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Abstract. The concept of the aberration function is extended to define two functions that describe the light irra-
diance distribution at the exit pupil plane and at the image plane of an axially symmetric optical system. Similar to
the wavefront aberration function, the irradiance function is expanded as a polynomial, where individual terms
represent basic irradiance distribution patterns. Conservation of flux in optical imaging systems is used to derive
the specific relation between the irradiance coefficients and wavefront aberration coefficients. It is shown that the
coefficients of the irradiance functions can be expressed in terms of wavefront aberration coefficients and first-
order system quantities. The theoretical results—these are irradiance coefficient formulas—are in agreement
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1 Introduction

In the development of the theory of aberrations in optical
imaging systems, emphasis has been given to the study of
image aberrations, which are described as wave, angular,
transverse, or longitudinal quantities.' The light irradiance
variation, specifically at the exit pupil plane and at the
image plane of an optical system, is a radiometric aspect
of a system that is also of interest.

The geometrical irradiance calculation is useful for deter-
mining the apodization of the wavefront at the exit pupil. The
point spread function (PSF) describes the response of an im-
aging system to a point object. An accurate diffraction cal-
culation of a system’s PSF requires knowledge not only of
the wavefront phase but also of its amplitude. These, the
phase and amplitude, are usually calculated geometrically
at the exit pupil of the system. While the wavefront phase
is evaluated by calculating the optical path length for
rays, the wavefront amplitude is estimated by the square
root of the geometrical irradiance.

The image plane illumination or relative illumination is
another characteristic that may have a strong impact on
the performance of a lens system.

The light irradiance distribution at the exit pupil plane
and/or at the image plane of an optical system can be derived
from basic radiometric principles, such as conservation of
flux.? In this paper, we provide a study of the relationship
between irradiance at these two planes and the system’s
wavefront aberration coefficients. Our study is based on geo-
metrical optics. Edge diffraction effects are not considered in
this study. An extended object that has a uniform or
Lambertian radiance is assumed. The geometrical irradiance
that we discuss describes the illumination distribution on the
image plane or on the exit pupil plane of an optical system.

The concept of the wavefront aberration function is well
established. The wavefront aberration function W(H p) of
an axially symmetric system gives the geometrical wavefront
deformation (from a sphere) at the exit pupil as a function of
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the normalized field H and aperture p vectors. The field vec-
tor and the aperture vector may be defined in either the object
or the image spaces. Two vectors uniquely specify a ray
propagating in the lens system. The wavefront aberration
function is expanded into a polynomial of the rotational
invariants as dot products of the field and aperture vectors,
specifically (H - H), (H - p), and (p - p), and to the fourth
order of approximation on H and p is written as follows:

W(H.p) =Y Wypu(H - HY (H-5)" (5 p)"

Jj.m,l

= Wogo + Wago(H - H) + W,y (H - p)

+ Woao(p - p) + Woao(p - p)?

+ Wi (H - )5 - §) + Wan(H - 5)

+ Waso(H - H)(p - p)

+ Wiy (H - H)(H - B) + Waoo(H - H)*, )

where each aberration coefficient W, ,,, represents the ampli-
tude of basic wavefront deformation forms and subindices j, m,
and n represent integers k=2j+m_and [=2n+ m?
Similarly, a pupil aberration function W(H, p) can be defined
to describe the aberration between the pupils. This function is
constructed by interchanging the role of the field and aperture
vectors, and to fourth order, it is as follows:

= ZWk,I,m(I_:I : ﬁ)J(H

J.m,l

= Wooo + Wao(p - p) + W111(H p)

1

"GP

+ Wox(H - H) + Wouo(H - H)?

+ Wit (H - H)(H - p) + Wy (H - p)°
+Wa(H - H)(p - p)

+ Wi (H-5)B - 5) + Waoo (5 - ). ()
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where the pupil aberration coefficients are barred to distin-
guish them from the image aberration coefficients and
subindices j, m, and n represent integers k =2j+ m
and [ =2n + m.

In analogy to the wavefront aberration function, we define
the irradiance function I(H, p) that gives the irradiance at the
image plane of an optical system. To the fourth order of
approximation, this irradiance function is expressed as
follows:

H.5) = S LB -BY - (H-5)" - (- )

j.m.n
= looo + Topo(H - H) + 1111 (H - p) + Lono(p - p)

N =S - L0
+Ioao(p - )2+ 131 (H - p)(p - p) + Lo (H - p)

+ Lno(H - H)(p - p) + Iy, (H - H)(H - p)
+ Lyo(H - HY, 3)

where the irradiance coefficients I ; ,, represent basic illumi-
nation distribution patterns at the image plane, as shown in
Fig. 1, and subindices j, m, and n represent integers
k=2j+mandl=2n+ m. We also define another irradi-
ance function I(H, p) that gives the irradiance of the beam at
the exit pupil plane of an optical system:

1(H.5) = Y Tuon(H - HY (- 5)" G- 5
j.m,l
= Iooo + To00(p - p) + 111 (H - p) + Iopo(H - H)
L O
+ Togo(H - H)” + 113 (H - H)(H - p)
ST T O
+ I (H - p)” + Inno(H - H)(p - p)
+ Ly (H - p)(p - p) + Lio(p - p)*, “)
where each irradiance coefficient I, , represents basic
apodization distributions at the exit pupil, as shown in

Fig. 1, and subindices j, m, and n represent integers
k=2j4+m and [ =2n+ m. In these functions, it is

Second Order

® ¢

Loo(H-H) 1T (5- P) Lu(H -p)/ Ty(H )

Fourth Order

2
h

Ion(P- D)/ Ton(H - H)

Ly(#-B)A-p) Ty(H-pXp-D)  Lp(H-pY I Tpp(H Y

~
® @€ ¢

Los(H-BXp-P) TgH -BXP-P) Lu(H-p)G-B) Ty -)Hp)  Too(P-PY 1 Toa(H -H)?

Lo(H-H)* 1 TP

Fig. 1 Second- and fourth-order apodization terms at the exit pupil
given by the coefficients of the pupil irradiance function presented
as a function of the aperture vector p or irradiance patterns at the
image given by the coefficients of the irradiance function presented
as a function of the field vector H.
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assumed that the irradiance is greater than zero for any
point defined by the normalized field H and aperture p
vectors.

The question we pose and answer is: what is the relation-
ship between the wavefront aberration functions W(H,p)
and W(H.p) and the irradiance functions I/(H,p) and
1(H,p)? We use conservation of flux in an optical system
to determine the relationship between wavefront and irradi-
ance coefficients. We also discuss in some detail the particu-
lar case of relative illumination at the image plane. Our
theoretical results are in agreement with real ray tracing.
Overall, the paper provides new insights into the irradiance
changes in an optical system and furthers the theory of
aberrations.

2 Radiative Transfer in an Optical System

In this section, we review radiometry and show how aberra-
tions relate to conservation of optical flux @ in an optical
system. Figure 2 illustrates the basic elements of an axially
symmetric optical system and the geometry defining the
transfer of radiant energy. Rays from a differential area
dA in the object plane pass through the optical system
and converge at the conjugate area dA’ in the image
plane. The differential cross sections of the beam dS in
the entrance pupil plane and dS’ in the exit pupil plane
are optically conjugated to the first order.

In a lossless and passive optical system, the element of
radiant flux d® is conserved through all cross sections of
the beam. The equation for the conservation of flux is written
as follows:

4 1 Q! 4.7
J®— L dAdS cos* () _I dA'dS’ cos*(0")

o lz o t,z = dq)/, (5)

where L, is the source radiance. We assume that the source is
Lambertian, and, consequently, L, is constant. The object
space angle 6 is between the ray connecting dA and dS
and the optical axis of the lens system. Similarly, 6’ is
the image space angle between the ray connecting dA’
and dS’ and the optical axis. ¢ (¢') is the axial distance
between the object (image) plane and the entrance (exit)
pupil plane, respectively.

Equation (5) provides the radiant flux along a particular
ray in an optical system. Since the normalized field H and
aperture p vectors uniquely specify any ray propagating in
the optical system, Eq. (5) gives the radiant flux as a function
of the normalized field H and pupil coordinates p.

The irradiance on the exit pupil plane is obtained by
dividing the radiant flux that is incident on a surface by
the unit area. It follows that

o do’ dA’
dI(H, ):W:LUITC054(9/)
dA dS do
= Lo gy 0 =gz ©

where dI (I?I ,p) is the differential of irradiance on the exit
pupil plane. Similarly, the irradiance on the image plane
is obtained by dividing the radiant flux by the image surface
unit area as in
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Fig.2 Geometry defining the transfer of radiant energy from differential area dA in the object space to the
conjugate area dA’ in the image space. The radiant flux through all cross sections of the beam is the

same.
. . dD’ ds’
dI(va) = dA’ = LOIT COS4(9,)
ds’ dA AP
= Lo g @ O = g ™

and dI(H,p) is now the differential of irradiance on the
image plane. The differentials of irradiance dI(H,p) and
dI(H,p) are functions of the field and aperture vectors.

Equations (6) and (7) are general and do not involve any
approximations. However, care must be taken in evaluating
these expressions since the angles ¢ and #’ may vary due to
aberrations. In addition, the differential areas dA, dA’, dS,
and dS’ may also vary for different points in the aperture
and in the field of the lens.

3 Irradiance Function of a Pinhole Camera

In this section, we calculate coefficients of the irradiance
function defined in Eqgs. (6) and (7) for a pinhole camera.
The pinhole camera produces images of illuminated objects
as light passes through an aperture, as shown in Fig. 3.

In this model, we define the field vector H on the image
plane and the aperture vector p on the plane of the aperture.
The irradiance functions I(H, p) and I(H, p) give the relative
irradiance along the ray specified by the field and aperture
vectors. It follows from Egs. (6)_and (7) that irradiance dis-
tribution at a point specified by H on the focal plane or at a
point specified by p on the aperture plane are proportional to
cos*(0') of the particular ray. To calculate the coefficients of
the irradiance functions to fourth order, we express cos*(6’)
in terms of first-order system quantities as (see Appendix A):

Aperture Image

Fig. 3 Geometry defining a pinhole camera. Images are formed as
light passes through the aperture.
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-

Lyinhote(H.p) = _pinhole(ﬁ]’ﬁ) = Io pinhole - €0s*(6)
= Lo pinhote * [1 =2~ a?(H-H)=2-u”(p-p)
—4-u'n'(H-p)...
+3-w(H-H)? +12-uu'(H-3)B - p)
+12-ua(H - p)’...
+6- u”a”(H - H)(p - p)

- -

12w (H - H)H P+ 31052,
®)

where u’ and @’ are the first-order marginal and chief ray
slopes in the image space and /g pinnole 1S @ constant corre-
sponding to the irradiance value for the on-axis field point or
zero-order term of the irradiance function. Without loss of
generality, we set this zero-order term of the irradiance func-
tion equal to 1.

In aberration theory, the reference sphere is used as the
reference to measure the wavefront deformation. In analogy,
the geometry in Fig. 3 can be used to define a model of irra-
diance I unoie(H, p), which is helpful as a reference and for
further calculations. In an actual system, image and pupil
aberrations affect the irradiance distribution.

4 Irradiance on the Image Plane

The aperture vector p is selected at the exit pupil plane, and,
thus, it defines the ray intersection with this plane. Rays at
the exit pupil pass through a uniform grid by construction,
and differential areas dS’ are constant given that we choose
to define rays at the exit pupil. To calculate the image plane
irradiance, we evaluate Eq. (7) in the image space as follows:

dl = I - cos*(0'), 9)
where

ds’
10 = LotTy (10)

where I, = 1 is a constant corresponding to the irradiance
value for the on-axis field point. In contrast to a pinhole cam-
era, in an actual system, the ray angle in Eq. (9) is modified
by image aberrations. To calculate the irradiance distribution
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Table 1 Second-order irradiance coefficients Iff)’m at the image

plane of an optical system.

logo (P - p) = —2u”(p - p)
’111(/:1‘/3) = —4U/’:’/(F"7’)

looo(H - H) = —20(H - H)

at the image plane of an optical system with the aperture stop
at the exit pupil, we express cos*(#’) in terms of first-order
system quantities and wavefront aberration coefficients (see
Appendix B). Table 1 provides a summary of the second-
order image plane irradiance coefficients. We conclude
that the second-order irradiance terms are not affected by
image aberrations and that the image plane irradiance to
the second order is equivalent to the ideal irradiance of a pin-
hole camera:

I(Ha ,B)(Z) = Ipinhole(ltlvﬁ)u)
=1-2u(p -p)—4u'n'(H-p)—2a”(H - H).
(11)

Table 2 summarizes the fourth-order image plane irradi-
ance coefficients. The fourth-order irradiance coefficients are
the sum of two components. The first component is repre-
sented by products of the first-order ray slopes u’ and a’
in the image space. The second component includes addi-
tional terms that are functions of the fourth-order image aber-
ration coefficients and the first-order ray slopes. The constant
K in Table 2 represents the Lagrange invariant of the system.

5 Irradiance on the Exit Pupil Plane

To calculate the irradiance distribution on the exit pupil plane
of an optical system, we evaluate Eq. (6) in the image space
as follows:

- - dA’
dl = 10 . d—A . COS4(9/) (12)

Table 2 Fourth-order irradiance coefficients /Ef/),m at the image plane
of an optical system.

loao(p - p)? =

Su"+32 Wo4o“'£"} ®- PP

l134 (13 /3)(’:’ ﬁ) =

120R 0" + 32 Woso U + 32 Wi, U/L_”} (» ﬁ)(’:’ “p)

/222(’:’ '77)2 = {12U’20’2 + & Wigi U2 + 2 Wopou't' (Fl'ﬁ)z

looo(H - H)(p - ) =

6uu’” +% Wiz 072 +% szou/al} (F’ : F’)(ﬁ )

Do - 8 _ 8 - 4 _
I311 (HH)(H»/)) = |:12U/U/3+% W222U/2+% W220U/2+% W311 u'a

x (H-H)(H-p)

T2
lago(H - H)™ =

30" + & Wy 0’2} (H-H)y?

and
- dA
IOE (Lot_2>~ (13)

where I, = 1 is a constant corresponding to the irradiance
value for the on-axis field point. A comparison of
Egs. (12) and (9) reveals an additional term % that is
given by the ratio between the elements of the area at the

object and image planes. In an optical system with aberra-
tions, the ratio ‘ZAA’ may vary over the pupil and over the
field. Two differential areas are related by the determinant
of the Jacobian J(H, p) of the transformation:

-

dA' = J(H,p)dA. (14)

Table 3 Second-order irradiance coefficients 77, ,, at the exit pupil
plane of an optical system.

Toaa( - F) = | 207 = & W | (1 )

hat(H-p) = {—4U/Dl—%W220 —%szz} (F’Z’)

logo(p - p) = [—QU/Z -4 W131} (- p)

Table 4 Fourth-order irradiance coefficients 75:;” at the exit pupil
plane of an optical system.

N2

S e o _ _ N
loao(H - H)" = 3U4—%W511+%Ws11U2+%W311W311}(H'H)

7131(H' H)(H -p) = {12U/D/3 —% Wiz —% Wazo +% Wopo Ui’
+% Wogot" +%W311U'a' +%W220W311 +%W222W311}

x (H - H)(H - )

D=2 252 _ 12 4 2 ur
looo(H - p)” = {12[1/ U =5 Wags = 5 Wag1 — 5 Wigs U°
+% W222u’l__]/ +% W220LI/D/ —% W311 u’ +% W222W222

I o\2
+% Wz Woso —% Wiy W131} (H-p)

Ioao(H - H)(3 - ) =
— s Woou'U' + 2 Way1 U + G Wy Wigy — 5% W222W220}

x (H-H)( - p)

6U20"2 — & Wagy + 2 Wiz U — 2 Woou'tl’

Isnn(H-5)(5 - p) =
+ 2 Wonou? + 2 Wiz u't'’ +% Wogo W13 +% Wozp W131}

x(H-p)(p)

12U/3El/ —% W242 —% W240 +% W222U/2

7400(/3 PR = {31/'4 —% Wis1 +% Wigiu® + % Wia W131} (- p)?
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If the Jacobian determinant is expressed in terms of wave-
front aberration coefficients, the differential of irradiance on
the exit pupil plane is calculated by evaluating Eq. (12) and
keeping terms to the fourth order (see Appendix C). Tables 3
and 4 provide a summary of the exit pupil plane irradiance
coefficients to the fourth order of approximation.

The coefficients I, ;, are the sum of several components.
The first component is represented by products of the first-
order ray slopes u’ and &' in the image space and is equiv-
alent to the first component of I ; ,, coefficients. The second
component includes additional terms that are functions of the
fourth-order image aberration coefficients and first-order ray
slopes. Note that the second-order terms of the exit pupil irra-
diance function are modified by image aberrations, in con-
trast to the second-order terms of the imal%f plane irradiance.
The third component of the coefficients /; I),m is proportional
to the six-order image aberration coefficients. Finally, we
have additional terms that involve products of the fourth-
order aberrations.

Table 5 Relationships between second-order irradiance coefficients

(2 7(2)
1Z), and 12) .

7. _ 4
lozo = T200 = 5 Wiai
T, —4 6
hiat = l111 = 5g Waoo + 53 Wooo

7 _ a4
la00 = Tozo = 5 Wty

We have set the field vector H at the object plane and the
aperture vector p at the exit pupil plane. We assume that the
aperture stop coincides with the location of the aperture vec-
tor, which is the exit pupil plane. Our formulas would change
depending on whether the field vector H is at the object or
image plane and on whether the aperture vector p and the
stop are at the entrance pupil, the exit pupil, or an intermedi-
ate pupil.

6 Coefficient Relationship

For the case in consideration of having the field vector at the
object plane and the aperture vector at the exit pupil plane,
we can write the second order relationships in Table 5.

Thus, it is possible to determine aberration coefficients
from measurements of the irradiance at the exit pupil
plane and at the image plane of an optical system.*
However, since the field vector is defined at the object
plane, the image plane irradiance refers to image points
H + AH, and, as a consequence, measurements should be
made at conjugate object-image points.

7 Relative lllumination

A practical and important case is the relative illumination
RI(H) at the image plane of an optical system, which can
be written to the fourth order as follows:

RI(H) =1+ Lyo(H - H) + Lgo(H - H)*. (15)

This is given in the limit of a small aperture by the terms
Lyo(H - H) and Ig(H - H)* of the irradiance function

Table 6 Second and fourth-order irradiance coefficients describing relative illumination.

Case lag0 L400
Pinhole camera. -2.0%? 3. u*
Field vector at the image plane. Stop and -2-0" 3.-u*

aperture vector at the exit pupil plane.

Field vector at the object plane. Stop and —2.07
aperture vector at the exit pupil plane.

Field vector at the image plane. Stop and —2072 + £ Wi,
aperture vector at the entrance pupil plane.
Field vector at the object plane. Stop and —2072 + & Wi,

aperture vector at the entrance pupil plane.

Stop and aperture vector at plane between
components of the lens. Field vector at the
image plane.

Stop and aperture vector at plane between
components of the lens. Field vector at the
object plane.

2072 + % Wiaig

—2[1/2 + %W131B

30"+ & Wayy - 02

T4 BT BW.o 12 4 B8 W, W
U™ + 5 Wisy — 5 Wag1 U + 5 Wiz Wagy

— 522 [32Wo4o Wano + 24Wogo Wozo)

_ 4 _ — L .
30" + 5 Wap1 U2 + 5 Wisy — 5 Wagi U + 55 Wiy Wigy

— 52 [32Woao Wazo + 24 Woao Wazp + 8Wiay Wiy

TRy SToo 02 4 BT T
U™ + % Wisip — 5 WizigU™ + 55 WizisWiais

= 5 [32Wou08 Wazop + 24 Woaos Waz28]

30" + 5 War1aU” + 5 Wa115U" + 55 Wisip — 5x WisipU™
- ﬁ [32Woa08 Wazos + 24Woaos Wozog + 8Wi318Wsi15]

3 Wi W 8 W
+ 52 Wa31sWizig — 55 Wiz1sWaiia
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I (Ijl ,p). Although the calculation of the relative illumination
is typically done over the entire pupil, we have previously
shown that the approximation of a small diaphragm is suffi-
ciently accurate for practical purposes.’ The relative illumi-
nation on the image plane depends on the position of the
aperture stop, and the irradiance coefficients also depend
on the location of the field and aperture vectors.

Table 6 presents the second Iy and fourth order /4
coefficients of the relative illumination function RI(H) for
several cases in the location of the aperture and field vectors.
When the stop is between system components, the system is
then divided into part A preceding the stop and part B fol-
lowing the stop, and aberrations of each part are then used to
define the irradiance coefficients. Note that both image and
pupil aberration coefficients are used.’

Examination of the functional form of the coefficients
allows one to make several points of interest. First, to the
second—order, pupil coma influences the relative illumina-
tion and can nullify the coefficient /55, in some cases.
This is known as the Slyusarev effect.’ Alternatively,
the relationship between image and pupil aberrations is as
follows:

— Ko
Wist = Wi — 5 A{i}, (16)

which can be used to determine how image distortion W5,
influences relative illumination.” In this case, similar to the
standard cos*-law of illumination fall off, slopes in the object
space are used in the expression of the relative illumination.’
Second, if the system is telecentric in the image space
i’ =0 and if the system is also aplanatic W5 =0,
Wis1 =0, and Wy = 0, then the relative illumination is
uniform to the fourth order. Such a system would have a
f sin(@) image height mapping.® Other cases for uniform
illumination are also possible, requiring %Wl 5 — 2" = 0.
Third, if the system is telecentric in the object space # = 0
and if the Herschel condition of the pupils is satisfied as

— XK
Wiz = ;A{ﬁz}, (17)

then the relative illumination would follow to the second
order cos®(0’) rule in a system, where the aperture vector
is defined at the entrance pupil plane or at the intermediate
pupil." This follows since

- 4 _ - o
RI(H) =1+ {—2&’2 +%W131] (H-H)
1 - o
=1+ {—2&’%55’2] (H - H) (18)
and
3(p! 3—/2
cos*(a):l—zu + o (19)

Fourth, contrary to intuition, pupil spherical aberration
Wos may not influence the relative illumination when
W, = Waso = 0. However, pupil spherical aberration can
change the angle of incidence of light on the image plane.

If all fourth-order irradiance terms are considered, it
is possible to analytically calculate relative illumination
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more accurately for a lens system with a finite aperture.
The relative illumination is obtained by the integration of
the irradiance function over the exit pupil area as follows:

RI(H) :% / / I(H,p)pdp da, (20)
p.a

where « is the angle between the field vector H and aperture
vector p. The irradiance terms that are proportional to (H - p)
do not contribute to the relative illumination of a lens since
the integral of cos(a) over the circle is zero. The field-inde-
pendent irradiance terms give a constant integral value, while
other fourth-order irradiance terms modify second- and
fourth-order relative illumination coefficients. Table 7 sum-
marizes the integrated values of the irradiance terms over the
exit pupil. It follows that the relative illumination RI(H) for
an optical system with a finite aperture can be written as
follows:

- 1

1 1
RIH =——F——|1 1 =1 -1
(H) 1 +%1020 +%1040 [ + ( 200 + 7 1o + 220)

4 2

X (H - H) + Ligo(H - i])z}. @1)

As an example, we analyze the image plane illumination
of a mirror system in Fig. 4. This optical system is telecentric
in the image space and is designed to satisfy the aplanatic
condition between the pupils to the sixth order. As a conse-
quence of aplanatic imaging between the pupils, the system
suffers from residual image aberrations. The mirror system
operates at /10 and covers a field-of-view (FoV) of 20 deg.

Table 7 Second and fourth-order irradiance coefficients integrated
over the exit pupil area.

Irradiance term Integral value

1020(7’ : 7)) %/ozo
hi(H - 5) 0
looo(H - H) looo H?
loao (P - )2 3 oo
ls1(H - 5)(3 - ) 0
ooz (H - p)° oo H?
loao(H - H)(7 - ) 3lo20HP
Isy1(H - H)(H - p) 0
lao(H - H)? Lsgo H*

Fig. 4 Animage space telecentric mirror system. The mirror system is

designed to satisfy the aplanatic condition between the pupils to six
order.
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Table 8 Second and fourth-order irradiance coefficients of the mirror
system in Fig. 4.

Irradiance term Value
lo2o (P - ) 0.141052
li11(H - p) —0.132590
Iooo(H - H) 0.000000
loao (P - §)? —0.008925
hat(H - 5)( - 7) 0.026928
lass (H - ) ~0.011326
laso (H - H)(3 - ) -0.016355
Is11(H - H)(H - p) 0.009353
Laoo(H - H)? 0.000000
Relative lllumination

100%

90%

80%
c
S 70%
g 60% Real Ray Tracing
3
= 30% ——4th Order Analytical
2 40% Approximation
ﬁ 30%

20%

10%

0%0 1 2 3 4 S 6 7 8 9 10

Field angle

Fig. 5 Relative illumination curves calculated with real ray tracing and
with the fourth-order analytical approximation for the mirror systemin
Fig. 4 show excellent agreement over the entire FoV. The image is
equally illuminated over the entire area.

The coefficients of the irradiance function for this
mirror system are calculated and summarized in Table 8.
The irradiance terms 1,0 and 14 are zero since it = W3, =
Wis; = Woao =0 by design. The relative illumination
curves calculated with real ray tracing in Zemax
OpticsStudio lens design software and with the fourth-
order analytical approximation in Eq. (21) show excellent
agreement over the entire FoV, as presented in Fig. 5. The
image is equally illuminated over the entire area. More
analysis examples of lenses that show improved image
plane illumination can be found in our previous
publications.’

8 Combination of Irradiance Coefficients

In the derivation of the irradiance coefficients, we assume that
the object has a constant or Lambertian radiance. However, it
may be desirable to determine the irradiance coefficients when
the object has a different emission profile. In this case, the
source radiance is expanded as a polynomial series of dot
products of the field and aperture vectors and to the second
order, for example, can be written as follows:

Optical Engineering
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-

L(H.) = Ly- L +A(p - p) + B(H - p) + C(i - 7)),
(22)

where A, B, and C are coefficients describing the emission
profile. We substitute Eq. (22) into Egs. (9) and (10) and
write the irradiance coefficients to the second order as follows:

I(H,p)® =1+ [<2u” + Al(p - p) + [~4u’u’ + B)(H - p)
+ [-2i" + C|(H - H). (23)

Thus, second-order variations in the source radiance pro-
duce second-order variations in irradiance at the image plane.
In addition, other higher-order irradiance terms, not pre-
sented here, result from different combinations of the source
radiance terms with irradiance terms, as shown in Tables 1
and 2. These higher order terms can be considered as extrin-
sic irradiance aberrations that result from the interaction of
the incoming irradiance variations and aberration in the
system.

However, Eq. (23) shows that, with respect to the irradi-
ance of a pinhole camera Iynnoic(H., p), second-order varia-
tions in the object space simply add to obtaining the
irradiance in the image space.

9 Irradiance Coefficients and Choice of
Coordinates

We have pointed out that the irradiance coefficients depend
on the location of the field and aperture vectors. Tables 14
give the coefficients for the case of having the field vector at
the object plane and the aperture vector at the exit pupil
plane. This case is an important one, for a diffraction calcu-
lation knowledge of the amplitude of the field at the exit
pupil is necessary; this amplitude is taken_to be equal to
the square root of the irradiance function I(H,p). For com-
pleteness, we present in Appendices D and E the correspond-
ing formulas for other cases on the location of the field and
aperture vectors.

The derivation of irradiance coefficients requires sev-
eral steps:

1. Choose the location of the field and aperture vectors
and determine the relationships according to the flow
chart in Fig. 6.

2. With those relationships, determine cos*[0'(H',5")].
This calculation is similar to Appendix B.

3. If not a constant, determine dA’ or dS’ by evaluating
the Jacobian determinant. This calculation is similar to
Appendix C.

4. Calculate the irradiance coefficients with Eqgs. (6)
or (7).

10 Coefficients Verification

To support the analytical derivation, the magnitude of the
irradiance coefficients was determined both through the for-
mulas derived and numerically. A macro program was writ-
ten to calculate the irradiance coefficients by making an
iterative fit to a selected set of irradiance values across the
aperture and field of an optical system. The iterative algo-
rithm is similar to one used by Sasian to fit aberration
coefficients.’
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~

Object Plane
H =H+aH

Field vector

H

da’ = J,(H.5)dA

Image plane

Choose location of the
vectors

ﬁl
dA'=1

Entrance pupil
p=p+4p

Aperture vector L )

p

ds’ = J,(H,p)ds

Exit pupil

4

p
as'=1

\ 7

Fig. 6 Flow chart that defines the relationships for different selections of the coordinates.

For example, for an optical system with the stop aperture
at the entrance pupil, the routine in Table 9 was executed to
find the magnitude of the irradiance coefficients Iy, (p - p)
and Iy4(p - p)%. According to Eq. (7), the normalized irra-
diance at the specified field and aperture points is given by
45 . cos*[0'(H.p)]. The quantity 4 - cos*[0'(H,p)] was
computed in a lens design program by defining a small circle
at the entrance pupil and tracing real rays to calculate the area
of the corresponding ellipse at the exit pupil.

Table 9 lterative algorithm that was used to fit irradiance coefficients.

FORi=1t0100
p=02
heat = 45 c05*(6){0,p}
l200 = (frea — 1 - lagop* — /tsooﬂ6 - IBOOPS - /1000/710) P

p=04

Ri = 25 cos*(0){0, p}

l100 = (heat — 1 = T200P® — l600P® — I8000® — 10000"°) - p

QP

15 mm

Fig. 7 Layout of the Landscape lens used to compare irradiance coef-
ficients computed analytically and numerically. To minimize fitting
errors, the FoV of the lens is limited to 30 deg.

Table 10 Comparison of irradiance coefficients computed analyti-
cally and numerically. The agreement to eighth digits supports the cor-
rectness of the formulas.

Irradiance Analytical Numerical
p=06 coefficient Iy ; formula calculation
Ri = 95 cos*(6){0, p} looo(7 - ) ~0.0051310721 —0.0051310695
Ieoo = (lreal = 1 = 12000 = la00P* = Ig00P® = 10002"°) - p7° las(H - p) 0.0051413131 0.0051413122
p=08 Lo (H - H) -0.0563954333 —0.0563954267
Ri = 95 cos*(6){0, p} loao (7 - )2 ~0.0002767939 —0.0002768392
lago = (heat = 1 = l200p® = la00r® = le00P® = l10000™®) - p~8 lat(H - 5)(7 - ) 0.0003447530 0.0003447656
p=1 Iaoo(H - 5)? 0.0003958170 0.0003958224
Ri =95 cos*(6){0, p} Iaso(H - H)(p - 7) 0.0004320213 0.0004318147
lo0o = (heat = 1 = 1a00p? — la00p® — lsoop® — laoop®) - p~1° Isy1 (H - HY(H - ) —0.0001299094 —0.0001299152

NEXT laoo(H - F)? 0.0028603412 0.0028602385
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After a few iterations of the loop in Table 9, the coeffi-
cients oy (p - p) and o4 (p - p)? converged to the theoretical
values with insignificant error. A similar approach was
applied to validate the remaining irradiance coefficients.
The iterative fit methodology was used to test the coeffi-
cients’ values at several conjugate distances and aperture
stop positions for both single surface and a system of several
surfaces. The obvious agreement of the formulas with the
coefficients found with the iterative fit supports the validity
of the theory.

As an example, the irradiance -coefficients for a
Landscape lens'” shown in Fig. 7 were calculated both
with the analytical formulas and with real ray tracing. The
lens operates at f/8 and the FoV is limited to 30 deg.
Table 10 presents a comparison of coefficients where the
differences in the eighth decimal place are due to numerical
computation errors.

11 Conclusion

In this paper, we present a second- and a fourth-order theory
of irradiance changes in axially symmetric optical systems.
The concept of the irradiance function is presented and an
interpretation of the irradiance aberrations is discussed.
The irradiance function terms represent basic distribution
patterns in the irradiance of a beam at the exit pupil plane
or at the image plane of an imaging system.

The irradiance coefficients are found via basic radiometric
principles, such as conservation of flux, and are derived from
purely geometric considerations. This approach gives us the
specific relationship between the irradiance distribution and
wavefront aberration coefficients. The edge diffraction
effects are not considered in this study, and unclipped and
unfolded beams are assumed.

Tables 1-4 give the irradiance coefficients in terms of
wavefront aberration coefficients and first-order system
quantities to the fourth order of approximation. Specific
formulas are provided for irradiance at the image and at
the exit pupil of an optical system. The irradiance coeffi-
cients depend on the selection of coordinates. In this manu-
script, the field vector is defined at the object plane, while
the aperture vector is defined at the exit pupil plane. The
formulas for the irradiance coefficients in Tables 1-4
show excellent agreement with the results from real ray
tracing. We also have discussed relative illumination and
several cases of interest where the coordinate position
changes.

The theory of irradiance aberrations enhances our
knowledge about the behavior of light as it propagates in
optical systems and provides insights into how individual
wavefront aberration terms affect the light irradiance pro-
duced by a lens system at its image plane or at the exit
pupil plane.

Appendix A: Series Expansion of the
Cosine-to-the-Fourth-Power of the Ray Angle
By definition, the cosine-to-the-fourth-power of the angle
between the ray connecting the point (x;, y;) on the aperture
plane and point (x/,y/) on the image plane and the optical
axis is as follows:

Optical Engineering
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Aperture Image
| &' Y)

<
=

&Ly )=

’

y'-B

tl

Fig. 8 Geometrical variables involved in computing irradiance of a
pinhole camera.

¢t/ 4
4 A
cos™(8) = {Kx; R S e’ﬂlﬂ}

1 Iz

— /—x! 2 1/2
= {1 _f_(s 2,v)2_~_(.\.r ;\,)}

|
N [1 L GER)  GPeP) 2-<x.:x;+y;y,f>]2’

(24)

172 172 12

where ¢’ is the axial distance between the image plane and
the aperture plane. R
Points (x/,y;) and (x/,y/) are specified by the field H

aperture p vectors, as in Fig. 8, and are expressed in
terms of the first-order system quantities as follows:

()P =5 H (Z+y)P=y"p (25)
and

=/ !
ul:_% u':%. (26)

Here ¥’ and u' are the chief ray height and slope at the
image plane, respectively; y’ and u’ are the marginal ray
height and slope at the aperture plane, respectively.

We substitute Egs. (25) and (26) into Eq. (24) and write
the first two terms of a Taylor series expression to obtain the
fourth order approximation to the cosine-to-the-fourth-power
of the ray angle as follows:

cos*(0'(H., 7)]
1
1+ a?H-H)+u?p-p)+2-u'ia'(H-p))
1=2-[@?H-H)+u?(p-p)+2-u'a'(H-p)...
+3-[@%(H-H)+u@-p)+2-u'i'(H - p)
=1-2-a?H-H) =2 -u?(p-p)—4-u'u/(H-p)...
+3-w*(H-H) +12-ua'(H-p)(p - p)
+12-ua(H - p)’...
+6 - u@(H - H)(p - p)
+12-uw'a®(H - H)H-p)+3-u"@-p)2 27)

January 2017 « Vol. 56(1)

Downloaded From: https://www.spiedigitallibrary.org/journals/Optical-Engineering on 11/28/2017 Terms of Use: https://www.spiedigitallibrary.org/terms-of-use



Reshidko and Sasian: Geometrical irradiance changes in a symmetric optical system

where 6/(H,p) in Eq. (27) indicates that the function is
evaluated for a ray connecting a point defined by p on the
aperture plane and a point defined by H on the image plane.

Appendix B: Derivation of the Irradiance
Function at the Image Plane of an Optical
System with the Aperture Vector at the
Exit Pupil
In an actual system, rays may not pass through the ideal
image point due to aberrations, as shown in Fig. 9. The
ray intersection with the image plane is determined by con-
sidering the transverse ray errors AH, and it is defined by the
vector H + AH.

In the presence of image aberrations, the_cosine-to-the-
fourth-power of the ray angle cos*[0’(H + AH, p)] is evalu-
ated by writing the differential as

-

cos*[0'(H + AH, p)] = cos*[0"(H, p)] + Vy cos*[0 (H. p)]
- AH, (28)

where V; cos* [9’(1?1 ,p)] is the gradient of the function in
Eq. (27) with the respect to the field vector H. With no sec-
ond-order terms in the aberrations function, the terms
Vycos*[0'(H,p)] - AH result in irradiance terms that are
at least of the fourth order. Thompson has shown that the
gradient operator is given by the derivative of the function
with respect to the designated vector.’ It follows that to
the first order:

>

Vycos*|0/(H,p)| = [-4-u”? -H—-4-u'u'-p). (29)

Object Stop Image
yH +AH)" ')

dA

Fig. 9 Geometrical variables involved in computing irradiance on the
focal plane of an optical system with the aperture stop at the exit pupil.
Real rays (solid lines) and first-order rays (dashed lines) coincide at
the exit pupil. Real rays may not pass through the ideal image point
due to aberrations.

Finally, the terms V cos*[¢’ (FI )] - AH are summa-
rized in Table 11.

Appendix C: Derivation of the Irradiance
Function at the Exit Pupil of an Optical System
with the Aperture Vector at the Exit Pupil
To obtain the Jacobian determinant, we express the trans-

verse ray aberration vector AH in orthogonal components
along unit vectors p and k as follows:

AH = AH,p + AHk, (30)

where p is a unit vector along the aperture vector p and kisa
unit vector perpendicular to the aperture vector p, as shown in
Table 12.

Table 12 Third-order transverse ray aberrations in the orthogonal
coordinates.

Ray aberration AH p k
AHggo 4p°

A":'131 3P2H/} PPHy

AH 0 2pH? 2pH,Hy
AHp 2p(H5 + HZ)

AHgyy (H2 + H2)H, (H2 + H2)Hy

AH 400

Table 13 Third-order transverse ray aberrations derivatives in
orthogonal coordinates.

Ray aberration AH 9, AH, o AH  0n AH, 0y AF
AFIO40

A7"131 3p? P

AH 0 4pH, 2pH, 2oH,
AT"zzo 4pH, 4pH,

AHgy4 (BH2 + H2) (H2+3H2) 2H,H, 2H,H
AHag0

Table 11 Summary of contributions to irradiance from the transverse ray errors AH.

Ray aberration AH

Correction term -4 (H - AH)

Correction term —4u’El’(AFI -p)

— & Woao5 - )P 12 Woao®(H - 5)(5 - )

~2 Wigy(H - p)p
— e Wiz1(5 - 77)’:’

—2 Wase(H - p)H

— & Waso(H - H)p

~% Wani (H - H)H

B Wigi2(H - p)
Wiz 02(H - H)(5 - )
8 Wanei 2(H - H)(H - p)
8 Wano®(H - H)(H - )

& Way,U?(H - H)

%WMOU/BI(Z"Z’F
S Wiu't'(H-5)(5 - p)
EWiu'0'(H-5)(5 - )

%szzu’a’(’:";’)z
% szou'a'(/:/ : F’)(f’ “p)

s Waiiu''(H - H)(H - p)
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Table 14 Fifth-order transverse ray aberrations for an optical system with the stop aperture at the exit pupil.

Ray aberration AH —LV, WE(H,p) Terms O®)

AHOGOﬂ (0% - Woeo -5 Wogou'

AHsg1u(5 - p)2H —x Wis1 -x {% - Wigu?+4. Wo40U/D'}
AF’151,;(F"15)(15'5)Z7 — & Wis — 4 Wigiu + 8- Wosou'ul']

AHgga(H - /3)2’:’ — 3 Wags — 2 WigiU2 +4 - Wopot'tl']

AI:IS.?AH(FI : F’)(ﬁ Z’)":' —% Waay —% {2 - Wogeu't! +%' Waiyqu” +%' W131D’2}
A/:Issw(’:’ : F/)(F/ PP -2 Way —x (2 Wopou'll + W30 + 4 - Wopou'll' + Wayqu');
A/':’242;;(FI : 7))27’ —% Wogo —%[2 - Wopou +4 - Wigu't)
AI:,242H(’:I'ﬁ)(:5'ﬁ)FI —% Woso —%[4' Woaol? + 4 - Wizu't’? + Wopou'?]
A/':’240/-/(’:/ : ’:/)(7’ PP —% Waso —%[3' Wanou' + Wigq '’ + 2 - Wogol]
AHgoon(H - H)(H - p)H — 2 Wi — 53+ Wopol? +2- Wi +2 - Wayqu'll]
A/':’420,;(’:’ : ’:/)2/7 -2 Wago — S [Waol” + Wayqu'tl']

AHsy1(H - H)*H — 5% Ws11 —%3- Wayyu®

Table 15 Terms corresponding to the determinant of the Jacobian transformation between the object and image planes for an optical system with

the stop aperture at the exit pupil.

Fourth-order aberration

Six-order aberration

Orthogonal derivative

Irradiance coefficient Jy | contributions contributions contributions
Jo2o(p - P) —5% Wia
J111(F’"7’) _%WZZO
— 2 Wz
Jzoo(F/' H) — 3 Wayq
Joao(p - P)? —%[5' Wig1u’? +16 - Wogou't'] —% Wis %Wm Wiay
Jig1(H - )5 - p) — 5 (7 Wau? +6 - Wayou' - R Way, ez Wano Wiy
—% 22 Wyzu't' —16 - W04o‘_1/2] —% Woaso % Wozo W31
Jooa(H - /3)2 —5%[10 - Wigi 02 +20 - Wopou'l'] — 32 Wags 22 Wazo W
—i[S- Wonou't' 4+ 2 - W311U’2] —% Wy %szzwzzo
— 502 Wap1 Wiy
Jazo(H - H)(5 - ) 57 Wigt U2 +2 - Wapou'0'] — % Wag1 3% War Wigy
—%[12' Wosou't' +3 - W311U'2] —%szzwzzo
Ja11(H - H)(H - p) — 5 [15 - W2 + 14 - Woypo'?] - R Wiz 52 Wazo Wt
- B Wa 't — 5 Wazo 10 Wano Wiy
J400(H' F’)Z — 5% Way 072 = 5% Ws11 22 W11 Waig

Then, we consider the transformations
and H; = H; + AH;, which gives the position of the

H;:Hp+Am, Nﬁs

given ray at the image pupil, so we find the Jacobian deter-

minant:
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p

) =

'\<||
5]

n

- 0AH,0AH, OAH,dAH
(1+VHAH+ B el el ﬁk>,
OH, 0H, 0H,

oH,,
€1V
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where V,AH is the divergence of the transverse ray error

0AH, oAH, OAH OAH .
vector, and —%, =%, —2 and == are derivatives of the
0H,’ oH, 0H, oH,

transverse ray error vector in the orthogonal coordinates.*’
With no second order terms in the aberration function, the
OAH, 9AH, aAH,
920y Atk apd — 220 MH “=-t result in irradiance terms that
, OH, oH, oH,

are at least of fourth order. The derivatives of the third-order
transverse ray aberrations in orthogonal coordinates are sum-
marized in Table 13.

The relationships between wavefront deformations
and transverse ray aberrations to fifth order are given in
Table 14. The fifth-order transverse ray errors are related
to the wavefront deformation by the gradient of the aberra-
tion function and include additional terms that are products
of the fourth-order pupil aberration coefficients and paraxial
ray slopes &2’ and u’ in the image space. The subscripts A and
p refer to the components along the field and aperture vec-
tors, respectively.'

The divergence of the transverse ray errors V HAH results
in terms that are at least of the second order. Sasian has
shown the procedure to calculate the divergence operator
of the function with respect to the designated vector.”!!
Following this procedure and taking the required derivatives,
we find the terms in Table 15.

The Jacobian coefficients in Table 15 are the sum of all

s

terms

components. Thus, for example, the term J400(I:I . ﬁ)z is
given by

Finally, the coefficients in Tables 3 and 4 are obtained by
combining equations in Tables 1, 2, and 15, and keeping only
second- and fourth-order terms.

Appendix D: Irradiance Coefficients I,

at the Image Plane of an Optical System

with the Field Vector at the Object Plane

and the Aperture Vector at the Entrance
Pupil Plane

Tables 16 and 17 give the image plane irradiance coefficients

for the case of having the field vector at the object plane and
the aperture vector at the entrance pupil plane.

Table 16 Second-order irradiance coefficients If)ym attheimage plane
of an optical system with the aperture vector at the entrance pupil.

looo (P - ) = [—ZU'2 +%W311] (»-p)
lyi(H-p) = {—411/[’/ + 5 Wazo +%szz] (H-7p)

’200(/:" F’) = [‘21—1’2 +%W131](’:/ < H)
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Table 17 Fourth-order irradiance coefficients If}ym at the image
plane of an optical system with the aperture vector at the entrance

pupil.

loao(p - $)? = {3Ul4 “‘% Woaou'U' + £ W11 — 5 Waqq - U

- % : W222 WO4O - _ W220 WO4O + W311 W311 (ﬁ : ;7)2

hai(H-p)(p-p) = {12'-1/31_1/ + R Wosot? + 32 Wigu't’
10T 8 W 5 2 _ 2 2
+ 3 Wano + 55 Wi —5x Wogp - 0% =5 Wopg - Ut
6 W = _ 1127y 28717
= Way - urur =55 Wiy Woao — 55 Waoo Wiy

W222 Wia + > Waoo Wit + & Wooo Wiyy (H -p)(p-p)

lIooa(H - )% =

1277 4 2 W 2 _ 12T py
+ 35 Waas + 5 Waay + 5 Wagy - U% =5 Won - U

120 0”? +% W131l_1l2 +% W222UIDI

_8 L2 2 _ 48T
W220'UU+W Wsyy - U —WWm Wia

éil

— — 64 T
W 222 W222 - 2 W220 W222 —x? W040 W040

_ 16
*?
)KLW 200 Wazo + %szzwzzo — 52 Wa11 Wiz (H “p)

Iooo(H - H) (5 - p) =

6 T 2 W o2 AT
+ 2 Wagt + 5 Wano - U2 + 5t Wopg - 0" — 2 Wayy -

6urru’? +% W131l._l/2 +% Wzgoula/

W 2 _ 96T
Wizt - U =35 Woao Woao -8 W131 W34

— 4 T
- F 222 W220 - 2 W220 W220 T W220 W222
0

+ 2% Wig Wi 1—*W220W222 (H H)(/’ )

K
_%W222 0/2—%7220 a/z—%W131 u'u’
— 50 Woso W1 — 28 Wigi Wopo — Z W5 W.
52 Woao Wizt — 55 Wizi Waze 131 Wazo
>K2 WanpWayq — W220 Waiy + 52 4 Wono Wiay
+ 1% W W131] (H-H)(H-p)
laoo(H - H)® = {3U'4 ok War U2 + 2 Wigy — 3 Wigy - 0%,

32 W
a3 W040 W22O a3 W040 W222 T W131 W311

+%W131W131] (H : F’)Z-

Appendix E: Irradiance Coefficients I, ,, at
the Exit Pupil Plane of an Optical System
with the Field Vector at the Object Plane

and the Aperture Vector at the Entrance
Pupil Plane

Tables 18 and 19 give the exit pupil plane irradiance coef-
ficients for the case of having the field vector at the object
plane and the aperture vector at the entrance pupil plane.
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Table 18 Second-order irradiance coefficients 712,,)_,” at the exit pupil

plane of an optical system with the aperture vector at the entrance pupil.

Tooo (Fl - H) = [~20% = % Way1 | (H - Fi)
Iy1(H - p) = {—411’[" — 5 Wazo —%szz] (H-p)

looo(p - ) = [—ZU'2 - % W131] ®-p)

Table 19 Fourth-order irradiance coefficients i), at the exit pupil
plane of an optical system with the aperture vector at the entrance pupil.

-, _ _ — _
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