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Injection-molded lenses have an inhomogeneous stress-induced birefringence that can
degrade optical performance. To address this issue, numerous studies have been conducted
to investigate the residual stress and resulting birefringence caused by molding conditions
[1, 2]. In our research, a tomographic reconstruction of a 3D birefringence distribution is
sought from a linear line projection relationship between the spatially varying index ellipsoids
and polarimetric observations. This paper is divided into three sections: “Optical Physics”,
“Optical Engineering”, and “Image Science”. In the first section “Optical Physics”, the
concept of birefringence and the properties of a light source are discussed. Here, the definition
of birefringence is provided, which states that the value of birefringence relative to the
orientation of the polarization can be determined from Maxwell’s equations, introducing
a dielectric tensor and an index ellipsoid. In the second section “Optical Engineering”, a
commercially available 2D birefringence analyzer is explained, with a focus on the polarimeter
components [3]. In the last section “Image Science”, tomographic reconstruction algorithms

are reconciled with 3D birefringence distribution definitions.

1 Background (Optical Physics)

1.1 Stress-induced birefringence

An index ellipsoid is used to define the polarization-dependent refractive index (i.e. bire-
fringence) of a material. This section explains the concept of birefringence for transmitted

light, based on the index ellipsoid.

1.1.1 Dielectric tensor Assuming that no source resides in free space, transforming
Maxwell’s equations into the Fourier domain, and combining the 2"¢ and 37 equations (that
is VxH = 0D/ot and V x E = —0B/0t) [4], the following formula can be obtained:
k x (k x E) = —w? g u(w) D. Here, w is the light frequency, while o and u(w) are the free
space and material permeabilities, respectively. This equation states that the displacement

field D and the wave vector k are always perpendicular, while D and the electric field E
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are not necessarily parallel. In an isotropic medium, D and E are always parallel since
the relationship between them is expressed as D = gpe(w) E where ¢y and e(w) are the
free space and material permittivities, respectively. On the other hand, in an anisotropic
medium where D and E are not necessarily parallel, the relationship between them can be
given by D = ¢ge E where € is a 3 x 3 matrix referred to as a dielectric tensor [5], which
works similarly to the material permittivity e(w) and can define a 3D refractive index. If
the three principal axes are aligned with the (z,y, z) axes, the dielectric tensor is diagonal

and D can be written as

D, nz2 0 0 E,
D, =0 n2 0]]E, (1)
D. 0 0 n2) \E.

The dielectric tensor expressed in Equation 1 allows for the establishment of distinct refrac-

tive indices in each axis for an anisotropic material.

1.1.2 Index ellipsoid The energy density u of the electromagnetic wave is expressed as
u = ED/2. By inserting Equation 1 into the energy density equation and taking into account
that the inverse of the diagonal matrix € is obtained by replacing each diagonal element with

its reciprocal, the following is obtained

(Dy/v2uep)? N (Dy /2 ueg)? N (D./\2ueg)? _

1. 2

Since u is constant, Equation 2 describes a 3D ellipsoid with (n,,n,,n.) as its basis on the
(x,y, z) axes, as illustrated in Figure la. This ellipsoid is referred to as an index ellipsoid
[6], and the refractive index associated with a given D field can be calculated. There are
no restrictions on which principal index is aligned with a particular basis dimension, thus
allowing the ellipsoid to have three degrees of rotational freedom.

Figure 1b diagrams the process of transforming birefringence from a given index ellipsoid
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(a) Index ellipsoid (b) Birefringence

Figure 1: (a) The 3D index ellipsoid’s geometry is determined by the refractive index magnitudes
along each axis, ng, ny, and n.. The term (D, Dy, D.)/+/2ueg in Equation 2 is replaced by the
(z,y, z) basis. (b) The birefringence of transmitted light is represented by a 2D cross-sectional red
ellipse. The transverse plane (purple) is orthogonal to the wave vector k (green arrow) and contains
the unit vectors vi, va and the origin. The birefringence for the transmitted light is defined by n,
and ny, the major and minor axes of the cross-section.

and ray direction. The green arrow in the figure symbolizes the wave vector k. As Section
1.1.1 explains, k and D are perpendicular, so the birefringence of the transmitted light is
determined by a 2D cross-sectional red ellipse created by slicing the index ellipsoid. This 2D
ellipse contains the transverse plane shown in purple, the unit vectors vy, v, and the origin.

The major and minor axes of the cross-sectional 2D ellipse are in red lines, and n, and n,

represent the orthogonal birefringence values for the respective orientations.

1.1.3 Cross-sectional index ellipse The cross-section of the ellipsoid has been investi-
gated using computational techniques by other authors [7, 8]. Here, the main points of these
calculations are summarized. A 3D ellipsoid centered at the origin is given by r7 Qr = 1.,
where the six unique elements of the Hermitian 3 x 3 matrix Q determine the shape and
principal axes of the ellipsoid, and the vector r gives the basis defined by r = (z,v, 2)7. The
matrix Q can be written as UqAqUq’. The diagonal elements of Aq are 1/n,2, 1/ny?,
and 1/n3%, where ni, no, and ng are the magnitudes of the ellipsoid along the principal axes.
The singular vectors, which are columns of Ugq, give the direction of the principal axes.

A 2D cross-sectional ellipse centered at the origin is represented by P = VI QV. The

three unique elements of the Hermitian 2 x 2 matrix P determine the principal axes and
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shape of the ellipse. The 3 x 2 matrix V is named a cross-sectional matrix, and the singular
vectors v; shown in Figure 1b are the columns of V. Similarly, consider P = UpApUp’.
The two values 1 /na2 and 1 /nb2 are the diagonal elements of Ap, and n, and n, are the
magnitudes of the ellipse seen in Figure 1b. The columns of Up are unit vectors in the

direction of the major and minor axes of the cross-sectional 2D ellipse.

1.2 Light source

The commercially available 2D birefringence analyzer, WPA-100, manufactured by Photonic
Lattice is shown in Figure 2 [3]. The WPA-100 system utilizes white LEDs as its light
source. The unpolarized light emitted from the LEDs is circularly polarized through a cir-
cular polarization filter and then illuminated onto an object. The transmitted light from
the object is evaluated by a polarimeter, which computes a 2D birefringence distribution.
This distribution has an angular dependence, so circularly polarized light, which can be
decomposed into two orthogonal linear states with any orientation, is used to cover all di-
rections. The polarimeter is also equipped with three different wavelength filters (523nm,
543nm, and 575nm) to calculate the 2D birefringence distribution for each wavelength. Gen-
erally, the maximum retardance a single wavelength can measure is A/2, but by combining
multi-wavelength measurements and employing curve-fitting algorithms [9, 10], the maxi-

mum measurable retardance can be increased. The WPA-100 system adopts these methods

Circular
polarization Retc_t:der
Polarizer ,
Variable
— + wavelength
CcCcD

filter
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(White LEDs)

Irradiation part WPA —-100 Polarimeter part

Figure 2: Birefringence analyzer WPA-100 produced by Photonic Lattice [3].

4 of 12



Tomographic Polarimetry of Anisotropic Materials Seigo Comprehensive, 2024

and can measure retardance up to 2\. Since the system requires multiple wavelengths, a

laser with a narrow wavelength bandwidth is not suitable as a light source; therefore, white

LEDs are adopted.

2 Instrument (Optical Engineering)

2.1 2D Birefringence Analyzer — f\\\\%
&K\.

7
As depicted in Figure 2, the polarimeter is ‘\\\é

composed of a retarder, polarizer, and CCD.
Linear Polarizer

Quarter Wave Array

Figure 3 provides more information about Linear Retarder Array

these components. All of them have an array Figure 3: The polarimeter is composed

of a retarder, polarizer, and CCD [3]. All
components have micro-sized array struc-

movement, such as rotation. The polarizer ar-  tures, and the retarder functions as a
quarter-wave retarder for all arrays.

structure and do not involve any mechanical

ray is made up of four micron-sized polarizers

oriented at 0°, 45°, 90°, and 135°, which is not notable for its widespread usage. The retarder
array is produced by the unique technology of Photonic Lattice. It also has an array struc-
ture and functions as a quarter-wave retarder for all arrays. The orientations of the fast axes
can be determined for each array individually, but their directions are not revealed. Since
it is known that full Stokes parameters can be obtained from these components, testing will
be conducted to decide the appropriate orientations of the fast axes.

Consider the definition

Jou = LP(6,) LR(6,6,) I (3)

Here, J;, and J,,; denote the incident and outgoing Jones vectors, respectively. LP and
LR stand for a linear polarizer and a linear retarder, and the variables of LP and LR
are 0,, the orientation of the transmission axis; J, the retardance, which is set to A/4 in
this polarimeter; and 6,., the orientation of the fast axis, whose values are not revealed for

all arrays. Equation 3 can be used to calculate the Jones vectors for the polarimeter seen

5 of 12



Tomographic Polarimetry of Anisotropic Materials Seigo Comprehensive, 2024

CCD 4
CCD 1

Figure 4: Green and orange squares denote polarizers and retarders, respectively. Arrows on the
polarizers indicate the transmission axes, whereas arrows on the retarders indicate the fast axes.
This setup allows the derivation of full Stokes parameters.

in Figure 3. It is confirmed by Equation 3 that the configuration in Figure 4 allows the
derivation of full Stokes parameters.

The green squares in Figure 4 represent the polarizers, and the arrows on them indicate
the transmission axes. As previously described, the orientations of the polarizers are fixed.
The orange squares are quarter-wave linear retarders, and the orientations of the fast axes
shown in the figure allow the derivation of full Stokes parameters. The process of calculating
them is explained. The irradiance detected at each CCD is proportional to the square of the

absolute value of J,,; and is given by

(

Peepr =| LP(0°) LR(A\ /4, 0°) J;y, |2
Pecps =| LP(45°) LR() /4, 45°) 3, |?

Poeps =| LP(90°) LR(\/4,45°) J;,, |2

Poeps =| LP(135°) LR(A\/4,0°) J;,, |2

After computing Equation 4, full Stokes parameters can be derived from the following

equations.
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So FPeeps + Peepa
Sh 2Pcep1 — So
= (5)
S 2Pcop2 — So
Sy Pceeps — Poepa

Since birefringence can be calculated from Stokes parameters [11], WPA-100 generates a 2D

birefringence distribution.

3 Analysis (Image Science)

3.1 Reconstruction from tomographic polarimetry

3.1.1 Jonmes calculus Our approach to reconstructing the 3D birefringence distribution
is a closed-form forward model that linearly relates polarization measurements to line pro-
jections through a discrete arrangement of index ellipsoids. The tomographic polarization
measurement model for one projection is illustrated in Figure 5. Here, the material has an
inhomogeneous birefringence distribution defined by index ellipsoids discretized by distance
t;. The green arrow indicates the direction of light propagation, and the birefringence values
are determined by the cross-sectional index ellipse P; defined in Section 1.1.3.

The polarization of the transmitted light can be determined by computing the Jones
vector in sequence for each P;. This involves rotating the Jones vector to align with the major
and minor axes of P;, and then accumulating the products of ¢; and the birefringence values
Na; OF My, which are the respective optical path lengths (OPLs) in orthogonal phases. This
calculation can be simplified using the equation Py, = Z P,/ t;2, where Py,,, represents
the total OPLs in phases, accounting for all directions [121] The outgoing Jones vector is

then obtained by applying the incident Jones vector to Pg,,,, and polarimetric observations

can be computed as the phase difference from the outgoing Jones vector.
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Figure 5: Light propagating through a material with an inhomogeneous birefringence distribution
in the direction given by the green arrow. The birefringence values are indicated by ng, and ny;
on the orthogonal major and minor axes, respectively. P; represents cross-sectional index ellipses
defined in Section 1.1.3. The index ellipsoids are discretized by distance t;.

3.1.2 Reconstruction by pseudo-inverse A method for reconstructing the original 3D

ellipsoid from multiple cross-sectional 2D ellipses is needed. Consider the definitions

vec(ABC) = (C® AT) vec(B) (6a)

p=W'gq (6b)

where “®” denotes the Kronecker product, “vec()” denotes the vectorization operator, and
A, B, C are matrices. By defining W =V ® V| substituting P seen in Section 1.1.3 into
Equation 6a yields Equation 6b. Here, q and p are 3%- and 22-dimensional vectors, obtained
by the vectorization of Q and P seen in Section 1.1.3. In addition, W represents a cross-
sectional matrix in a different form and has 32 x 22 dimensions. It is noted that Equation 6b
is in a linear framework and p represents one calculation result for one cross-sectional matrix
W. Therefore, different p can be obtained when different cross-sectional matrices are used.
Consider p; = W, q, where p; represents the calculation result obtained by the i** cross-

sectional matrix W;. By combining all £ calculation results and using the pseudo-inverse
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operator, the ellipsoid q is derived by

() o)

Here, the operator “+” represents the pseudo-inverse operator. Based on the above computa-
tional method, the original ellipsoid is reconstructed from the cross-sections of the ellipsoid.
For a single 3D ellipsoid, the original ellipsoid can be completely reconstructed by using any
three or more non-parallel cross-sectional ellipses p. In our previous work, this algorithm has
been used to reconstruct the 3D birefringence distribution of inhomogeneous and anisotropic

samples [12].

3.1.3 Radon transform The Radon
transform will be introduced to enhance the

ﬁa’zz

versatility of reconstructing the original 3D » S/

fia=1
ellipsoids. The primary challenge here is K [ fa=1
¢
that the Radon transform is commonly ap- X
p
plied to scalar spatial distributions, mak- /

ing it impossible to reconstruct 3D ellipsoids f(r)

characterized by the Hermitian 3 x 3 matri-

g% (v, $)

ces, as demonstrated in this study. There-

fore, it is necessary to devise a Radon trans-

Figure 6: Overview of the Radon transform
form algorithm suitable for tensor fields. As  for a vector field f(r). g®(p, ¢) is a 1D projec-
tion given by Equation 8. « can take a value
of o =1 or 2. 1®=! and A*=2 represent unit
vectors that are perpendicular or parallel to
the direction of the vector p. The angle ¢ de-

instead of a tensor field is developed. This  notes the direction of p, and p is the position
of the projection along p.

a preliminary step, an algorithm that focuses

on a 2D spatial distribution for a vector field

development refers to some studies related
to the Radon transform for vector and tensor fields [13, 14]. Figure 6 illustrates an overview

of the Radon transform for a vector field, where f(r) represents a 2D spatial distribution of
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the vector field, and r is denoted by r = (x,y). A 1D projection g*(p, ¢) is obtained by a

continuous set of integrals over all parallel lines in a given direction and is defined by

9% (p, @) = / d*ra® f(r) d(p — ra*=?)
o (8)
:/ i f(p + 1A°)

o0

Here, o can take a value of & = 1 or 2. The 2D Radon transform is the set of 1D projections
g%(p, @) for all projection directions. In Equation 8, A®=! and f®=? represent unit vectors
that are perpendicular or parallel to the direction of the vector p, as illustrated in Figure 6.
The angle ¢ denotes the direction of p, and p is the position of the projection along p.
Next, consider the backprojection of the vector field f(r). In Equation 8, assuming 4 f(r)
as a scalar field distribution, this equation corresponds to the ordinary Radon transform.
Since the original spatial distribution can be precisely reconstructed by the filtered backpro-
jection for the Radon transform [15], it is possible to derive the vector field in this manner.

Here, noting that the relation of completeness Zi:l ng g = d;; (where i and j are z or y)

is applied, the vector field is derived as follows.

fo(r) = foﬂ do ffooo d¢ exp{2miép} | €| {sing G=HE, @) + cosd GO2(€,¢)}
fy(x) =[5 do [ dE exp{2mi&p} | €| {—cos¢ G*=N(E, ¢) + sing G*=2(€,0)}

(9)

G(&, ¢) is the 1D Fourier transform of the 1D projection ¢g*(p,¢) and is expressed as
GY(& ¢) = ffooo 9%(p, ¢) exp{—2miép}dp. In our research, it has been verified that the vec-
tor field can be accurately reconstructed using Equation 9, thus proving that the Radon
transform is also effective for vector fields.

It is anticipated that the Radon transform for tensor fields can be derived in a similar
manner. Once these validations are established, the developed algorithm will be employed

to reconstruct the spatial distribution of 3D ellipsoids as required in this research.
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