (BS)
To this end, we define y;, ¥;, X, and x, as follows: The next step is to choose one of the solutions of the
_4C b B? (p3y  third-order equation (say, S, ) and form two quadratic equa-
[ ’ N .
12 3 36 tions as follows:
4

2 A A2 , 2 z i72
S5*+ E+ T—B+ZS(, S+ESO‘+‘(SG“‘D) ]:0_ (B9)

2 A 42 123 2 12
S* 53 — B+ 1285, jS+[SO——(SO—D) }=0 (B10)

The four roots of the original equation (B1} will be the roots
of the gquadratic equations (B9) and (B10). Because square
roots of complex numbers appear in these equations, the
guestion arises as to which root belongs in which eguation.
The answer is found by setting the product of Egs. (B9) and
(B10) equal to Eq. (B1). It turns out that the complex
square roots must satisfy the relation

42 )’/Z_AS(,—C

(53 —D)le(T—B 425, (B11)
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Although the procedure described here is exact, in prac-
tice, numerical errors rapidly accumulate and give inaccur-
ate resuits. To overcome this difficulty, we used an iterative
technique that pushes the inexact solutions towards the cor-
rect roots. Since the analytic solutions obtained are fairly
close to the desired roots, the alggrithm does not have to be
sophisticated. For instance, let § be an estimated root of
Eq. (B1). By moving along the slopg of the polynomial funic-
tion at 8, we find a better estimate S as follows:
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A

§=8-

§+48° + B2+ S+ D
48° + 3487 1288 + C
By repeating the procedure described in Eq. (B12), we have

been able to get arbitrarily close to the exact roots.
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