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Rigorous justification is presented for a recently introduced method to construct leaky-
mode expansions of electromagnetic fields excited inside a spherical cavity filled with
a dispersive, lossy medium. In a departure from the traditional approaches, our con-
struction does not rely on Green’s functions, rather it starts from a judiciously chosen
auxiliary meromorphic function. Convergence of both the series expansions and of the
over-completeness relations for the leaky modes is proven for a realistic model of chro-
matic dispersion. Published by AIP Publishing. https://doi.org/10.1063/1.5006956

I. INTRODUCTION

Leaky or quasi-normal electromagnetic modes occur in a number of practically important cir-
cumstances. While the standard description in terms of normal modes is only admissible for closed
systems, quasi-normal modes, similar to their quantum-mechanical counterparts (see, e.g., Ref. 1),
offer a natural framework for open and lossy waveguides and optical cavities.2

Not surprisingly, numerous applications span different fields including the description of optical
waveguides,3 resonator cavities,4,5 photonic structures,6,7 plasmons,8,9 and even black holes,10 offer-
ing a simplified and more economical alternative to the treatment based on a continuum of normal
modes.

The interest of the research community concentrates on both the practical computational
issues11–13 and on the better understanding of the general properties and the mathematics underlying
the description of physical systems using quasi-normal modes14–19 in various geometries.20–22

However, despite the long history of leaky modes and non-Hermitian quantum mechanics23 and
electromagnetics, the proper theory and even the physical concepts are still somewhat obscure (see,
e.g., Ref. 24). The most fundamental question of how much of the physics can be captured by the
leaky modes (e.g., Refs. 12, 19, and 25) has not yet been answered in the most general terms. There
are also some technical issues that are subject to debate and different treatments. For instance, various
ways of mode-volume calculation26 and quasi-normalization27,28 have been described and contrasted
in the literature, oftentimes re-inventing methods established previously or in different fields.

This work concentrates on the fundamental question of completeness,29,30 i.e., on when and
how the set of leaky electromagnetic modes can be used as a basis to compute arbitrary electro-
magnetic fields. Typically, rigorous studies of open and non-Hermitian systems have been done on
a case-by-case basis. Our work deals with the spherical optical cavity formed by a homogeneous
dispersive and lossy medium. Needless to say, this is, from a practical standpoint, a highly relevant
system. In our previous study,31,32 we concentrated on its physical properties, such as the relation
between the cavity Q-factors and the properties of the medium. The goal of this work is to provide
a rigorous proof that the system of outgoing resonant modes is indeed (over-)complete and also to
give mathematical justification to a novel method to construct resonant-mode expansions of arbitrary
functions.

The question of completeness for optical cavity modes has been posed and addressed before.
Notably, the studies by Leung et al. establish the quasi-normal modes as complete in several specific
systems, such as a one-dimensional (Fabry–Pérot-like) cavity30 and also spherical cavity filled with
dispersive and lossy medium.29
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There are several novel aspects presented in this work. Regarding the physical description of the
cavity medium, ours is the first exact treatment that admits a fully realistic dispersive/lossy material.
Some of the previous description either neglected the loss while capturing the chromatic dispersion,33

giving rise to what is a causality-violating approximation. Leung et al.29 treated cavities with both
chromatic dispersion and losses, but their approach relied on a frequency-independent background
refractive index, which was needed to carry out the completeness proof. We are utilizing a proper
Lorentz oscillator description (see also Ref. 24 for a 1D system), which has an important general
property that for very high frequency the refractive index converges to unity. As a result, waves
with increasingly high-frequencies eventually cease to “see” the cavity, and this has consequences
regarding the details of the completeness proof.

Another departure from the route taken by the previous studies lies in the method used to construct
the leaky-mode expansion. While in our preceding work32 we demonstrated the practicalities of the
new approach, including examples of leaky-mode expansions in different cavity-geometries,31 here
we present a rigorous mathematical justification. An issue which, to the best of our knowledge, has not
been previously discussed in detail is that any Lorentz medium will give rise to multiple accumulation
points24 for the resonant energies in the complex plane and that these must be excised from the region
enclosed in the integration contour used to derive the discrete representation of the electromagnetic
field.

The main conceptual difference form the standard approach to the completeness problem29,30

is that we analyze the convergence of the series directly, without invoking any properties of Green’s
functions.28,34 The advantage of the present method is that it is more general. Specifically, we do
not need to assume that the function to be represented as a resonant-state expansion is a product of
time-evolution in the system (i.e., optical cavity in the present case or a Hamiltonian in the quantum
case) with modified, outgoing boundary conditions. We simply assume that the expanded function
resulted from an excitation in the original physical system, without modification of its properties.
As an additional benefit, our analysis of the rate of convergence of the leaky-mode series allows us
to understand why such expansions exhibit rather slow convergence, despite the fact that already a
few-term approximation is often extremely good. Our method can also be straightforwardly modified
in order to obtain various over-completeness relations.

Our paper is organized as follows. Electromagnetic modes of a dielectric spherical cavity,
expressed in terms of spherical harmonics, are reviewed next. In Sec. III, we indicate how the con-
tinuum of real-frequency modal fields give rise to discrete sets of leaky modes with complex-valued
frequencies. We outline our method for construction of a leaky-mode expansion of electromagnetic
fields excited inside the sphere in Sec. IV. In Sec. V, we first prove that the leaky-mode expansion
converges, provided that an auxiliary function that embodies the non-uniqueness of the series is cho-
sen appropriately. Then we go on to show that the convergence is indeed to the desired target function.
Our method naturally leads to over-completeness relations, and these are discussed in Sec. VI. We
summarize and offer some concluding remarks in Sec. VII.

II. ELECTROMAGNETIC MODES OF SPHERICAL CAVITIES

Consider a dielectric sphere of radius a placed in a vacuum, assuming that the relative dielectric
permittivity ε(ω) can be described by a single Lorentz oscillator. Such a medium is conventionally
parameterized by giving its resonant angular frequency ωr and the corresponding damping constant
γ, while the strength of the oscillator can be expressed through the plasma frequency ωpl. With such
a notation, the frequency-dependent susceptibility of the medium is given as

χ(ω)=
ω2

pl

ω2
r − ω2 − iγω

. (1)

Throughout this work, we assume that the chromatic dispersion inside the sphere can be approximated
by a single term of this form. While realistic material models often require several Lorentz oscillators
to approximate their frequency-dependent properties, our restriction to a single-oscillator medium
suffices to illustrate the issues that chromatic dispersion brings into considerations regarding the
convergence of leaky-mode expansions. It will become obvious in what follows that additional Lorentz
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oscillators bring nothing qualitatively new for the convergence of the resonant series because each of
multiple Lorentz-oscillator singularities (described next) can be investigated the same way. For the
same reason, we will only consider non-magnetic media.

Rather than susceptibility, most of the time we utilize the refractive index, n2 = ε = 1 + χ, written
as

n(ω)≡
√

1 + χ(ω)=

√
(ω − ω1)(ω − ω2)
(ω − ω3)(ω − ω4)

, (2)

where

ω1,2 =±
√
ω2

r + ω2
pl − γ

2/4 − iγ/2 and ω3,4 =±

√
ω2

r − γ2/4 − iγ/2. (3)

In realistic situations, we have γ � ωr , and all ωi lie in the lower complex half-plane, as indicated
in Fig. 1. Representation (2) of the refractive index is convenient for our purposes because it reveals
analytic properties important for the leaky modes. In particular, the refractive index exhibits branch
cut points at ω1,2 and two susceptibility poles at ω3,4.

The electromagnetic field oscillating with a given angular frequency ω can be decomposed into
eigenmodes in terms of spherical Bessel functions. We use the following to denote vector spherical
harmonics

Ylm =Ylm~r, Ψlm = r∇Ylm, Φlm =~r × ∇Ylm (4)

which simplify the notation for the vector modes of the spherical cavity. Assuming a fixed real-valued
frequency and given angular-momentum numbers l, m, transverse-electric (TE) modes can be written
as

~E =E(r)Φlm, (5)

~B=B(1)(r)Ψlm + B(r)(r)Ylm, (6)

while transverse magnetic (TM) modes are parameterized like

~B=B(r)Φlm, (7)

~E =E(1)(r)Ψlm + E(r)(r)Ylm. (8)

For these modes to satisfy the Maxwell equations, functions E(r), B(r) must obey radial Bessel
equations and must be continuous at the sphere surface. In the TE case, also the radial derivative must
be smooth, i.e.,

E(a−)=E(a+) and E ′(a−)=E ′(a+), (9)

FIG. 1. Frequency-dependent refractive index has two branch points ω1,2 and two susceptibility poles ω3,4, both pairs
located below the real axis. Resonant frequencies of leaky modes are marked by full circles (blue), and ω3,4 and ∞ are their
accumulation points. Thick full lines, with components CR, C4, and C3, represent the integration contour used to derive our
resonant-mode expansion. Contour components C3,4 together with the highlighted sections of CR require special treatment
because they must pass in the vicinity of some poles (see text).



033501-4 Jakobsen, Mansuripur, and Kolesik J. Math. Phys. 59, 033501 (2018)

while in the TM case the Maxwell equations imply the following boundary conditions:

B(a−)=B(a+) and

(
d
dr

+
1
r

)
B(r)
ε(ω)

�����r=a−
=

(
d
dr

+
1
r

)
B(r)
ε(ω)

�����r=a+

. (10)

Having specified E(r), B(r), one can calculate the rest of the modal functions.

A. Modal functions—TE case

A convenient representation of the real-frequency radial function of a TE mode can be chosen
as follows:

E(r)=
1

N
√

D+D−
] jl(kir), r < a, (11)

E(r)=
i
N



√
D−

D+ h(1)
l (kor) −

√
D+

D−
h(2)

l (kor)


, r > a,

where we use spherical Bessel and Hankel functions and where D±(ω) are frequency-dependent
coefficients which ensure that proper boundary conditions are satisfied at the sphere interface. N is
an unimportant normalization factor, and

ki(ω)=
ωn(ω)

c
, ko(ω)=

ω

c
(12)

are wavenumbers inside and outside of the sphere, respectively. Conditions (9) lead to

D+ =
(koa)2

2

[
n(ω)jl+1(kia)h(1)

l (koa) − jl(kia)h(1)
l+1(koa)

]
,

D− =
(koa)2

2

[
n(ω)jl+1(kia)h(2)

l (koa) − jl(kia)h(2)
l+1(koa)

]
. (13)

B. Modal functions—TM case

The real-frequency radial function can be parameterized in a similar way,

B(r)=
1

N
√

M+M−
] jl(kir), r < a, (14)

B(r)=
i
N



√
M−

M+ h(1)(kor) −

√
M+

M−
h(2)(kor)


, r > a,

where M± play the same role as D±. Boundary conditions (10) result in

M+ =
(koa)2

2ε
[ε jl(kia)h′(1)(koa) −

ki

ko
j′l (kia)h(1)(koa) −

(1 − ε)
koa

jl(kia)h(1)(koa)], (15)

and the expression for M� is obtained by exchanging h(1)(koa)↔ h(2)(koa). Having specified explicit
expressions for the radial modal functions E(r) and B(r) for any real frequency ω allows us, in
principle, to obtain the expansion of an arbitrary time-dependent radiative electromagnetic field
inside and outside of the spherical cavity. Such an expansion is discrete in l, m but is continuous
in ω.

The central question concerning the leaky modes is if it is possible to replace the continuum
expansion with a discrete one, albeit with some limitations. Specific to this work is if such an
expansion can be possible for a realistic medium with chromatic dispersion.

III. LEAKY MODES IN DISPERSIVE SPHERICAL CAVITIES

With the leaky-mode expansion of B(r) being technically similar to that of E(r), we shall restrict
our attention to the case of TE electromagnetic fields.
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The description of the real-frequency cavity fields given in Sec. II suggests an intuitive way to
obtain the leaky modes. Far from the origin, spherical Hankel functions h1,2 that appear in the modal
field represent outgoing and incoming waves. It is possible to eliminate the incoming waves if one
finds a complex-valued frequency at which D+ vanishes.

Thus, the leaky modes are identified with the complex-valued solutions of

D+(z)= 0 and D−(z)= 0, (16)

where the first and second options lead to outgoing and incoming modes, respectively.
For D+(z) = 0, the incoming wave in the TE modal field vanishes, but the modal field needs to

be normalized differently. One possibility is as follows (for ω = ωq):

E(r)= g<(ω)≡ωh(1)
l (koa)jl(kir), r < a, (17)

E(r)= g>(ω)≡ωjl(kia)h(1)
l (kor), r > a.

This function is obviously continuous across the sphere surface, and it is easy to check that it has
a continuous derivative when D+ (ω = ωq) = 0. Thus, it is a valid solution with a complex-valued
angular frequency.

For a dispersive medium under consideration, there are infinitely many solutions of D+ (ωq) = 0,
giving rise to an infinite family of outgoing leaky modes. The question is in what sense can such a
set be utilized as a basis in the space of physically allowable electromagnetic fields. Properties of the
resonance frequencies ωq are crucial for understanding such questions.

Figure 1 shows a schematic illustration of their locations. There are four families, each associated
with a feature of the dispersive refractive index. The first infinite sequence of leaky-mode frequen-
cies spans the region of low frequencies and accumulates in the vicinity of ω3 where the index of
refraction diverges; there are infinite number of solutions inside the arbitrary small neighborhood
of this point. The second family is also infinite and populates a curve between ω4 and ∞, the latter
being an accumulation point of this sequence. Because of the symmetry, every pole ωq comes with
its counterpart −ω∗q. There is therefore a third family of poles which has an accumulation point atω4,
and the fourth family starts at ω2 and approaches infinity.

IV. CONSTRUCTION OF LEAKY-MODE EXPANSION

The traditional point of departure for investigations into normal-mode expansions is Green’s
function with the outgoing radiative boundary conditions. We proceed differently and construct
a leaky-mode representation of physically admissible fields inside the cavity with the help of a
judiciously chosen auxiliary meromorphic function.

Our method highlights two important aspects of such an expansion, namely, certain degrees of
freedom or non-uniqueness and a design approach informed by the requirement of the convergence
for the resulting functional series.

Let us imagine that an electromagnetic field was excited within a spherical cavity by illuminating
it from the outside. According to Sec. II, at time t, a component of the field with a fixed angular-
momentum numbers l, m can be expanded into real-frequency modes like so

El,m(r, t)∼
∫

Al,m(ω0)jl(ki(ω0)r)e−iω0tdω0, (18)

where Al ,m(ω) is the angular spectral amplitude of the field. If one could replace the spherical Bessel
function jl(ki(ω0)r) with a discrete series running over complex ωq, integration over ω0 would give
us a discrete-sum representation of this electric field.

Before addressing issues concerning the convergence of such a series in a rigorous way, let us
first outline our approach in broad strokes. Consider a function of a complex variable ω,

G(ω)=U(ω)
exp[iko(ω)a]jl(ki(ω)r)

(ω0 − ω)D+(ω)
, (19)

where U(ω) is some meromorphic function to be fixed later. We want to utilize the degree of freedom
U provides, but it must not have poles except at ω = 0. We shall assume that its behavior at small
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ω is such that function G(ω) remains regular at the origin. This requirement allows for a pole of a
degree less than the order l of the spherical Bessel function that appears in G. To derive a discrete-
sum expression for a target function, we calculate a contour integral (see Fig. 1) along a contour
C = CR + C3 + C4 consisting of a big circle, CR = |ω| = R, and two small circles C3,4 of radius
R3,4 → 0 excising respective neighborhoods of ω3,4. The latter contour components are necessary
because ω3,4 are accumulation points for poles of G, and the excised portion of the complex plane,
no matter how small, contains an infinite number of poles. Without removing these portions, we
could not apply the residue theorem. Assuming that the integrand given by G(ω) decays sufficiently
fast as R growths and that the integral along the contours encircling ω3,4 also vanishes in the limit
R3,4 → 0, ∫

C
G(ω)= 0, (20)

one can apply the residue theorem to obtain a discrete sum.
Figure 1 highlights certain sections of the integration contour that require closer attention and

analysis. Planning to return to this later, for the moment we assume that their contribution vanishes
in the limit. Under this presupposition, we obtain the following from the residue theorem:

jl(ki(ω0)r)=
∑

p

U(ωp)

U(ω0)
D+(ω0)
∂ωD+(ωp)

exp[iko(ωp)a]

exp[iko(ω0)a]

jl(ki(ωp)r)

(ω0 − ωp)
, (21)

where the sum runs over the poles of the eigenvalue equation D+ = 0, and we assumed no other poles
in G(ω) except atωp andω0, with the latter giving rise to the left-hand side. The absence of additional
poles requires that U(ω) has no poles except at ω = 0, and we will specify its behavior for small ω
later. On inserting (21) into (18) and integrating over the real-frequency spectrum, we have

El,m(r)=
∑

q

Cl,m
q jl(ki(ωq)r), (22)

which can be read as an expansion of the inner-cavity field into a series in leaky modes.
For this strategy to work, we need to understand the analytic properties of our auxiliary G and

prove that the steps outlined can in fact be executed. In particular, we need to consider the role
of possible branch cuts caused by n(ω), the behavior of G at infinity, and the fact that solutions
of the resonant eigenvalue equation exhibit three accumulation points. One is at infinity and the
other two are located at ω = ω3,4. To our best knowledge, these issues have not been considered
together in detail in the previous treatments of normal-mode expansions in chromatically dispersive
cavities.

First, let us think about the branch cuts inherited from the refractive index. Note that the “parity”
of D+ in n(ω) is the same as that of jl. This is why G is even with respect to n(ω) and has no branch cut.
Indeed, direct numerical inspection confirms that it varies smoothly as one crosses the line between
ω3,4.

The next important property is the behavior of G at infinity. For very large |ω|, all arguments
appearing in the sphericals are also large, and we can utilize large-argument asymptotics of jl and
h1,2

l to find the limiting form of D+, namely,

D+ ∼
exp[ikoa]

2il+1

[
− cos[aki −

lπ
2

] +
i
n

sin[aki −
lπ
2

]

]
, (23)

and use it to estimate

G(ω)∼
U(ω) exp[ikoa]jl(kir)

exp[ikoa]
2il+1 (ω0 − ω)

[
− cos[aki −

lπ
2 ] + i

n sin[aki −
lπ
2 ]

] . (24)

At this point, the role of the exponential inserted into G becomes obvious; it is meant to cancel the
limiting form of the spherical Hankel in the denominator so that we obtain

G(ω)∼
2il+1U(ω)

kir
sin[kir − lπ/2]

(ω0 − ω)
[
− cos[aki −

lπ
2 ] + i

n sin[aki −
lπ
2 ]

] . (25)
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The large-ω behavior here is dictated by the trigonometric functions, in which ki(ω), k0(ω)→ ω/c
and their arguments grow. Both, in the numerator and in the denominator, one of the exponentials
contributing to the trig functions will dominate, and we obtain that as |ω|→∞ the integrand becomes
exponentially small,

G(ω)∼ exp

(
|Im{ω}|

c
(r − a)

)
, (26)

as long as point r lies inside the spherical cavity and Im{ω} does not vanish.
The points at which the integration contours cross the real axis (i.e., Im{ω} = 0) do not cause

problems either. To see this, one has to know something that we will demonstrate later, namely,
that the eigenvalues which accumulate around infinity appear far from the real axis. That is why the
contribution from the integration contour in the vicinity of the real axis decays as U(R)/R. Thus,
if our as yet free-to-choose U(ω) stays bounded at infinity, the integral along the big circle can be
neglected for large R.

So far, our argument is at the same, in fact unsatisfactory, level as in some previous studies,
where the mere fact that Green’s function decays to zero for large ω is considered sufficient for
the large (semi-)circle contour integral to vanish in the limit. However, the chromatic dispersion
complicates the situation significantly because it introduces accumulation points for the complex
resonance frequencies at ω3,4 and∞.

It is not straightforward to verify that the special section of the integration contour can be
neglected in the large-R limit. So we first investigate the convergence of the leaky-mode representation
(21). Only after we will have proven the convergence in Sec. V, we shall go on to show that the series
in fact converges to the correct target.

V. CONVERGENCE OF THE LEAKY-MODE EXPANSION

The convergence properties of the leaky-mode expansion are controlled by the asymptotic behav-
ior of poles in the vicinity of their accumulation points ω3,4 and ∞. We shall investigate the latter
first.

A. Complex eigenfrequencies and their accumulation point at ∞

We require solutions of D+(ω) = 0, in the vicinity of∞, and they can be obtained with the help of
the limiting form given in (23). While doing so, we also want to estimate ∂ωD+(ωp) and subsequently
obtain the asymptotic behavior of the series (21).

For the location of pole ωp, labeled by an integer p, we have an equation

cos[aki(ωp) −
lπ
2

]=
i

n(ωp)
sin[aki(ωp) −

lπ
2

] (27)

or equivalently

exp[2i(aki(ωp) −
lπ
2

)]=−
n(ωp) + 1

n(ωp) − 1
∼

2ω2
p

ω2
pl

. (28)

Large-p poles can be found as ωp =ω
′
p + iω′′p , where

ω′p = (2p + l)
πc
2a

and ω′′p =−
c

2a
ln[

2(pcπ)2

4a2ω2
pl

]∼−
c
a

ln p. (29)

This result corroborates that the sequence of poles diverges away from the real axis as they approach
infinity.

Now, we move to estimate a quantity that controls the convergence of the resonant-state expansion
series,

Q(ωp)=
2il+1U(ωp)

kir(ω0 − ωp)
×

sin[kir − lπ/2]

∂ω
[
− cos[aki −

lπ
2 ] + i

n sin[aki −
lπ
2 ]

]
�������ω=ωp

. (30)
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To evaluate the derivative term, one needs to realize that derivatives of the refractive index give
negligible contributions because the index tends to unity for a large frequency. The dominant part of
the above expression therefore becomes

Q(ωp)∼
U(ωp)

ω2
p

sin[kir − lπ/2]

sin[aki −
lπ
2 ] + i

n cos[aki −
lπ
2 ]

. (31)

On replacing cos with the help of the eigenvalue equation (27), we obtain

Q(ωp)∼
U(ωp)

ω2
p

sin[kir − lπ/2]

sin[aki −
lπ
2 ]

ω2
p

ω2
pl

(32)

and in terms of the pole index p, after using the asymptotic pole location (29),

Q(ωp)∼U(ωp)p
r
a−1. (33)

These results allow us to choose U such that the series will converge. For example, for
U(ω) = ω�1, the series will converge for r < a, as can be verified by the direct comparison test
and the integral test to show that the right-hand side is absolutely convergent. However, the rate of
convergence becomes extremely slow as r approaches the sphere radius at r = a. This is why one
expects that the error in a truncated leaky-mode expansion of a function will be large in the vicinity
of the cavity boundary.

B. Complex eigenfrequencies and their accumulation at ω3

Since the behavior in the vicinity of ω4 and ω3 is completely analogous due to symmetry, we
shall only discuss the latter. Because in the neighborhood of ω3 the refractive index diverges, the
arguments kia found in the spherical Bessel functions are large, and one can replace these functions
with their asymptotic expansions. This results in the eigenvalue equation given earlier,

− cos[aki(ωp) −
lπ
2

]h(1)
l (ko(ωp)a) −

1
n

sin[aki(ωp) −
lπ
2

]h(1)
l+1(ko(ωp)a)= 0. (34)

One can verify that the solution of this equation that approaches ω3 as p→∞ is

ωp − ω3 =
4a2ω2

3(ω1 − ω3)(ω2 − ω3)

π2c2(1 + l + 2p)2(ω3 − ω4)
. (35)

Next, we need to estimate the pole residues. The dominating part will arise from the derivative of the
refractive index in the vicinity of ω3, so one only needs to consider the following terms:

∂ωD+ |ω→ω3 ∼
k2

oa2

2
n′(ω)

[
sin[aki −

lπ
2

]h(1)
l (koa) −

1
n

cos[aki −
lπ
2

]h(1)
l+1(koa)

]
. (36)

Because the second term in square brackets is small and sin is close to unity, we obtain

∂ωD+ |ω→ω3 ∼ (−1)p k2
oa2

2
n′(ω)h(1)

l (koa)∼ (−1)pp3, (37)

where we have used n′(ωp) ∼ p3. This implies that the series coefficient will scale with p as

Q(ωp)∼ (−1)p jl(kir)

p3
∼ (−1)p sin(kir − lπ

2 )

kirp3
∼

1

p4
, (38)

which in turn indicates that the contribution of the leaky-mode series from modes with frequencies
around ω3 converges rather rapidly.

The results of Subsection V A show that with a suitable choice of U(ω), the leaky-mode rep-
resentation of the right-hand side in (21) does converge inside the spherical cavity. However, this
fact alone does not guarantee that the convergence is to the desired target function that appears on
the left in Eq. (21). To prove this last piece, we have to return to consider the special sections of the
integration contour (see Fig. 1) and show that their contributions vanish in the limit.
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C. Contribution of special sections of the integration contour: I

Here we show that the integral

I3 =

∫
C3

G(ω)dω (39)

vanishes in the limit of a small radius of C3. Due to the symmetry, the argument will imply the same
result for the integral along C4.

In the vicinity of ω3, the behavior of function G(ω) becomes most influenced by the divergent
refractive index which for ω→ ω3 behaves as

n(ω)≈
n3

√
ω − ω3

with n3 ≡
√

(ω3 − ω1)(ω3 − ω2)/(ω3 − ω4). (40)

With this, the leading term in G for ω→ ω3 can be written as

G(ω)≈
√
ω − ω3

sin
(

n3ω3r
√
ω−ω3

− lπ
2

)
cos

(
n3ω3√
ω−ω3

− lπ
2

) , (41)

where we have left out constant factors that are irrelevant for our considerations. We shall find a bound
for this function valid in the limit of shrinking C3 and utilize it to show that the integral vanishes.

Let us parameterize contour C3 through angle θ,

ω =ω3 + ξpeθ with ω3 = |ω3 |e
iφ3 , (42)

using ξp standing for the radius of the circle. We will select a sequence of diminishing radii, labeled
by integer p,

ξp =

(
n3 |ω3 |

π(p + l/2)

)2

∼ p−2, p→∞. (43)

Note that ξp is chosen to avoid the leaky-mode poles. More precisely, the integration path travels
through the midpoint between a pair of poles given by (35). On inserting our parameterization into
(41), we obtain the integrand as a function of θ and must distinguish two cases, namely, θ/2 equal to
and/or different from φ3.

For small ξp and θ/2 , φ3, we find

G(ξp, θ)∼ eiθ/2
√
ξp exp



n3(r − 1) |ω3 | | sin(φ3 − θ/2)|√
ξp


. (44)

In other words, as long as away from the special θ/2 = φ3, and for r < 1, G(θ) is exponentially small
when p→∞.

At the special point on the contour where θ/2 = φ3, we evaluate

G(ξp, θ/2= φ3)∼
(−1)p

(2p + l)
sin

(
π

2
(l − lr − 2pr)

)
. (45)

Results (44) and (45) show that a global bound for the integrand G on C2 scales as p�1. From (43)
we know that the circumference of the circle scales as p�2, and thus the integral I3 approaches zero
at least as fast as p�3,

I3 ∼ p−3→ 0. (46)

D. Contribution of special sections of the integration contour: II

In this section, the goal is to show that the integral along a large-radius circle Cp

Ip =

∫
Cp

G(ω)dω (47)
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vanishes in the limit of large index p. Because of the symmetry of the pole positions, we only need
to consider the part of the sequence of growing circular contours Cp that are located in the right
half-plane. These parts, denoted by C+

p , are parameterized using

ω(θ)= |ωp |e
iθ , −

π

2
< θ <

π

2
, (48)

where ωp =
1
2 (ωp+1 + ωp) denotes the midpoint between consecutive poles in the sequence of poles

(29) approaching infinity. Using standard asymptotic formulas for the spherical Bessel and Hankel
functions, as we have done several times before in this paper, we find the following bound for
G(ω):

|G(|ωp |e
iθ )| .U(|ωp |)e

−(R−r) |ωp | sin( |θ |), (49)

where we disregard any p independent constants. The bound (49) is derived under the assumption
that the angle θ is different from zero and the argument of the midpoint position, |ωp |. However, we
find through detailed analysis that the bound also holds at these two special angles.

Using the global bound (49) we have

|

∫
C+

p

G(ω) dl | . |ωp |U(|ωp |)
∫ π

2

− π
2

e−(R−r) |ωp | sin( |θ |) dθ

∼ 1
R−r U(|ωp |), (50)

from which we can conclude that the contribution from the circle C+
p and thus by symmetry the whole

circle Cp vanish in the limit when p approaches infinity if we chose U(ω) = ω�1.
Thus, from Secs. IV and V we can conclude that for the choice U(ω) = ω�1, not only does the

leaky-mode series converge inside the dielectric sphere, but it also converges to the right function.

VI. OVERCOMPLETENESS RELATIONS

It is well known that the leaky-mode functions are in general not linearly independent and
are subject to various over-completeness relations. Our method for construction of the leaky-mode
expansion for the electromagnetic field inside the cavity can be easily adopted for the derivation of
such relations. This is the subject of Sec. VII.

The method outlined in Sec. IV highlights the fact that there is a degree of freedom embodied in
the function U(ω). So far, we have only utilized this to fulfill conditions necessary for the leaky-mode
expansion convergence. In particular, U(ω) must not have a pole higher than 1/ωl�1 at the origin.
This is to avoid creation of a new pole of G(ω) at zero. Because the behavior of the spherical Bessel
function for small arguments is such that jl(ki(ω)r) ∼ ωl, it follows that U ∼ 1/ωl�1 will not cause
appearance of a pole in G(ω) at the origin of the ω-plane. Also, for the series to converge, U has to
decay at least as 1/ω at large frequencies, otherwise the line-integral ∫ CG(ω)dω contribution from
the big circle C would not tend to zero as its radius increases.

Naturally, a faster decrease would not interfere with the convergence, which can be easily verified
by revisiting our arguments. For the contribution to the series originating in the accumulation point
ω3, our “gauge” function U(ω) behaves essentially as a constant and changes nothing essential on
the asymptotic behavior of the expansion terms. In the neighborhood of the infinity, faster decay of U
can only improve the rate of convergence since it further suppresses the contribution from the contour
integral.

Bearing these properties in mind, we take the expansion (21) in the limit ω0 → 0,

(n(0)ω0r)l =
∑

p

U(ωp)

U(ω0)
D+(0)

∂ωD+(ωp)

exp[iko(ωp)]

1

jl(ki(ωp)r)

(ωp)
, (51)

and choose
U(ω)=ω−k (52)

to obtain ∑
p

exp[iko(ωp)]jl(ki(ωp)r)

∂ωD+(ωp)(ωp)k+1
= 0. (53)
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For the allowed values of k ∈ 1, 2, . . ., l � 1, these formulas represent the over-completeness relations.
It is not clear that these are all possible over-completeness relation or if an arbitrary overcompleteness
relation can be expressed as a linear combination of those described above.

However, the existence of these relations means that the leaky-mode expansion is not unique.
This is not to say that the resonant-expansion sum would converge to different results—if the series
converges, it tends to the unique function given by the physical initial value problem. Non-uniqueness
only means that there are different series converging to the same target. The fact that the leaky modes
are linearly dependent indicates that for almost any choice of U, significant cancellations must occur
in the series, and this is yet another reason why one should not expect an easy-to-evaluate (from the
numerical standpoint) expansion. On a positive side, this might also open the possibility to speed-up
the convergence by adding to the given series a “suitable” combination of leaky modes that add up
to zero.

VII. SUMMARY AND CONCLUDING REMARKS

We have studied the mathematical properties of leaky-mode expansions for an electromagnetic
field excited inside a spherical cavity made of dispersive dielectric. Our investigation into the conver-
gence properties of the leaky-mode series is the first to take into account a truly realistic model of the
medium which is based on the Lorentz oscillator model without any dispersion-less background. In
other words, our results apply to an arbitrary frequency range and reflect the fact that high-frequency
waves must experience vanishingly small contrast between the inner medium and the outside
vacuum.

This work provides a rigorous mathematical justification for a recently proposed method to
construct the leaky-mode expansions and to generate the so-called over-completeness relations. Note
that our approach differs from the usual treatment based on Green’s functions which assume that the
asymptotic part of the expanded electromagnetic field only consists of outgoing waves. By contrast,
our formulation concerns the arbitrary electromagnetic field excited inside the cavity and does not
rely on the boundary conditions at infinity. In effect, our method is to expand, directly, the real-
frequency spherical Bessel functions that form the continuum basis for the electromagnetic fields
in the spherical cavity. While the new approach was justified here for the case of a homogeneous
spherical cavity, we trust that a generalization for more complex systems, in particular those with
spherical symmetry, should be possible.

We have also studied the rate of the convergence of the resulting series and showed how this
depends on the position inside the sphere. Typically, the first few terms of the leaky-mode series
result in quite good approximations (see, e.g., illustrations in Ref. 31), but we have demonstrated
here that the eventual convergence may be exceedingly slow and decelerates even more for locations
closer to the material interface. Our convergence-rate results help us to understand this behavior,
which we have identified as originating from the existence of the resonant-pole accumulation point at
infinity.

Besides the infinity, the dispersive medium gives rise to additional accumulation points of com-
plex energies of leaky modes. They originate from the singularities of the refractive index as modeled
by the Lorentz oscillator. For a rigorous completeness argument, such points must be excised from
the region enclosed within the integration contour used to convert the continuum expansion into a
discrete series. Here we have shown that these additional accumulation points do not affect the rate
of convergence of the leaky-mode series.

It should be noted that the accumulation points arise naturally in dispersive media and are
therefore present also in what is a more standard treatment based on Green’s functions. While in
the light of our observation it is not likely that previous results should be affected, these issues have
not yet been discussed within Green’s function methods dealing with three-dimensional dispersive
cavities.

The way we construct the leaky-mode expansions and their over-completeness relations makes
it obvious that the representation is not unique for a given function. Because the leaky modes are
not linearly independent, cancellations must occur during the series summation, and we feel that
these may contribute to the poor asymptotic convergence of the series. Looking ahead, it would be
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interesting to identify all possible over-completeness relations and utilize them to eliminate such
cancellations in an attempt to achieve a faster convergence.
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