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A sixth-order theory of wave aberrations for axially symmetric systems is developed. Specific formulas for
the sixth-order extrinsic and intrinsic wave aberration coefficients are given, as well as relations between
pupil and image aberrations. Equations are developed for the wavefront propagation to the sixth order of
approximation. The concept of the irradiance function is developed, and the second-order irradiance coef-
ficients are found via conservation of flux at the pupils of the optical system and in terms of pupil aberra-
tions. From purely geometrical considerations a generalized irradiance transport equation that describes
irradiance changes in an optical system is derived. Confirming the aberration coefficients with real ray-
tracing data was found to be indispensable. © 2010 Optical Society of America

OCIS codes:

1. Introduction

Aberration theory has been a fruitful field for under-
standing image formation in optical systems and for
designing lens combinations. This paper presents a
sixth-order theory of wave aberrations for axially
symmetric systems. The paper builds the theory
by using Shack’s [1] formulation of the aberration
function in terms of the field and aperture vectors,
Schwarzschild’s [3] seminal paper, Hopkins’ book
on Wave Theory of Aberrations [4], Wynne’s [5]
paper on “Primary aberrations and conjugate
change,” and Hoffman’s [6] Ph.D. dissertation on “In-
duced aberrations in optical systems.” The original
goals of the paper have been to provide monochro-
matic intrinsic and extrinsic coefficients for spherical
surfaces while providing insight into and clarity in
what has been traditionally an elaborate and per-
haps difficult topic. We have tried to simplify the
subject by using a minimum of standard notation
in theory of wave aberrations, by the form of presen-
tation, and by discussing the physical meaning of the
mathematical expressions involved. The goals of the
paper have been extended to discuss wave propaga-
tion to the sixth order, pupil and image aberration
relationships, aspheric surfaces, and connections
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to the eikonal function, as well as the little-
discussed topic of irradiance variations, or apodiza-
tion aberrations.

The approach to the subject is first to review the
basics of wave aberration theory. Pupil aberrations
are interpreted as beam deformations at either pupil.
Consequently, as two systems are concatenated and
because of pupil distortion, induced or extrinsic aber-
rations take place. The wavefront deformation on
free-space propagation is determined, as well as the
wavefront deformation due to the location of the
aperture vector. The intrinsic aberration coefficients
are theoretically derived when the stop is located at
the center of curvature of a spherical surface. When
the stop shifts from the center of curvature, the coef-
ficients are found first with the aid of real ray tracing
in a semi-empirical manner. Then they are deter-
mined with an alternate mathematical form by de-
veloping a theory for stop shifting. Attention is
given to verifying the correctness of the aberration
coefficients. The theory of sixth-order aberrations,
in addition to accounting for intrinsic effects, ac-
counts for the wavefront deformation that takes
place due to propagation and coordinate changes.
These are the new effects that are not considered in
fourth-order theory and that provide understanding
into the nature of aberrations.

Overall, this work provides some useful insight
for understanding how the geometrical wavefront
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deforms in propagating through an optical system
and contributes to further the theory of imaging
aberrations.

2. Goals of Theory of Wave Aberrations

A main goal of the theory of wave aberrations is to
determine analytically the geometrical optical field
G(H,p) at the exit pupil of an optical system, as-
sumed here to be rotationally symmetric and speci-
fied by

GH,p) =\/Io-I(H.p)

exp{-i %0 S + WA, (1)

where i = v/-1, 1 is the wavelength of light, n is the
index of refraction of the image space, I is the irra-
diance at H =0, p =0, I(H,p) is the dimensionless
irradiance function, S(H, ) is the reference sphere

function, and W(I_-f ,p) is the aberration function.
The wave aberration function W(H,p) is positive
when the wavefront leads the reference sphere. If
the aberration function is zero, then the geometrical
optical field G(H,p) represents in phase a spheri-
cal wave.

3. Aberration Function

For an axially symmetric system the aberration func-
tion W(H,p) provides the geometrical wavefront
deformation at the exit pupil as a function of the nor-
malized field H and aperture g vectors. The field vec-
tor is located at the object and defines where a given
ray originates. The aperture vector is usually located
at the exit pupil plane, but it can also be located at
the entrance pupil plane. The aperture vector defines
the intersection of a given ray with the pupil plane.
Figure 1 shows in image space the Gaussian image of
the field vector and the aperture vector at the exit
pupil plane. The aberration function, being a scalar,
involves dot products of the field and aperture vec-
tors, specifically H - H, H - 5, and g - p. These dot pro-
ducts depend only on the magnitude of the vectors
and the angle ¢ between them and are used to de-
scribe axial symmetry; that is, they are invariant
on rotation of the coordinate system.

€Y

Fig. 1. A field and aperture vectors (scaled by the marginal ray
height at the exit pupil and the chief ray height at the image
plane); B, the angle ¢ between them looking down the optical axis.
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The aberration function provides the wavefront de-
formation in terms of optical path as measured along
a particular ray and from the reference sphere to the
wavefront as shown in Fig. 2. The reference sphere
passes by the on-axis exit pupil point, and it is usual-
ly centered at the Gaussian image point. The aberra-
tion function is written to sixth order as

WH p)=> WyimH-HY-(H-py™ (5-p)"
jmn

= Wooo+ Wogo(H-H)+W1y1(H )

+Wozo (5 5) + Wouo (7-5)% + Wig1 (H -7)(5-5)

+Wogo (H )2+ Wao(H-H) (5 7)
+W311(ﬁ'ﬁ)(H /’)+W4oo(ﬁ ﬁ)Q
+Woso(H-H)(5-5)% +Wss1 (H-H)(H 5)(5P)
+ Wago (H-H)(H 52+ Wago(H-H)2(55)

+ Wiy (H-H)?(H )+ Weoo(H-H)?

+Woeo (P 5)3+W151(FI P)(p-p)?

+Wogo (H-5)2(7+P) + Wass(H - ), 2)

where the subindices j, m, n represent integer num-
bers, k =2j+m, | =2n+m, and W,,,, represent
aberration coefficients. This form of the aberration
function that uses dot products of the field and aper-
ture vectors is attributed to Shack [1] and is a power-
ful tool in further development of the theory of wave
aberrations. The terms in the aberration function re-
present aberrations, that is, basic forms in which the
wavefront can be deformed. The sum of all aberration
terms and orders produces the actual total wavefront
deformation. The order of an aberration term is given
by 2 (j + m + n), which is always an even order. In
the aberration function the field and aperture vectors
are normalized so that when they are unity, the coef-
ficients represent the maximum amplitude of each
aberration which is expressed in wavelengths. The
subindices &, [, m in each coefficient indicate, re-
spectively, the algebraic power of the field vector,
the aperture vector, and the cosine of the angle ¢ be-
tween these vectors. Table 1 summarizes the first
four orders of aberrations, using both vector and

«— Ray

Wavefront— «— Aperture vector

«— Optical axis

.« Reference sphere
Pupil plane — I

Fig. 2. The tip of the aperture vector defines the intersection of a
ray with the pupil plane. The wavefront deformation is the dis-
tance along the ray from the reference sphere to the wavefront,
and it is negative in this figure.



Table 1. Wavefront Aberrations

Aberration Vector Form Algebraic Form Jj m n
Zero-order
Uniform piston Wooo Wooo 0 0 0
Second-order Gauss
Quadratic piston Waoo(H - H) WoooH? 1 0 0
Magnification Wi (H - 5) W111Hp cos(¢) 0 1 0
Focus Wozo (7 - §) Wozop® 0 0 1
Fourth order Seidel
Spherical aberration Wouo (B - 5)? Wosop* 0 0 2
Coma Wi (H - p)(5 - p) Wis1Hp? cos(¢) 0 1 1
Astigmatism Wogo(H - )2 WogoH?p? cos? (¢) 0 2 0
Field curvature Woso(H - H)(7 - 7) WogoH2p? 1 0 1
Distortion Wsi(H -H)(H - p) Ws11H3p cos(gh) 1 1 0
Quartic piston Waoo(H - H)? W 400 H* 2 0 0
Sixth order Schwarzschild
Oblique spherical aberration Wauo (EI . IzI )P P)? WosoH?p* 1 0 2
Coma Wssi(H - H)(H - 5)(7 - 7) W1 H? p? cos () 1 1 1
Astigmatism Waoo(H - H)(H - §)? W 400 H?p? cos? () 1 2 0
Field curvature Wano(H - H)2(5 - 5) W 400Hp? 2 0 1
Distortion Wen(H -H)2(H - ) Ws1.H5p cos(gh) 2 1 0
Piston Weoo(H - H)? WeooH® 3 0 0
Spherical aberration Woeo (7 - 7)? Wogor® 0 0 3
Unnamed Wisi(H -5)(3 - 7)? Was1HpS cos(gh) 0 1 2
Unnamed Wass(H - 5)2(7 - D) W H?p* cos? () 0 2 1
Unnamed Wass(H - )3 WissH®p® cos® () 0 3 0
Zero-order

algebraic expressions. The second-order terms are
named after Gauss, the fourth-order terms are
named Seidel, and the sixth-order terms are named
Schwarzschild after their respective seminal papers.
The ten sixth-order terms can be divided into two
groups. The first group (first six terms) can be consid-
ered an improvement on the Seidel terms by their in-
creased field dependence, and the second group (last
four terms) represents new wavefront deformation
forms. Except for “sixth-order spherical aberration,”
the last three terms in the new forms do not have a
formal, or widely recognized, name. Figure 3 shows
the shape (aperture dependence only) of the zero, sec-
ond, fourth, and the new wavefront shapes of the
sixth-order aberrations.

The piston terms represent a uniform phase
change over the aperture and therefore do not de-
grade the image quality. The second-order terms re-
present departures from Gaussian imaging, and
these coefficients are set to zero. We emphasize that
in this work it is assumed that there are no second-
order terms in the aberration function. It is a mark of
aberration theory that aberration coefficients for the
Seidel aberrations, and higher-order, are calculated
from paraxial quantities derived from a paraxial
marginal and ray chief traces. The fourth-order aber-
ration coefficients are given in Table 2 in terms of the
famous Seidel sums Sy, Sy, Str, Stv, Sv. The calcula-
tion of the aberration coefficients requires several
quantities that are obtained from tracing a paraxial
marginal ray and a paraxial chief ray. These quanti-
ties are given in Table 3, where unbarred quantities
refer to the marginal ray and barred quantities to the
chief ray. The marginal ray height and slope at the

Fig. 3. Wavefront aberration shapes.
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Table 2. Seidel Aberration Coefficients

Aberration Seidel Sum

Woso =51 S;=-S A%A (5)

Wiz =35u Sp = - AAyA (%)

Wass = 3Sm Smr = - A%yA (5)

Wazo =4S S =~ PP~ A%A (%)

Wa =3 Sv Sy=-y4 {T2P+A2yA(5>],
Sy=-SA {A2A<n%)y -(¥ +Ay)5/P}

W0 = §Svi Svi = - A%A (%)

surface in question are y and u, and the chief ray
height and slope are ¥ and @. The radius of curvature
of the surface is r. The symbol A() stands for the
Abbe difference operator, which gives the difference
of the quantity inside the parentheses after and be-
fore refraction, that is A(u/n)=u'/n'—u/n. The
summation symbols > stand for the sum of the ar-
guments over all the surfaces in the optical system,
implying that the aberrations add as expected from
knowing that optical paths add. The Seidel sums Sy,
S11, Str, Stv, Sy are not in the same form as Seidel
produced them, and the sum Sy for piston has been
added for completeness. In addition, we have added
to Sty the field curvature terms that result from as-
tigmatism and that often are neglected. Table 2 pro-
vides an alternate formula for distortion for the case
of having the marginal ray normal to the surface,
that is A = 0. The definition for the Lagrange invar-
iant ¥ used in this paper is opposite in algebraic sign
with respect to other works on aberration theory.

4. Pupil Aberrations

When the entrance and exit pupils interchange roles
with the object and image, the concept of pupil aber-
rations arises. The calculation of pupil aberrations is
a key in determining how the image aberrations
change when the object changes position. An object
shift is tantamount to a stop shift in the associated
pupil system. From algebraic manipulation Wynne
[5] showed that the pupil aberrations are related
to the image aberrations by the relationships in
Table 4, where pupil aberration coefficients are
barred and image aberration coefficients are un-
barred. In this table Wyyq is the sagittal pupil field
curvature and Waqq is the sagittal image field curva-

Table 3. Quantities Derived from Paraxial Data used in Computing
Aberration Coefficients

Quantity Formula
Refraction-invariant marginal ray A = ni = nu + nyc
Refraction- invariant chief ray A = ni = nai + nyc
Lagrange invariant ¥ = nay — nuy = Ay - Ay
Surface curvature c= %

Petzval sum term P—c- A(%)

ture. In the original work by Wynne the relationship
Wasop = Wagop between the pupil and image Petzval
field curvature was used, and the relationships were
given in terms of Seidel sums. Note that for pupil
aberrations the subindices £, [, m in the coefficients
W} indicate the algebraic power of p, H and cos(¢),
respectively, rather than of H, p, and cos(¢) as in the
image aberration coefficients W, ;..

The piston of the image W 4y (H - H)? is the optical
path difference between the chief ray and the on-axis
ray. The optical path for each of these rays is mea-
sured from the entrance pupil on-axis point to a re-
ference sphere centered at the exit pupil on-axis
point and that passes by the on-axis image point.
The optical path difference is a function of the field
of view and is equal to the spherical aberration of the

pupil Wy (H - H)2. This definition for piston of the
image is somehow arbitrary and is used given the
equality relation between spherical aberration of
the pupil and piston of the image.

An alternate way to derive the relationships in
Table 4 is to consider Fig. 4, which shows the object
and image planes OH and O'H’, the entrance and
exit pupil planes ER and E'R’, the reference spheres
EA and E’A’ for the object and image points H and H’,
the reference spheres OB and O'B’ for the entrance
and exit pupil points R and R’, image wavefront E'C’,
pupil wavefront O'D’, ray HRR'H' from the object
point H to the image point H', ray ORR'O’ from
the on axis object point to the on-axis image point,
and ray HEE'H' from the object point H to the image
point H'. The image wavefront deformation W =n'-
A'C’ at the exit pupil is the segment C’A’ multiplied
by the index of refraction in image space n/, and the
pupil wavefront deformation W =n'-B'D’ at the
image plane is segment D'B’ multiplied by the index
of refraction in image space n'. Not shown are the
ray segments between points R and R’ at the pupil
planes. L

The pupil aberration function W(H,j) gives the
difference in optical path of ray segment BRR'D’ with
respect to the optical path of ray segment ORR'O’.
The image aberration function W(H, ) gives the dif-
ference in optical path of ray segment ARR'C’' with
respect to the optical path of ray segment EE’ of
ray HEE'H'. Let us define the reference sphere func-
tion S(H,p) =n-RA as the optical path between
points RA, and similarly the function S’(H,p)=
n'-R'A’ as the optical path between points R'A’.

Table 4. Pupil Aberrations

Identity between Pupil and
Image Aberration Coefficients

VY040 = W0
Wigr = Wain +3¥ - Afa?}
Wage = Wags + %‘P - A{uu}
Waso = Wano +1¥ - Afur}
Wi = Wiz +3¥- A{u?}
W00 = Woso

Name

Pupil spherical aberration
Pupil coma

Pupil astigmatism
Pupil sagittal field curvature

Pupil distortion
Pupil piston
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H v
Fig. 4. Schematic for deriving the relationship among the aber-
ration function, the pupil function, and the sphere function.

Then we can write, to within the fourth order of
approximation,

W(H,p) +n-SW(H,p) = WY (H,p) +n'

- S'@(H, p). (3)

Ifthere are no pupil aberrations, W = 0; then there
is no phase difference in imaging the pupil points R
and R’. In this case Eq. (3) states that the aberration
function is simply the difference, W = +n-S -n’-S’,
of the sphere function in object and image spaces;
this is consistent with Fig. 4, as points E and A in
the incoming wavefront are in phase, and points E’
and C’ in the outgoing wavefront are in phase. If
there are pupil aberrations the wavefront for pupil
points R and R’ will have a phase difference that
is accounted for by the pupil aberration function in
Eq. (3). The fourth-order terms of the reference
sphere S(H, ) function give the relationship

~n-SO(H.p)
PGP+ ¥
H PR+ Y Auny - (H - H) 5 7)

n' - S'4)/(H, )

_ 1‘11 A2 (@  Afuz}

+§w.A{a2}-<H-H><H-ﬁ>, (4)

where we have omitted terms related to spherical
aberration and piston. For reference, Appendix A
gives the coefficients of the sphere function differ-
ence n'-S'(H,p)-n-S(H,p) to sixth order. When
Eq. (4) is inserted into Eq. (3) and similar terms
are compared, then the fourth-order relationships
in Table 4 follow. The exceptions are the piston of
the image and spherical aberration of the pupil that
are defined to be equal to each other. For the parti-
cular case of a unit magnification system n-
SW(H, p)=n'-S'W(H,p), and therefore the image
and the pupil aberration functions are equal to the
fourth order; that is,

W&(H, p) = WO H,p). (5)

We point out that a simple way to determine the
fourth-order terms of the sphere function S(H,p) is
to locate the stop at a spherical surface and set
n=0,n =1, r = in the Seidel coefficients of the
aberration function. This maneuver gives fourth-
order terms in the distance between the reference

sphere and the flat surface that coincides with the
pupil; this distance is the definition of the reference
sphere function.

In a different interpretation Sasian [7] has shown
that pupil aberrations provide the mapping error be-
tween the entrance and exit pupils. The beam cross
section from each field point can be distorted as
shown in Fig. 5. When the aperture vector g is set
at the entrance pupil, both paraxial and real rays co-
incide in intersection points at the entrance pupil
plane. In the presence of pupil aberrations, a uniform
grid at the entrance pupil (A g = 0) will appear dis-
torted at the exit pupil by Ag,

4-W04O(f1-ﬁ)ﬁ+W131{(fI

)P
1 _, . _ .
—g {2 (HPH) 12 W H 55 (- (6)
+2-Waso (5 P)H + Ws11 (5 5)p

Conversely, when the aperture vector 5’ = g is set
at the exit pupil a uniform grid (Ag’ = 0) at the exit
pupil will appear distorted at the entrance pupil
by Ap,

S 1 =
Aj=-gVaW(H.p)

1 _ N - = — =l I\ —
_ _@. {4-Woo(H -H)H +W3:{(H-H)p

2-(H-p)H} +2- Wage(H - 5)p
+ 2 Wago (3 5)H + Wa11(5 - )5} (7)

5. Coordinate System Geometry

The choice of coordinate system geometry in the
study of sixth-order aberrations is critical, as the
aberration coefficients depend on the coordinate
system used and on its location. In this paper the
field vector H is located at the object plane and

AT 2 T R D T
AT :\;‘ (=1 —1 L=
/8 ST T T T A\ G L
L1 L Ty /A I8\ Y A I L I A
'\‘- E ' E I ,} \l‘ i : ' ;/ \l\ p 1 "l
N i 1 \:--L____ _,:, K H i !

NS I 1= [

s

Woa ["11:1)2 Wm(H-]:IXH p)

AT TS A " T RN
/, _-'\ /, I ) J (= h [ _1\
/ P 4
} R f D ! 'y
1k I\ L )
\‘: : ) ‘.‘: : /) \\ : : /]
\\ 1/ AU i oL Y

N A TN s - |-

.

Wl - Wali - )+ ) Wl 55+ 5)

Fig. 5. Pupil grid mapping effects Ap' = (1/¥)V HW(FI ,p) due to
pupil aberrations in relation to the Gaussian pupil (dashed grid).
There is no effect from pupil piston.
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indicates the field point from where rays emerge. The
aperture vector g = 7' can be placed either at the en-
trance pupil plane or at the exit pupil plane, and this
will be clarified in the context below. Thus in this pa-
per the coordinate systems for the field and aperture
vectors are in planar surfaces that are perpendicular
to the system optical axis. The aperture vector is
common to all field points, and it indicates the inter-
section point of a given paraxial ray or real ray with
the pupil plane. That is, when the aperture vector is
at the entrance pupil, both paraxial and real rays are
made to coincide in intersection points and a uniform
grid at the entrance pupil is distorted at the exit pu-
pil. Conversely, when the aperture vector is located
at the exit pupil, both paraxial and real rays are
made to coincide in intersection points and a uniform
grid at the exit pupil is distorted at the entrance pu-
pil. This grid distortion results from pupil aberra-
tions. The wavefront deformation is determined by
a reference sphere. In the treatment of this paper
the reference sphere passes by the on-axis pupil
point, and the center of the reference sphere is lo-
cated at the actual intersection of the chief real
ray with the Gaussian image plane, and not as is cus-
tomary at the Gaussian image point.

For the purposes of aberration coefficient verifica-
tion, setting the aperture vector j at the entrance
pupil implies making the real rays coincide with
paraxial rays at the entrance pupil. This is done by
having the aperture stop and entrance pupil coinci-
dent. Setting the aperture vector 7 at the exit pupil
implies making the real rays coincide with paraxial
rays at the exit pupil. This is done by making the stop
aperture and the exit pupil coincident and by using
ray aiming. This may not be physically possible, as
either pupil might be virtual, but it can be done with-
in an optical design program.

There are other choices of coordinate systems as,
for example, on the reference sphere at the exit pupil.
However, in this paper we have chosen coordinates in
planes perpendicular to the optical axis for three rea-
sons. First, coefficients are more easily calculated
when the coordinate system is common to all field
points. Second, a formal diffraction calculation using
angular spectrum theory requires knowledge of the
optical field on a plane. Third, the aberration coeffi-
cients in this paper describe the actual wavefront
fans that lens design programs compute.

6. Extrinsic Aberrations

It is known that high-order aberration coefficients
comprise an intrinsic and an extrinsic part. The ex-
trinsic part contributed by an optical surface arises
because there is aberration before that surface. In
the absence of aberration before an optical surface
then the surface contributes only its intrinsic part.
Sometimes the extrinsic contribution is also called
induced aberration.

Extrinsic or induced aberrations can be explained
as resulting from the exit—entrance pupil distortion.
Hoffman [6] developed formulas for extrinsic coeffi-

D74 APPLIED OPTICS / Vol. 49, No. 16 / 1 June 2010

cients, using coordinates on the reference sphere at
the exit pupil. The treatment below gives the extrin-
sic coefficients with the aperture vector at the speci-
fied pupil plane (perpendicular to the optical axis).

Consider two systems, A and B, with aberration
functions W, (H,p) and Wg(H, ). Assume that the
aberration functions are with the aperture vector at
the entrance pupil of each system. If these two sys-
tems are combined to form a third system C, then
the total aberration function W (H,j) to the sixth
order is

—

We(H,p) = Wa(H,p) + We(H, 5+ A7),  (8)

where

8 =V WalH. ) + 00 9)
is the normalized (by the marginal height y’ pupil Ty at
the exit pupll) transverse ray error at the exit pupil.
In Eq. (8) it is necessary to account for the exit pupil
distortion Ap’ of the first system A as it is coupled to
the entrance pupil of the second system B. This is
done by modifying the aperture vector in the second
system by the correction term Ap’. To account for
fourth- and sixth-order terms we can write

We(H,p) = WO (H, §) + WO ,(H,p) + W (H, §)
+ WODg(H,§) + WOE5(H, 5), (10)

where W4, (H,5) and W#Wg(H,p) are fourth-order

terms, WD, (H, p) and W61 )(H,p) are sixth-order
intrinsic terms, and W(¢E)3(H ;) are 51xth order ex-
trinsic terms. The extrinsic terms W(6E (H p)_are
obtained by replacing g with 5+ Ap’ in W<4 s(H,p)
and retaining the sixth-order terms

WSE(H, 5) = Wh(H, 5+ AF) - Wh(H 7). (11)

This approach for obtaining the extrinsic terms
relies on recognizing that they result from the exit
pupil distortion of system A.

An alternative and perhaps not so intuitive ap-
proach is to calculate the extrinsic terms is by locat-
ing the aperture vector at the exit pupil of the
complete system C. In this case we have the normal-
ized displacement vector A j at the entrance pupil of
system B to be

Aj = - Vg Wy(H,

7 p)+00), (12)

The aberration function for the combination of sys-
tems A and B into system C to sixth order is

—

We(H,p) =W, (H,

P+ Ap) + WD, (H, p)
+ WWg(H,

p)+ WD g(H, 7). (13)



The extrinsic terms WgE (ﬁ ,P) due to system B re-
sult from the entrance pupil distortion of system B
and are obtained by replacing § with g+ Ap in
w4 (H p) and retaining the sixth-order terms. This is

WSE(H, 5) = Wa(H, 5+ Ap) - W(H.5).  (14)

The extrinsic sixth-order terms WSE(H., 5) locating
the aperture vector at the entrance or exit pupil of
the complete system C are given in Table 5. The low-
er index E in the coefficients has been added to indi-
cate that the coefficients are extrinsic. The upper
index — or + has also been added to indicate that
the coefficients are with the aperture vector at the
entrance pupil (-) or at the exit pupil (+).

The additional terms AW331E, AW422E, AW420E',
and AWg 1z were found by trial and error and by
comparison with the results of computer ray tracing
as explained below. The presence of these terms is
explained as follows. The actual verification of the
coefficients by ray tracing in a lens design program
set the reference sphere at the intersection of the
chief real ray with the Gaussian image plane and
not at the Gaussian image point. Thus in the case
of using g at the exit pupil and with the presence
of distortion in system A, there is a correction term
in the field vector used in the function S (H p) and
S’ (H 7). The field vector must be replaced, in object
and image spaces, by H + \FW311(H -H )p to account
for the fact that the object point for system B is not at
the Gaussian object point defined by H and to ac-
count for the fact that the reference sphere is not cen-
tered at the Gaussian image point. After substitution
of the above shifted vector in the fourth-order terms
of the function S(H,p) and with the aperture vector
at the exit pupil, then the sixth-order relationships

for AW331E, AW422E, AW420E, and AW511E' result.
The relationships for AWsg;, AWyee, AWy, and
AWsq; when j is located at the entrance pupil were
written by interchanging the upper indices A and B
and changing the algebraic sign.

The relationship for the sixth-order extrinsic
terms W92 (H, ) can also be rewritten in terms of
gradients, and to sixth order they become, for g at
the entrance pupil,

WEE(H, 5) = Wa(H. 5+ Ap,) - Wh(H, 7)

~V,Wh(H,p) - Ap,

= ¢V W(H p) VWA (H 7). (15)
and, for g at the exit pupil,
WSE(H, 7) = W(H, 7 + Ajs) - W4(H, )
~V,W4(H,p) - Aps
1 O A

b d

In a different interpretation Eqgs. (15) and (16) re-
present a sixth-order correction in optical path differ-
ence due to the real ray displacements from the
paraxial rays. That is, induced aberrations are also
seen as a correction in optical path due to mis-
matched coordinates at the pupils.

7. Wavefront Propagation

In this section we derive relationships for the wave-
front change on propagation in free space. Consider
the eikonal E(X')Y’,Z’) function that gives the opti-
cal path length from a given field point to a given

Table 5. Extrinsic Coefficients for Combination of Systems A and B

With Aperture Vector j at Entrance Pupil

With Aperture Vector 5 at Exit Pupil

Wisor = 9 {14Woao W11} Wieor = {4W040W§11} ) )

Wisie = {l 3WE51 Wity + 8W5i Wi +8W€40W322} Wisie = =9 { 8Wiksy Wiy + 8Wyo Whho +8Wiyo Wiy}

Wisor = 91 2Why, Wiyy + 4Why, Wiy, Wisor = — 5 { 2Whp Wiy + 4Wiy, Whiy +6W4y Wy, + 8Wih Wiy, }
+6W131W222 +8WhyWis ) )

Wisse = \y b (AW Wisy + AW5,, Wi} Wisaw = =g {4Wiy Wiay + 4W§22VY§22}

Wasor = \y 5 { 2WEy Whho + 2Why Wiy, +4WE, Wiy, } Wisor = \y b {(2Wis Wiho + 2Whio Wy, + 4W5y Why )

Wiz = 4 {5Whs Wiy + 4Why, Way, + 4WE, Wiy, Wiz = {5W131Wl1;31 + 4W320 Wi + 4Waa Wy + 4Whi, Wiy
+ 4AWE,, Whyo + WE Wiy, + 16W5, WA, A + W311W311 +16Wiy, Wiy} )

Wisor = 9 {2Why Wass + 4W5 Wiy, Wisor = =5 {2Why Wiy + W5y Wisy + 6Why, Wy + 8Wiy, W50}
+ 6WEy, Wiy + 8Why; Wy} ) B )

Wizor = w b {2W 5 Wisy + 2W5 Wayy + 4WHs, Wiy} Wisom = = {2Whao Wisy + 2W35y, Wiy, + 4Wiy, W0}

Wi = 6 {38Whi Wiy + 8Why Wi, + 8WE, Wiy} Wiig = —§ (8Wh Wiy + 8WayWeig + 8Why Woi}

Wioor = o {4Wh1 Wi} Weoor = — 5 {14W51, Weio}

Added terms when the center of the reference sphere is located at the intersection of the chief ray with the Gaussian image plane

AWz = -Wh A% u?} /2
AW g9 = -Why A {ui}
AWy = -Why A ua} /2
AW31p = -3W5, A% (@} /2

AWisp = +Wiy, AP {u?} /2
AW oo, = +Wiy; AP {u}

AW op =
AW = +3W5y, AP {a?} /2

+ W4, AB{ui} /2
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point X', Y', Z' of an optical system; here we use
transverse coordinates rather that angular coordi-
nates to define the eikonal. The eikonal function
satisfies the equation [3]

1 o7y 2
VEX'Y'Z)-VEX'Y' Z) = {%}

JEX'Y',Z)|2  [EX.Y,Z)|*
+ { e } + { A =n% (17)

where n is the index of refraction of the correspond-
ing space. Let the eikonal of a system that produces a
perfect point image be S,(X’,Y’,Z’) and the coordi-
nates of the Gaussian image point be Y, Y, Z,.
Since the function S,(X',Y’,Z’) produces a perfect
point image Yy, Y}, Z;, using the properties of the
eikonal we have

=2 X, -xY,

V{S,(X'Y',Z)} = 1

=Y Z,-7'], (18)
where R is the radius of curvature of the reference
sphere centered at the Gaussian image point Yy,
Y, Z!

g “g-

If the coordinates X', Y’, Z' are at the exit pupil of
an optical system, then the wave aberration function
WX',Y',Z") is given simply by the difference be-
tween the function S, (X', Y’, Z’) and the system eiko-
nal E(X',Y’,Z"). This is

WX'\Y',Z')=8S,(X",Y',Z')

~EX'.Y".,Z). (19)

By inserting Eq. (19) into Eq. (17) we obtain

\VEX"Y'.ZN??=|VW(X",Y',Z|?-2-VW (X', Y',Z)
V8, (X", Y',Z')+|VS, (X", Y, Z')|?

=n2. (20)

If we locate the point Yy, Y, Z; at infinity, then

VS, (X', Y',Z") vanishes given that R becomes infi-
nite, and we have

VWX Y',Z')-VW(X',Y'",Z') = n?, (21)
given that in this case VEX. Y. Z)=
VW(X',Y'.Z"). By use of

oW AW
7z = AT (22)

Eq. (21) can be modified to

o 1 W2 [OW]2\ ,,,

AZ’

—n-AZ - VWXL YR, (23)

where AZ' is the distance along the Z' axis that the
wavefront has propagated and AyW(X')Y’) is the
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change in wavefront deformation. Equation (23) re-
lates the change of wavefront as it propagates to
the two-dimensional gradient of the wavefront and
is valid for small propagation distances AZ’ or for
beams with no second-order terms, as we have lo-
cated the points Yy, Y, Z, at infinity. However, we
are concerned with the wavefront change over long
propagation distances and for beams that are conver-
ging or diverging.

Let us consider an optical system where a wave-
front ensemble is propagating from an initial plane
PP to the exit pupil. The chief ray height and mar-
ginal ray height at the initial plane are y and y,
respectively Using the normalized field H and aper-
ture g vectors, Ypupl upﬂ py and Yy, =y - p, S0
that BY;upll Y pupil * ]pr, Ypp =y - 0p,, We can write
attheinitial planey - VW (X, Y,,) = V W(H 7)and
at the exit pupil plane y,up - VW X' Y;upﬂ)
V,W(H,p).

By making the key substitution of replacing
VWX Y')- VWX, Y') with (1/yypupn)V,W(H,7)
V,W(H, ) so as to change to normalized coordinates
and so that the wavefront change on propagation is
symmetrical when it propagates forward or back-
wards, we obtain

pupil®

AZ' -
_ 2% v WH,p
2nyypupil ’ ( /))

-V, W(H,p).

A,W(H, ) =n-AZ -
(24)

We can relate the propagation distance AZ’ to the
marginal and chief ray heights at the initial plane as

1 AZ
2 nYY pupil

1y AZ 1y 1
2y nYY pupil 2u nYY pupil

_1ly1
C2yY
(25)

and without accounting for the piston term n - AZ’, or
limiting AZ' to small propagation distances, we
obtain

., 171 .,
Ay W(H,p) = }TVPW( 7)-V,W(H.p). (26)

This is a useful propagation equation and provides
to the sixth order of approximation the wavefront de-
formation change when a wavefront propagates from
an initial plane to a final plane, here the exit pupil
plane, where ypu il = =0, the propagation distance
being AZ' = -y - @'~ Effectlvely we have converted
Eq. (23) that uses absolute coordinates to Eq. (26)
that uses normalized coordinates. In doing this
conversion we have removed the limitation of small
propagation distances via the factor 1/yy,upi._,

For the case of a wavefront described by W(H, ) =
[(n-y2)/(n-¥?)](7-5) and propagating a distance
AZ' = R; - Ry, we have that Eq. (24) predicts the
wavefront change to be



n-AZ' y* I

A W(H,p) =n-AZ' - 23 (7 P)
2yypupil R%
R, -R, n,yz o o
i . I _ . .
2 2
n-y* . . n-y° _
=n-AZ - p) - .
{2R1 (7P R, (P p)}
=n-(R;1-Ry) + ﬁ(X'Z +Y7%)
_%(X/Q—FY/Z)’ (27)

in agreement with our understanding of second-
order wave propagation. In Eq. (27) we have used
the fact that y/y pupil = R{/R5 and that R; and R, are
the vertex radii of the quadratic wavefronts.

To interpret Eq. (26), we point out that the term
AZ' -V W(H,p)-V,W(H,p)/2n%? in Eq. (24) repre-
sents to second order the sag x?/2AZ’ of a sphere of
radius AZ' at point x = AZ’|VﬂW(ﬁ,ﬁ)\/ny. The
sag of a sphere of radius Ry = R; - AZ' is x2/2R,.
With y/ypupil =R,/R, the sum of the sags is
x%y /2AZ'y yupn, Which leads to the term AZ'
V,W(H,p)-V,W(H,p)/2n%ypupi. Thus Eq. (26) gives
the change of wavefront deformation as the sum of the
sags at the destination plane of a sphere of radius
AZ' = R; - Ry and a sphere of radius R, at point
x = AZ’|VF,W(I?,ﬁ)|/ny. This point is simply the
transverse deviation at the destination plane of the
actual ray.

Equation (26) is significant in that it shows to sixth
order how a wavefront ensemble, i.e., the plurality of
wavefronts traveling from an extended source,
changes as it propagates in free space the distance
AZ', which is not limited to be small. This equation
provides the geometrical wavefront change, and it
does not account for diffraction effects. We assume
that the beams are unclipped by an aperture before
they reach the exit pupil that coincides with the stop
aperture. The terms that result from Eq. (26) are
highlighted in Table 6.

8. Wavefront Change with Aperture Vector Location

In this section we show how the aberration coeffi-
cients change when the aperture vector is changed
from the entrance pupil to the exit pupil. Let us con-
sider the geometry in Fig. 6, which shows the princi-
pal planes, the pupil planes, propagating rays, and
the object and image planes of an optical system. Gen-
erally at the rear principal plane the intersection
point of a ray may not coincide with the corresponding
intersection at the front principal plane. That is, due
to aberration in the system there is coordinate distor-
tion between the principal planes. The difference in
intersection pomts is given by the displacement vec-
tor AQ, which is normalized by the marginal ray
height ypp at the principal plane. We are interested
in describing the wavefront deformation with the
aperture vector at the exit pupil. This requires real

Table 6. Wavefront Change at the Exit Pupil on Propagation
in Free Space the Distance AZ' = -y - "' from the Pupil®

AW (H.p) =354V, WH.5)-V,W(H.7)

AWgeo = %%W {16Wo40Wouo}

AW = §§¢ b {24Wo40W 131 }

AWsyo = 535 {16WosoWags + 8W 151 Wiz }

AW3y = %§${16W040W220 + Wig1 Wit}

AWggg = Zy \v 3 {8W151Wass}

AW5,, = Q;W b {8WosoWa11 + 4W151 Wago + 12W131 W}
AWipy = 535 {4W131 Wai1 + 4Wopo Wazo + 8 Wz Wigo }
AWy = zy\y b {4W220Waz0 + 2Ws13 Wiz }

AWGy, = 2;/lp {4Wago W11 + 4Wo2oWan1 }

AWgoo = 575 {W31:Wani}

“The aperture vector is at the initial propagation plane.

rays to pass by the object point and to coincide with
paraxial rays at the exit pupil. As shown in Fig. 6 re-
quiring real rays to coincide with paraxial rays at the
exit pupil changes their intersection point at the exit
pupil by —y’ Dupil - Ap', at the rear principal plane by
ypp * AP, and at the entrance pupll by Ypupil * Ap.

The wavefront change W+ (H,7) - W- (H ,p) when
the aperture vector is changed from the entrance
to the exit pupil is found by replacing g by 5+ Ap
in the fourth-order terms of the aberration function
and retaining the resulting sixth-order terms. Using
the gradient operator, this is

WH(H,5)-W-(H,5) =V {W(H,p)
- Wi (H-H)(H5)}
- 1 o,
Ap =gV, WH,p)
1 Lo
VuW(H,p) -V, W (H - H)

where we have subtracted distortion Wy, (H - H)(H -
p) as the reference sphere is centered at the actual
intersection of the chief ray with the Gaussian image
plane.

Front and rear

principal planes Ray with aperture vector

Ray with aperture vector

at exit pupil at exit pupil
Yo AP ' ~
~ A
Y pupit * AP \ Y pupit * BP )
NG i A
! ® ~ TR
Paraxial ray | Yrr "AQ %
T ExitT
Entrance pupil
pupil :
\ Ray with aperture vector Gaussian
Object plane at entrance pupil image plane
Flg 6. Construction for deriving the relationship

AQ= O’PP/J’PP)AH Ap.
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The sixth-order terms involved in -4V W(H p)
VHW(H p) are highlighted in Table 7 as they give
the wavefront difference between havmg the aper-
ture vector at the entrance and exit pupils for the
case of centering the reference at the Gaussian image
point.

9. Displacement Vector A  and Image and Pupil
Aberration Functions

In this section we relate the displacement vector A Q
at the principal plane to the gradients of the image
and pupil aberration functions. From Fig. 6 we can
establish the equality

2 AZ  Yimage Ypp

Ap+AQ =2 Tmase Apy _ TPP AR 29
-AZ ypp Ypp (29)

where [ is the distance from the rear principal plane

to the image plane and AH' is the normalized (by the

image height y;,.e) transverse ray intercept error at

the image plane, given by

1

= 15,0
yimagen u

AH' = H.7)+0®

4

=-y V,,W(H,,B) +00), (30)
Then the displacement vector A Q that gives the
ray mapping error between the principal planes is

AG="PPAH — Aj
Ypp

= o |\ VW ) 2PV WL p)|. (31
b 4 Ypp

To illustrate these results, consider the following
example. Algebraic manipulation of the aberration
coefficients for a single spherical surface permits
writing the relatwnshlps in Table 8. The coefficients
W9,, and W9,, represent the distortion between the
uniform paraxial coordinates at the front principal
plane and the actual distorted coordinates at the
rear principal plane of the surface. For a flat surface
the coefficients W9, and WY,, vanish, AQ =0,

and the simple relationship (ypp/ypp)VpW(ﬁ ,P) =
VuW(H,p) between the gradients of the image
and pupil aberrations follows. This can be verified
term by term by using Tables 6 and 7.

10. Wavefront Propagation to Sixth-Order
Approximation in an Optical System

In this section we summarize the previous results. As
a geometrical wavefront propagates in free space the
Gaussian properties and the fourth-order wavefront
aberration coefficients remain the same. However,
sixth-order properties change. To sixth order the
wavefront change Az W(H, ) on free-space propaga-
tion is given by

1y 1 o = 7 5
:|:§§WVPW(H7p) V,W(H,p), (32)

AZ’ W(ﬁ P )
where the propagation distance is AZ' =y - #'~1. The
positive sign is for having the aperture vector at the
initial plane, and the negative sign is for having the
aperture vector at the destination plane.

The sixth-order wavefront change AZ,W(fI ,P) on
coordinate distortion is
Ay W(H,p) =V, W(H,p) - AF, (33)

where A is the coordinate distortion and W(H,7)
is the wavefront deformation at the plane of the
distortion.

The change of wavefront on changing the aperture
vector from the entrance to the exit pupil and having
the reference sphere centered at the Gaussian image
points is

H.7)-VaW(H, ).
(34)

Extrinsic aberrations as a result of combining two
optical systems A and B and having the reference
sphere centered at the Gaussian image point are,
for 5 at the entrance pupil,

Table 7. Change in Wavefront on Placing the Aperture Vector at the Exit Pupil®

W (H, p) - W*(H P =-$V,WH,p) - VaW(H,p

Wigo =~ Wogo = =% {4Woso W11}

Wis — Wi = B b {8W131Wa11 + 8Woso Wago + 8WoaoWasa }

Wiio = Wag = \y L {2Wo9o W11 + 4W 131 Wagg + 6W13 Wagg + 8WoaoWia1 }
Wiss — Wagg = — 5 {4W151 Wis1 + 4Wops Wass }

W3io = Wag = —% {2W131 Wago + 2Wago W11 + 4WosoWis1}

—% {5W 131 Wia1 + 4WogoWang + 4Wazo Wang + 4Wago Wogg + Wi Wary + 16WouoWoao

Wig - Wigy =

Wi = Wigg = ‘% {2W311 Wogs + 4Wago W11 + 6Wopo Wigy + 8W15 Woso}
Wiz = Wigo = -% {2Wa30W1s1 + 2W311 Wago + 4W15 Woso }

Wi - Wii1 = — 5 {8Ws11 Wis1 + 8WagoWoso + 8Wags Woso }

Weoo = Waoo = =9 {4Ws11Woao}

“The reference sphere is centered at the Gaussian image point.
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Table 8.

Image and Pupil Coefficient Relationships for a Spherical Surface

YW 770

y

Y_W 0 ¥
Wig1y = Wase - W31 3

y y
W222§7’ = W131 + ngl

¥ _ 1y 1E70  (7)2
Wazoy =5 W1 -5 W31 ()

Y AW 0y
Wi = 4Wogo + Wiy

y y

vy 0
AWos02 = Wapy - WY,

040

W131% = Wogo - W8H§

i _ 570

Waso2 = Wigy + W3,

7 y_1 1o (¥\2

Wazos =5 Wis1 -5 W31, ()

7 Yy _ A

Wsi3=4Wogo + Wiapp 3

y y

WS, — Wit — AWASA(} — 1¥a(a - 0) Wy, = Wit =~ 3k WAYA(L) — ~}Wa(w —u)

a=12 a=1!
o 1 o are marked with a + upper index as W+. If the stop
Wi(H,p) = g V,Wg (H,7) - VaWa(H,7), (35) i shifted to a different location, because of free-space

and, for g at the exit pupil,

Wi (H,p) = Ly JWaH

o P)- VuWa(H.p).  (36)

11. Intrinsic Aberrations

Intrinsic aberrations are the aberrations that an op-
tical surface contributes when the incoming light
beam has no aberrations. That is, we assume that
the object for that optical surface lies on a flat surface
and that the individual wavefronts arriving at the
surface are spherical. In this section we provide
the intrinsic aberration coefficients for spherical sur-
faces. The derivation is based on theory for contribu-
tions at a stop at the center of curvature. Stop
shifting proved to be difficult to unveil, and so the
contributions on stop shifting were found with the
aid of a computer. However, Appendices B and C
show, on a theoretical basis, the process of stop shift-
ing for both an aspheric surface and a spherical sur-
face. We have chosen the present order of providing
the results because it is the manner in which they
were obtained.

A. Sixth-Order Spherical Aberration Wygq

The intrinsic sixth-order wave aberration coefficient
for spherical aberration from a spherical surface with
the stop at the surface has been given by Sasian [8]
and is

1y 1 (u u ly
WOGO —4-W040 |:87‘__§A<W+E) +§;u:|7 (37)

where the term 1(y/r)u has been added to account for
the difference in intercepts between the marginal
paraxial ray and the real ray intersection at the sur-
face required in the original formula; r is the radius
of curvature of the surface. For completeness, Appen-
dix D provides a derivation of coefficients used in this
section. Equation (37) is with the aperture stop at the
surface and with the aperture vector at the entrance
pupil. Unless specified aberration coefficients with
the aperture vector at the entrance pupil are marked
with a — upper index as W, and aberration coeffi-
cients with the aperture vector at the exit pupil

propagation and fourth-order spherical aberration,
there will be a contribution to sixth-order spherical
aberration as a transfer term. Using Eq. (26), we
have that the transfer term is

3 _
Whegner = p Woao - W040§7 (38)

and the total intrinsic coefficient is

_ 1y2 1 (v u y
W06017W040 |:2 5 §A<W+;) +2;u}

+ W040 : W040%’ (39)

v
where the lower index I has been added to indicate
that the coefficient is intrinsic. If the wavefront pro-
pagates in reverse from the exit pupil to the entrance
pupil, we have that this is equivalent to having the
aperture vector at the exit pupil. Therefore the sixth-
order coefficient for spherical aberration with the
aperture vector at the exit pupil is

1y2 1 (u u y
WgGOI = W040 |:§r_2_§A (W +;> + Z;U/

YT WO4O : W04O%a (40)

where the difference between Wi, and W, is the
use of the marginal ray slope «’ in image space rather
than slope u in object space and the change of sign in
the transfer term. Furthermore, since

4 _
07} Wo40W311 = —2W04oz (u' -u), (41)
r
8 y o2 _ _
@W040W04o§ “ Woso(Wap1 - Wgn), (42)
then we can also write
4 _
Wosor = Woeor = ¥ Woso W11 (43)
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Thus we have two forms for the relationship be-
tween coefficients with the aperture vector at the en-
trance pupil Woso] and with the aperture vector at
the exit pupil W0601 One form uses a change of the
ray slopes and a sign change in the transfer term; the
other form adds a term that involves products of
fourth-order aberrations. This latter term is reminis-
cent of induced aberrations, and it accounts for the
change of coordinates or placement of the aperture
vector as discussed in the previous section.

B. Oblique Spherical Aberration W4, and Sixth-Order
Field Curvature W5, with the Stop at the Center of
Curvature

We calculate oblique spherical aberration Wy, and
field curvature W,y by first locating the aperture
stop at the center of curvature of the surface. Sphe-
rical aberration Wy, depends on the conjugate dis-
tances s and s’. As shown in Appendix D, these
distances vary for off-axis object points, and when
the variations are considered the coefficients for Woy,
and Wy result. In this derivation there is no distor-
tion and the reference sphere is centered at the Gaus-
sian image point. The lower index CC indicates that
the coefficient has the stop at the center of curvature
of the surface. Thus for oblique spherical aberration
W240 we have

1A 11 2
W00 = + {——\I’zA{%} + ——‘PZA{%}

1
4 - W220P += UW220P - __TZA{nH )
(44)

1A u 11 u?
Winee =+ |15, P21z} + 5,80}

1y2 lu u
+ Zi—z Wasop +%U'W220P - ZF‘WA{EH .

(45)

N ) 2 9
Wisoce = Wasoce — @W220P -Wsqp + @szop - Wist,
(46)

where the term

Wogop — ——‘PZP 41r P2A (i) (47)

is the Petzval field curvature. For sixth-order field
curvature W4y, we have

5 31 11
Wisoce = WI2OCC = 1_6;§T4A{E}P' (48)

For the case of A = 0 we have Wy, = szocc =0
which follows from considering the sagittal Codding-
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ton equation and noting that when s’ = s the sagittal
field surface must be flat, and so all orders of field
curvature Wy, are zero.

C. Sixth-Order Astigmatism W5, Coma Was¢, Wy5¢, and
W.4, with the Stop at the Center of Curvature

For off-axis field points the reference sphere is tilted
with respect to the exit pupil. This creates a distor-
tion of coordinates that in the presence of spherical
aberration and field curvature gives origin to sixth-
order terms. Effectively, coordinate distortion in-
duces sixth-order terms as part of the intrinsic terms.
These terms are simple products of fourth-order
coefficients and the paraxial ray slopes. Specifically,
they are

Waisice = —2Wagop - 't (49)
Wisice = —2Wogop - ut, (50)
Wissce = ~Wasop - 4, (51)
Wissce = ~Wazop * &2, (52)
Wisice = —4Woao - u't, (53)
Wisice = —4Woao - uit, (54)
Wiiace = —2Wouo - 0, (55)
Wissce = —2Woao - 2%, (56)

D. Aberration Coefficients when the Aperture Stop is
Shifted from the Center of Curvature

We have that the aberration function to sixth order
when the aperture stop is located at the surface cen-
ter of curvature is

WoH,p) = Wouo(5 - §) + Wago(H - H)(5 - )
+ WisoceH - H)(7 - )
+ WagiceH - H)(H - 5)(7 - )
+ Wipgeo(H - H)(H - p)?
+ W42000(ﬁ ﬁ)z(_"ﬁ)
+ Wi 5 + WisiooH ) - (7 )2
+ WiggecH 573 7). (57)

where we have not accounted for piston terms and
have located the aperture vector at the exit pupil.
Stop shifting refers to the process of changing the



location of the aperture stop while maintaining the
same Lagrange invariant. This requires the change
of the aperture stop size to maintain the same work-
ing f-number. As the stop shifts, different portions of
the light beams are selected to pass through the stop,
and thus the aberrations change. In fourth-order the-
ory a stop shift is performed by substitution of the
aperture vector g for the shifted vector gy,

H, (58)

D>| B>

Yor i o
Pshie =P +——H =p+
Yop

into the fourth-order terms of the aberration function
and carrying out the expansion of terms. The quan-
tities yop and yop are the marginal ray and chief
heights at the old stop position, which is at the center
of curvature. In sixth-order theory it is also necessary
to account for the fact that as the stop is shifted the
wavefront propagates and deforms as specified by
Eq. (26). In addition, as the reference sphere also
shifts position, there is a coordinate distortion to ac-
count for and also for the change of the center of the
reference sphere as the real ray intersection changes
from the Gaussian image point. In accounting for all
of these effects it is helpful to have a common exit
pupil for all field points and to place the aperture vec-
tor at the exit pupil so that no other coordinate dis-
tortion effects take place. The coordinate distortion
effects are subtle, and formula checking with actual
ray tracing as explained below is indispensable.
For oblique spherical aberration Wy, we have

. . AN2Z gl A
Wisor = Wagoce +3 a Wosor = 1}1 N Woso - Wagop
—+ Wzggu/z - W131u’ﬁ’. (59)

The term 3(A /A)2W360 results from the expansion of
Wiso(@-5)® when p+ (AJA)H is substituted; the
term —8(1/P)(A/A)Wy - Wogop results from wave-
front propagation, and the terms Wogou'? - Wyg u/it/
result from coordinate distortion.

For sixth-order coma W33; we have

A
Wiassce + %

A A
Wisir = 45 Woyor + 2 A

A A
+ W311ul2 - 2W220pu/l,_t/.

W220u’2
(60)
For sixth-order astigmatism W,y we have
A\ 2 A _
Wigor =4 < A) Wasor + ZK Wisico = 2Wagett®
A 2
- Wagot'? + (A> Wagow'2 + Wap u't/

A A
Wi +2—

2A A Wagou'tt'.

For sixth-order field curvature W9, we have

A\ 4 A\ 2
Wisor = 3 (K) Wosor + 2 (Z) Wasoce
AN2 1 Al
- 4(2) ‘PW131 Wasop — 2 Al}IW220P

A
*Wasor + Wsoec T Wisice

A 1A 1
+ (A) Wasopt'? + = 2A W31iu/2 2W311u u'

A A\ 2 1
+ 2— WZQOPLLIL_L/ + <A> W222LLI2 - i W222L_L/2.

A
(62)
For sixth-order distortion W5;; we have
‘A\ 5
W;nl =6 (Z) W(J)rGOI
A\3 A 1
+4 (Z) {W&occ AP Wouo - W220P:|
A A 1
+2 n [Wj{gocc AP Wagop - szop]
A\3 A\ 2
+ (Z) Wogeu'? + 2 (Z) Wi1u'?
AN 2 AN 2
- (%) W222u/b_t, - 2(%) szopu/l_t/
A _ 1 _
—Z W222u/2 + § nglu’z. (63)
For sixth-order W;5; we have
+ A + 2 +
Wisu = 6KW0601 + Wisi™ + Wigioc (64)
For sixth-order Wy, we have
A 2 + 7 12 155/
W2421 12 A WOGOI —+ §W222u - 3W131u u
+ Wasace: (65)

For sixth-order W335 we have

A\3 A\ 2 A
Wisar = 8 (K) Wosor +4 (Z) Wisice +3 A Wogou'?
A + 15
—+ 2Z W242CC + 2W222u u,

and sixth-order piston Wgy, may be set equal to the
sixth-order spherical aberration of the pupil; this is

(67)

(66)

+ W
Weoor = Wogor-

Table 9 summarizes the quantities used for the cal-
culation of the intrinsic coefficients with the aperture
vector at the exit pupil. Table 10 summarizes the in-
trinsic coefficients of a spherical surface with the
aperture vector at the exit pupil.
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12. Relationships between Coefficients

Table 11 presents the relationships between the
sixth-order intrinsic aberrations coefficients W~ and
W+ with the aperture vector at the entrance pupil
and at the exit pupil. These were found by using real
ray tracing to numerically find the magnitude of the
coefficients and by the suggested analogy with the
formula development in this paper. After noting that
4Waog - Wogo = W11 - Wayy and that 2Wgyy - Wogp =
4Wago - W131, the relationships in Table 11 match
the theoretical prediction:

Wi (H.p) -

Wi (H.p) =V, {W(H.p) -

x(FI-m}-Aﬁ—

VW (H,p) -

W311(ﬁ'ﬁ>

lPV/,W( 7)

@ [VpWSII(H ' H)
x(H-p))-[VaW(H,p).  (68)

We mention that the case of piston Wg,,, = Wiy,
was not verified by real ray tracing.

By performing reverse propagation for a spherical
surface (actually done by reversing the surface, the
stop, the image, and object planes, and by standard
forward ray tracing) we found that

W;rforward ( FI ﬁ) _ W;rreverse ( FI ﬁ)

1 .
-5 V,WH,p) - VyW(H,

5 p)+ AI(H. 7). (69)

where

ATI(H ) = 5 Wan Au?} (B - H) (5 7)(H -5)

+ Wi A{ua}(H - H)(H - §)?

+ 3 WanAfua) (- )5 5)
+gW3nA{a2}(H-ﬁ)2(ﬁ-ﬁ). (70)

The term W;reverse (H,7) is the wavefront aberra-
tion on reverse ray tracing through the surface

Table 10.

Table 9. Quantities Used in Calculation of Intrinsic Aberration
Coefficients with the Aperture Vector g at the Exit Pupil

Wazop = _%llﬂp
Wisoce = T162 P2ALL} +3§ L 2INTS

+17 Wasop + L1/ Wasop — 3£ P2 A{%}
Wisoce = 165 PAL }Az (Wis00c = 0 for A =0)
Wisicc = —2Wagop -t/
Wisice = ~4Woao -0’
Wiso0c = —2Wouo - 0

and placing the aperture vector at the exit pupil (en-
trance pupil of the unreversed system). The terms in
All(H, p) result from placing the reference sphere
center at the actual intersection of the chief ray with
the Gaussian image plane as discussed in the extrin-
sic aberrations section. Thus Eq. (69) shows that by
swapping the appropriate paraxial quantities in
Wy (H,7) one can obtain w; (H,p) as was done for
spherical aberration.
Furthermore, the terms

NE(H,p) = 5 Wanu(H - H)(H 5)55)
+ Wayw'e!(H - H)(H - )2
+ %W:mu ' (H-H)*p - p)
+§W3Ha/2(ﬁ-f1)2(f[ )
-V, Wans (B - H) ()] - [V W(E ),

(71)

account for the effect of changing the center of the
reference sphere from the Gaussian image point to
the intersection of the chief ray with the Gaussian
image plane.

13. Image and Pupil Coefficient Relationships

To determine the pupil aberration coefficients, data
for the chief ray are interchanged with data for the

Intrinsic Aberration Coefficients with the Aperture Vector p at the Exit Pupil®

2
Woeor = Wo4o Bl - 3AE+9 + 250 - § Woso - Woso)
Wisy =64 Woeoz + Wiz + Wisiee
Wior = 12( )*Wigor +3 W222u - 3Wigiw'e' + W24zcc

Wisar = 8 Wigor + 43 Wisicc + 34 Wasou' + 24 Wi + 2Wagsu'!

Wisor = Waaoce + 3(A2 Wieor ~ 84
Wigir = 45 Wagor + 25 W24zcc +4 Wt + Wapiu? + Wagiee

1A 12 I3/
WZ Woso - Wagop + Wagou' = Wigiu'ts

Wi = 4(4 )ZW;W +24Wi oo - 2W222u - Wapolt'? +2(4 )ZWZZOu 24+ Wanu'' +1 W311u’2 +24 W220u’12’

Wisor = 3(4 )4W3—6OI +24)Wiiocc - 44)? & Wis1 - Wagop — 24

W220P Wasor + Winoeo +4 W331cc +( 2 Wasopts'?

+1 24 AWau'? - —W311u’u’ + 2A Wogopt'tt' + ( )2W222u’2 - —W222u’2
Wi =6G )5W3601 + 4( )2 [W2+4occ -2y 3 Wis1 - Wagop] + 24 4 Wisoce - 2**szop Wasop] + ( )3W222u/2 + 2( )2W311u 2

7(A) Wagou't'
= W(;rGOI

2( AT —*szzu +3 W311u
W+
6001

“The reference sphere is at the intersection of the chief ray with the Gaussian image plane.
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Table 11.

Relationships between Intrinsic Coefficients W- and W+ of a Spherical Surface?

Wisor = Weeor + 9 Woao - Wana
Wiz
2421 =
333 =
2400 = Woaor T
33 =

1
2421 TF
3337 9

too1 = Wigor + 9 U
1201 = Wikgor + 9 [2Wano - Wiz +4Wig1 - Woy)
Wi = Wiy + 9 [8Wazo - Woso + 8Wags - Wy

- _ Wt
Weoor = Weoor

= Wiy + ¢ BWiss - War1 + 8Woso - Wang + 8Wosg - Wass)
[2Wagp - W31y +4Wi3; - Wago + 6Wig; - Waze +8Wouo - Wisi]
(AW 131 - Wagy + 4Wagg - Wago)]
7 [2Wago - W11 + 2Wiz1 - Wagg +4Woy - W13ﬂ
W3311 + ¢ [BWigy - VY131 +4Wag - W222 + 4Wang - Wagg + Wagg - Wapp + 16Woy - W040]
%6W222 “Wigy + 8Wigy - Wosg + 2Wa1g - Wags
[

“The reference sphere is centered at the intersection of the chief ray with the Gaussian image plane.

marginal ray, and then the image coefficients provide
the pupil coefficients.

Alternatively, the fourth-order pupil treatment
suggests that the sixth-order image and pupil aber-
rations can be related. That is,

WO (H,p) +n-SOH,j) = WO (H,p) +n

—

-S'®(H,p)+ 00, (72)

where O®) represents sixth-order terms to be de-
termined.

Table 12 provides the relationships between sixth-
order pupil and image coefficients. These were found
in analogy with the formula development of this pa-
per and by using real ray tracing to numerically find
the magnitude of the coefficients as explained below.
The image aberration coefficients depend on the ra-
tio A/A, and when the marginal ray is, or is nearly,
normal to the spherical surface, A = 0, there can be a
singularity in the coefficients W3,,;, Wisar, Wioor,
W oo and Wi ;. It is through the use of the image—
pupil relationships that the singularity of computing
the coefficients can be avoided.

Note that two forms for W3,,, are given. The form
at the bottom of the Table 12 was first obtained from
guessing the coefficients with the aid of computer ray
tracing. The second form was derived by similarity
with the other equations. Both forms match to at
least eight decimal places in a computer simulation
for several stop and object locations.

Thus the term O®) in Eq. (72) is given by

09 =g N W(H,5) - VaW(H,5) - AZ(H, 7)

+AZ(H, p), (73)

where AE(H,7) and AE(H,7) result from placing
the center of the reference sphere at the intersection
of the chief ray with the Gaussian image plane and
are given by

AE(H,p) = 5 Wenu(H - H)(H - 5) (7 7)
+ Wayw'a'(H - H)(H - )?
1 Lo
+§W311u’12’(H-H)2(/3' p)
3 oL o
+5Wana>(H -HXH p),  (74)
=7 o 1l S N i
AE(H,p) = s Wsnu'*(H-H)(H - p)(p - p)

Table 12. Relationships between Sixth-Order Pupil and Image Aberration Coefficients for a Spherical Surface?

WOGOI W6OOI

W1511 =Wk~ ‘TA{u‘l} +g [3W311 Wizt + 8Wazg - Woao + 8Wagg - Wosg] — § Way1

2421 -

= Wi - IPA{uug} + v/ §[2W311 - Wang + 4Wagg - Wit + 6Wago - Wiy + 8Wigy - Wogo] - Wayi/a!

VY§33I W3331 - TA{uzuz} + \y [4W131 W131 +4Wogs - szz}

VY&OI = W4201
Wigir = Waair -
=+ 16W040 Woao] + 3 Wsuu —*W311u

&5 PA{ua?} + v L[2Wa11 - Wagg + 2Wagg - Wigy + 4Wigy - Wogg] — 3 Wy u/e/
\FA{uZuz} +g [5W131 W131 + 4Wag0 - Wagg + 4Wagg - Wago + 4Wage - Wagg + Warg - Way

W4221 - W24ZI - *“PA{LL u} + \{I [2W222 W311 + 4W131 W220 + 6VVIE}l W222 + 8W040 W131] + WSllu u

W4201 - W24OI

HPA{ulu} + 3 [2Waso - Watr + 2Was1 - Wagg + 4Wouo - Wist] + 3 Warw'e!

WSIII =Wis - ‘lPA{u4} + & [8Wiz1 - Warg + 8Woag - Wagg + 8Woag - Wage] + 2 W311u'2

6001 WOGOI
33 u— W33 -

+ 16W040 - Woso] + $W311[W131 - W311]

lI{A{Mzﬁz} +y b 5Wisy - Wig1 + 41W220 : Wzgo + 4Waso - Wagg + 4Wagg - Wagg + Wiy - War
+5([Wig1 @ -

W131 . uz - W222(u12 + u’ft’) + Wzgg(ulz + u’ll’)]

“The reference sphere is centered at the intersection of the chief ray with the Gaussian image plane.

1 June 2010 / Vol. 49, No. 16 / APPLIED OPTICS D83



14. Eikonal Function

By noting that except for a piston term and the alge-
braic sign the function S,(H,p) and the reference
sphere function S'(H,7) are equal, and using
Eq. (19), we can express the eikonal function for a
spherical surface with the aperture vector at the exit
pupil plane. In this treatment the eikonal function
gives the optical path from the object point to the exit
pupil plane:

EHp) =-n'-S(Hp)-WHF),  (16)
where the zero-order and second-order terms are not
accounted for.

The zero-order term of the eikonal is

EOHp)=n-2-n'"%, (77)

NI

which represents the on-axis optical path from the
object to the exit pupil.
The second-order terms of the eikonal are

- 1. i, = _, 1._.u
(2) oA Y | / . . .3 “W” (3.3
E®H,p) =gV (H-H)+'¥-(H-p) +5¥ (7 p).
(78)
The fourth-order terms of the eikonal are
EO(#,7) __m(u>< H-H - n' - SO, )
- W& (H,p), (79)
and the sixth-order terms are
BO(H.7) = -5 ¥a () )( ) —n' - SO (H, )
- W+ (H,ﬁ). (80)

15. Coefficients for a System of Surfaces

Knowledge of the intrinsic and extrinsic coefficients
permits us to write the aberration coefficients for a
system of j surfaces. These coefficients comprise the
sum of all the intrinsic coefficients and the sum of all
the extrinsic coefficients as define in Table 5. The
coefficients are given in Table 13 for the case of hav-
ing the aperture vector at the exit pupil. The sums
are over the j surfaces as indicated by the summation
indices. The right upper indices, i and m, added to
the coefficients are to indicate that the coefficient
pertains to surface i or m. For i = 1 the sums in
the curly brackets are defined to be equal to zero.

16. lIrradiance Function

In this section we determine the irradiance function
I(H,p) that gives the beam relative irradiance across
the exit pupil for each field point. Since the optical
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system has axial symmetry and in analogy with
the aberration function the irradiance function can
also be expressed as a polynomial, and to sixth order
it is

p) = Zlk,l.m(ﬁ'ﬁ)j'(ﬁ'ﬁ)m (PP

Jm.n

:Iooo+1200(ﬁ‘ﬁ)+1111(ﬁ' p) +1o20(p-p)

+1040(+ )2 + 1131 (H ) (5 ) +Izo(H - p)?
+Loz0(H -H)(3+7) +Is11(H - H)(H - )
+100(H -H)? + 140 (H -H) (5 5)?

+Lgs1 (H-H)(H p)(77) + Lioa(H -H)(H - )?
+Lago(H - H)*(5+p) +Isny(H - H)*(H - p)
+1e00(H -H)? +Iogo(7+ ) + 151 (H - 5) (7 )2
+Iauo(H - 5)2(5- ) +1333(H - §)>. (81)

The terms in the irradiance function represent var-
iations, or apodization aberrations, in the irradiance
of the optical beams at the exit pupil. These varia-
tions are also arranged according to the algebraic or-
der of the terms. We wish to determine the irradiance
function coefficients I, ,,. For this we will locate the
aperture vector at the exit pupil. Given that the op-
tical power through the system must be conserved,
we must conserve the flux and satisfy

—

Iy-I(H.p+Ap)-d?S =1I,-I(H,j+ Ap) -d2S' - J (H, )

=1I,-I'(H.p)-d>S, (82)

where I(H,p) is the irradiance function at the en-
trance pupil plane of the system, I'(H, j) is the irra-
diance function at the exit pupil plane, d2S is the
element of area at the entrance pupil, 25’ is the ele-
ment of area at the exit pupil, and J(H,p) is the
Jacobian determinant.

Because of the presence of pupil aberrations
Eq. (82) determines the irradiance function I(H, 5 +
Ap) at point g+ Ap of the entrance pupil. The Jaco-
bian determinant provides the relationship between
the area elements at the pupil planes, and to con-

serve the flux within Gaussian optics we have I

//2
* Y pupil:

y2

pl]lfet g be a unit vector in the direction of g, h be a
unit vector in the direction of H, and i be a unit vector
perpendicular to A. The displacement vector Apj =
Ap, + Apy, has two components, one in the direction
7 and the other in the direction of 4. To obtain the
Jacobian determinant we express the displacement
vector Aj in orthogonal coordinates along A and
i as Ap=Api+ Apph = (Ap,-i ) (Apy -+ Dy,
‘h)h. Then, with p, = p;, + Apy, p} = p; + Ap; giving
the position of a giving ray at the entrance pupil,
we have that the Jacobian determinant is



Table 13. Sixth-Order Aberration Coefficients for a System of j Surfaces

+ +i
Woso = 22i-1 Woeor —

+ +i
Wisi = E 1 Wiz - ‘l‘

wz; Wiy YL 4wy,
1{W311 Z L 3W131}

l 1{W2202 .- 8W040}

i= 1{W2222 .- 8W040}

Wiy =0, Wiy - ‘PZ o {Why 0L 2Wi, ) - ‘PZ 1 {Whao YL, 4Wre, ) - ‘{JZLZI{W 22 XLy 6WIh, b - Yo { Wiy 351, 8W}
W§33:Zl 1 Wisar = \le A Wigy Y01 4WT ) - \PZ 1 {Whgy > 0L, AW}

W240 =
331 Zz 1 W:*féu ¥ Z
WIzz ]
+ 0 (A ) YL, W
szo = 24:1 WIzloz - % ZJi:l

+ _ NV +i
Weoo = Zi:l WGOOI

{W131 Zm:

311}

{Wig 50

1 Wiior = \vz AW 2001, 2W, )} - ‘I’Z AWh 2L, 2W ) - . ‘
5Wiy ) - ‘I’Zl A Whao 2oLy 4W5ho} =301 {Whao Doty 4W5ho} = 301 {Whao 200t 4Wihhy

_21:1{W 1 2ot Wiy} —¢Z' H{Woao 2oL, 16W5 ) + ZJL
= Zjizl szizl ‘I—’ZL:I{W222 El ! 12W5 ) - WZ {W131 ZL ! 14W5h} —$ZL:

S {(Wigy YL 4Wg o}

lAi{u2} ZL ! 1 Wi}

AWy 351, 6Wiho} = § 30 {Whyo X0n1, 8W, )

_ _ 12W5h} - WZ, 1{W220 Zl ! 12W35,} - \yz 1{W040 ZL ! 4W’1”31}+ZJ; l{lAl{uu} Zl ! 1 Wi}
Wi =2 Wiy —%Z’i_:l{W 131 E i1 3WE ) - \vz 1{W 040 Z - 18W5ho} -
- % Zjizl{Wom EmZI 4WgLn

2]1:1{W 040 it 8Wiho} + ijzl{g Alfa?} Y7L W,y

a V2 i dAp,  3Ap;
J(H,p) =2ul. {1+ P T8
Y pupil Ph Pi (83)
N dAp, 0Ap;  dAp; aAph}
dpp, 9p;  Opp Op; )

Sincephzﬁ-fzzp

- cos(¢) and p;

=p-i=p-sin(¢),

we can write for the partial derivatives

dAp, _dAp, dp 1 dAp, (84)
I dp dp, cos(¢) dp ’
dp;  dp dp; sin(¢) dp ’
dpi  dp dp; sin(¢) dp ’
d0Ap; aApia_p 1 0dAp (87)
dpr, ~ Op dpp cos(p) dp
and the Jacobian determinant simplifies to
2 o .
J(Hp) =2t {14,200, 000
Y pupil app, ap;
Y2 upi
=20 {14 V,A7}, (88)
ypupil

where V,Ap stands for the divergence of A 5. To the
fourth order of approximation we can write

and recast Eq. (82) as

,5) = V/’I(Ha

)-AF (89)

I'(H,p) = [V,I(H.p)- Aj+I(H,p)|(1+ V,Ap). (90)

Equation (90) relates the irradiance at the exit pu-
pil to the irradiance at the entrance pupil through
the entrance pupil displacement vector A 5. It is valid
to the fourth order of approximation in the field and
aperture variables, as the error in Eq. (89) is of
sixth order.

Furthermore, since the displacement vector A j is
given to third-order by

S A= S 1o w5 =
Aj=Apg+ Ay = - VaW(H. 7). (91)
we can recast Eq. (90) as
Lo Lo 1 Lo L
I/(va)_I(Hap)E_WVpI(va)VHW(HHO)
1
- GIEHV, Ve W(H, 7). (92)

where we have neglected terms higher than fourth
order and where V,VyW(H,p) stands for the diver-
gence with respect to p of the gradient with respect to
H of the pupil aberration function W(H, 7). Equa-
tion (92) requires the irradiance I(H,p) at the en-
trance pupil and the pupil aberration function
W(H,p). This equation permits finding terms of the
irradiance function I'(H,7) at the exit pupil. The
equation is valid to the second order of approxima-
tion in the field and aperture variables. However,
if there are no sixth-order pupil aberrations, or if
the displacement vector A g is made to account for
up to fifth-order transverse ray errors at the en-
trance pupil, then Eq. (92) would be valid to the
fourth-order of approximation.

The calculation of the divergence and gradient
turns out to be simplified. Thompson [2] has shown
that the gradient operator is simply given by the de-
rivative of the function with respect to the designated
vector; for example,
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R BN R
VW) = (5 WP )i+ (5 WD) )
0

=a—5W(H,p)-

(93)
The reasoning can be extended to show that the

divergence becomes the derivative with respect to
the designated vector; this is

o 0 oL o
V,(VuW(H,p)) = %(VHW(HHD) “h)
0 o
+8_pi(VHW<H’p) )
0 0 ~
:ii_,WH,_’. 94
S5 W 7) (94)

In this process we are taking the derivative with re-
spect to a vector. This gives a vector in the case of a
scalar (build up from vectors), and a scalar in the
case of a vector.

The zero-order terms for both irradiance functions
at the entrance and exit pupils are equal to one. With
no second-order terms in the aberration function, the
terms V,I(H,5)VyW(H, p) result in other terms that
are at least of fourth order. The zero- and second-
order terms of the irradiance function in terms of
pupil aberrations are given in Table 14.

The second-order term Ijy,,(7-7) represents a
parabolic apodization for all the field beams. The
term I',;(H - j) represents a linear apodization as
a function of either the aperture or the field of view.
The term If (H - H) represents a quadratic irradi-
ance change as a function of the field of view; this
is known as the Slyusarev effect.

17. Irradiance Transport Equation

In this section we show that Eq. (92) can be rewritten
as an irradiance transport equation. In free space we
have A Q = 0, and the relationship between the gra-
dient of the aberration function and the gradient of
the pupil aberration function is

VuWH,5) =22V,WH,p). (95)

Ypp
Then we can rewrite Eq. (92) for the change of ir-
radiance between two planes, here the rear principal
plane and the exit pupil plane, as

—

AI(H,p) = I'(H,7) - 1(H,p)

- 1ypp oo =
- \PyPPVpI(H7p) V/)W(Ha/))

ly o o
PP 1 5)VEW(H, ),

-t 96
¥ ypp (96)

where V%W(FI ,p) stands for the Laplacian of the
aberration function,
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. 2W(H,p) 0°W(H,p)
V2W H, — — ) + k)

d0 /d .
(55 W D). (97)
Since
yep_ Az ¥ AZ
Ypp (- AZ)yPPylmage nYpp* Ypupil

Eq. (96) becomes

AI(H, p) 1
AZ n-Ypp * Ypupil
+1(H,p) - VIW(H, p)).

114

(VIH,p)-V,W(H,p)

(98)

For very small propagation distances AZ we have
that n - ypp * ypupil becomes n - ypp - ypp, AI(H,p)/AZ
becomes dI(H, p)/dZ, and we can write the equation
as

oI(H,p) 1
0Z n-ypp-Ypp
+I(H,p)VW(H,p)),

IR

VI(B.7)-V,W(H.7)
(99)

which is equivalent to irradiance transport equa-
tion (9),

AX)Y) .
—; ="IVIX.Y)- VOX.Y)

+I1X,Y)V2O(X,Y)), (100)
where the function ®(X,Y) represents the optical
phase. This development reveals that the term
VIX,Y)-V®(X,Y) in Eq. (100) can be interpreted
as accounting for the effects of coordinate distortion.
The term I(X,Y)V2®(X,Y) results from the Jaco-
bian determinant that relates the elements of the
area, d2S and d2S’.

Equation (98) is a generalized irradiance transport
equation that is not limited to small propagation dis-
tances. It is written in terms of normalized field and
aperture vectors and not in terms of absolute coordi-
nates. The product of the marginal ray height at
the principal plane and at the exit pupil accounts
for the change of absolute to normalized coordinates.

Table 14. Zero- and Second-Order Terms
of the Irradiance Function

Thoo (P P) = —&W311(7 - §)
Ity (H - ) = [ Wano + & Wans](H - §)




Equations (92) and (98) assume that no second-order
terms are present in the aberration function, as their
effect on the irradiance is already accounted for by
Lo y2 o = Iy ¥2py- The use of normalized coordi-
nates permlts qu (98) to work for large propagation
distances; however, this equation is not valid for cal-
culating irradiance changes near or at a ray caustic.
The wavefronts are assumed to be smooth as de-
scribed by the aberration function and unclipped
by an aperture so that edge diffraction or multiple
beam interference does not take place. The irradi-
ance equations and the propagation equations dis-
cussed above describe the geometric wavefront and
irradiance changes when an ensemble of wavefronts
travels some distance. Effectively, we are propagat-
ing the wavefront to sixth order and the irradiance
to fourth order in the field and aperture variables
(here we assume that A j accounts for up to fifth-
order transverse ray errors).

For the case of having uniform irradiance at the
initial plane I(H,p) = 1 we have that V I(H,5) =0
and in the presence of spherical aberration

Woso(7 - 5)? we have that Eq. (98) reduces to
AIH, p) 1 o
sy VeW(H,p
AZ n-ypp * Ypupil ’ (H.7)
1

12Wos(7-7).  (101)

n - Ypp * Ypupil

With positive spherical aberration the wavefront
leads the reference sphere in propagating from left
to right a distance AZ. Then the irradiance increases
on propagation, and the algebraic sign in Eq. (99) is
correct. From pupil theory and for a spherical surface
we have 4W040 Y = Wgy; — WYy,. For a flat surface

AQ =0, W9, = 0 4W040y W11, and it follows that

- AZ _
AI(H,p) = —————3W311(5 - p)
n - Ypp * Ypupil

3 -
=~ Woni (- 7). (102)
in agreement with Table 14. The positive spherical
aberration leads to barrel distortion of the exit pupil.
The ratio d2S’/d?S of the elements of the area de-
creases and the irradiance at the exit pupil increases
to conserve the flux. The difference in algebraic sign
between Eq. (99) and irradiance transport equation
(100) is due to the difference in sign between the
wave aberration function W(H,75) and the phase
function ®(X,Y) used in describing the optical field.

18. Coefficient Verification

To find the algebraic form of the aberration coeffi-
cients it was indispensable to know their magnitude.
A computer program was written to numerically de-
termine the coefficients by making an iterative fit to
a selected set of optical path difference points across
the aperture and field of view of an optical system.

For example, for spherical aberration the following
iterative loop was executed:

FOR j =1 to 100

p=02

OPD = OPD(p)

Wozo = [OPD — Woyop* — Wosop® = Wosor® = Woroop™] - p72
p=04

OPD = OPD(p)

Woso = [OPD — Wogep® = Wosop® = Wosop® = Woroop™] - p7*
p=0.6

OPD = OPD(p)

Woso = [OPD — Wog0p® = Woaop* = Wosop® = Woro0p™] - p7°
p=0.8

OPD = OPD(p)

Woso = [OPD — Wogep® = Woaop* = Woeor® = Woro0p™] - p7
p=1

OPD = OPD(p)

Wo100 = [OPD — Wozo/’2 - W040/’4 - Woeoﬂ6 - Woso/’s] '/’_10
NEXT

The quantity OPD = OPD(p) is the optical path
difference at the specified pupil height and with
the reference sphere centered at the intersection of
the actual chief ray with the Gaussian image plane.
After a few iterations of this loop the coefficients con-
verged to the theoretical values with insignificant
error for Wyo, Woso, and Wygo. Similar loops were
written to find the remaining aberration coefficients.
Tests were done to check the coefficient scalability
with respect to field and aperture. Coincidence of
the four-order terms with the Seidel coefficients also
helped to verify the coefficients obtained by the fit.
For the case of distortion the magnitude of the coeffi-
cients W31 and W5, was found by maklng an itera-
tive fit to the transverse error y;yq. - AH’ of the chief
ray and using AH =-W-1.V (W (H-H)(H -p)
+Ws11(H-H)*(H - p) W (H -H)*(H - p) + ...).
This iterative fit methodology proved to be effective,
and the success is due in part to the fact that it was
applied to find aberration coefficients of a single sur-
face or of systems with few spherical surfaces. As the
number of surfaces increased, the ability of the itera-
tive algorithm to find the correct coefficients signifi-
cantly decreased.

With the ability to find the magnitude of the coef-
ficients, simple algebraic terms were written to guess
some missing terms in the aberration coefficient for-
mulas resulting from shifting the pupil from the cen-
ter of curvature. Tests of the terms were done with
A=0,A=0,y=0,y=0,r=c0,u=0,u2=0, and
A(u/n) = 0. Several conjugate distances and stop po-
sitions were also tested for a single surface and for a
system of several surfaces. Unless the correct formu-
la was obtained there would not be agreement with
the coefficients found with the above iterative loop.
With the correct formulas there was an obvious
agreement of the coefficients.

19. Self-Consistent Verification

Table 12 gives the pupil aberration coefficients by
using the image aberration coefficients, terms of
the sphere function, and products of the fourth-order
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coefficients. The pupil aberration coefficients can
also be found by swapping the chief and marginal
ray data in the image aberration coefficients and
in the Lagrange invariant. When this is done, the pu-
pil aberration coefficients computed in both manners
match. This represents a self-consistent verification.
Table 15 presents a comparison of coefficients calcu-
lated both ways, where some the differences are in
the 15th decimal place and are likely due to the com-
putational approach used. The essentially equality of
the coefficients supports the correctness of the aber-
ration coefficients.

20. Aspheric Triplet Lens Example

In this section we provide an example triplet lens
that is corrected for all fourth-order and sixth-order
aberrations to the 104 level or better. Four surfaces
are aspheric with fourth and sixth-order coefficients
of deformation. The contributions from an aspheric
surface to the aberration coefficients are derived
and given in Appendix B. The design is shown in
Fig. 7, and it evolved from a design from Shafer
[9]. We reoptimized the lens to reduce the wave aber-
ration residuals from the 1076 level to the 1014 level
to critically test the coefficients in this paper. The
specifications of the reoptimized triplet are given
in Appendix E.

The final values of the wave aberration coefficients
are shown in Table 16. For comparison, the fifth-
order coefficients from Rimmer’s thesis [10] were
computed and are also given in Table 16. These
two sets of coefficients are nearly zero to the 1014
level or better. Thus, for this triplet lens and in the
absence of fourth-order aberrations there is agree-
ment, in that there is no aberration, between the
sixth-order theory in this paper and the fifth-order
theory of Buchdahl [11]. We point out that Buch-
dahl’s theory provides the fifth-order transverse
ray aberration coefficients with the aperture vector
at the entrance pupil. Relationships between the
Buchdahl coefficients and the wave coefficients in
this paper can be established by first describing
the Buchdahl coefficients with the aperture vector
at the exit pupil. Then the normalized (by the image
height) transverse ray aberrations to fifth order are
given by

11
cos®(0) ¥

AH' = - V,W(H,p) + 07, (103)

Table 15. Coefficient Comparison for an Aspheric Surface?

Wis1 —-0.4193360087176732 -0.4193360087176732
Wase 1.3879576582604869 1.3879576582604876
Wass -1.3737719852861099 -1.3737719852861099
Waso 0.1318037474153832 0.1318037474153833
e -1.56376298938401587 -1.56376298938401600
Wyoo 0.4115466232465593 0.4115466232465597
Waso 2.3841052150066186 2.3841052150066186
Wsi1 —-2.2205687849607498 —-2.2205687849607463

“The coefficients are in waves at 586.7 nm.

D88 APPLIED OPTICS / Vol. 49, No. 16 / 1 June 2010

where

—
—

(w25 p) +2u'd' (H - p) + w?(H - H))
(104)

DO =

cos(@)=1-

and @ is the angle of a given ray in image space with
the optical axis.

The relationships between the fifth-order trans-
verse ray coefficients of Buchdahl and the sixth-order
wave coefficients in this paper will be the subject of
future work. We point out that in the absence of
fourth-order aberrations the Buchdahl coefficients
are given by the gradient of the aberration function
(sixth-order terms) divided by n'w’.

21. Summary

This paper develops a sixth-order theory of wave
aberrations for axially symmetric systems. Specific
formulas for the sixth-order extrinsic and intrinsic
wave aberration coefficients are given, as well as re-
lations between pupil and image aberrations. The
paper develops equations for the wavefront propaga-
tion to sixth-order of approximation; the equation for
free-space propagation in terms of normalized quan-
tities is novel and is not limited to small propagation
distances. The concept of the irradiance function is
developed, and the second-order irradiance coeffi-
cients are found via conservation of flux at the pupils
of the optical system and in terms of pupil aberra-
tions. As a result we derived, from purely geometrical
considerations, a generalized irradiance transport
equation that describes irradiance changes in an
optical system. We effectively have provided a solu-
tion to the irradiance transport problem in terms of
the aberrations of an optical system. Both the wave-
front propagation and the irradiance transport equa-
tion account for geometric effects and do not consider
edge diffraction effects, and unclipped and unfolded
beams are assumed. We found it indispensable to
verify the formulas for the aberration coefficients
with the results from real ray tracing.

The aberration coefficients provided are with the
center of the reference sphere at the intersection of
the real chief ray with the Gaussian image plane;
they describe to sixth order the actual wavefronts
computed by optical design software. However, we
have indicated the terms that correspond to the case
of having the center of the reference sphere at the
Gaussian image point. In this latter case the connec-
tions between coefficients acquire an elegant math-
ematical form. We also have shown in terms of the
sphere function, the aberration function, and the pu-
pil function the relationship with the eikonal func-
tion and have provided specific formulas for the
eikonal’s expansion coefficients.

Further work could be done to obtain the fourth-
order coefficients of the irradiance function and
to provide formulas to convert the aberration coef-
ficients to other coordinate systems of interest.
However, modern optical design relies significantly



-

Fig. 7. Aspheric triplet lens corrected for fourth- and sixth-order
aberrations to the 10~ wave level.

on real ray tracing and on the insights of aberration
theory. This paper gives insight into aberration gen-
eration and light propagation in an optical system
because it makes visible the underlying structure
of how the wavefront deforms as it propagates in
an optical system and provides specific formulae.
Overall, the paper furthers and enhances the theory
of wave aberrations.

Appendix A: Sphere Function Coefficients

The coefficients for the sphere function are given in
Table 17.

Appendix B: Aspheric Contributions

In this appendix we provide the change of wavefront
deformation when the surface is aspheric. The diff-
erence in sag, A{Sag}, between the sphere of ver-
tex radius r and the aspheric surface is the aspheric
cap,

A{Sag} = A, X%+ Y?)2+Ag(X2+Y?)3, (Bl)

where A, is the fourth-order coefficient of deforma-
tion and Ag is the sixth-order coefficient of deforma-
tion. The fourth-order contributions to the wavefront
deformation are given in Table 18. We wish to deter-
mine the sixth-order contributions from the aspheric
cap that are contributed by the fourth-order coeffi-
cient A,. When the stop is at the surface, the sixth-
order contributions are simple enough to derive with
reasoning and the aid of real ray-tracing data and are

given in Table 19. To obtain the coefficients when the
stop is shifted from the surface does requires elabor-
ating the theory of stop shifting.

Now we wish to determine the change of sixth-
order aberrations on stop shifting. By construction,
the exit pupil coincides with the stop aperture. We
start with the aperture stop located at the aspheric
cap, and so the aberration function is given by

W, (H,p) = Wb (7 - 5)? + Wat(H - H) (5 - §)>
+ Wi (H -H)(H - §) + Weea2 (5 - p)?
+WIEH-P) - (5 ), (B2)

where we have included the distortion term to ac-
count for the fact that the reference sphere is cen-
tered at the intersection of the chief ray with the
Gaussian image plane. According to Eq. (32) the
change in wavefront deformation on free-space pro-
pagation is

B W) =5V, WE )V, WEHp).  (B3)
where y is the new chief ray height and y is the mar-
ginal ray height at the old exit pupil aperture. The
change of aperture vector from the old exit pupil
to the new exit pupil produces a change of wavefront
given by Eq. (34), or

L

AW(ﬁvﬁ) = N

V,W(H.p)-VyW(H.p). (B4)

As in the old exit pupil there is no error in defining
a given ray, AQ =0,

S y 1 oo I
AW(H, ) =~ gV, WH.7) - V,WH.7),  (BS)

and the wavefront change on propagation and coor-
dinate distortion between the old and new pupil is

Table 16. Sixth-Order Aberration Coefficients of the Triplet Lens in Waves at 587.6 nm

Sixth-Order Aberration Coefficients

Woao Wiz Wazo Wazo Wsn
3.095E-013 4.842E-013 7.749E-014 -1.033E-013 1.2695E-012
Wago Wssy Wygo W0 Ws11
4.3519E-012 -1.3257E-013 4.2807E-014 3.4504E-014 8.6500E-013
Woso Wis1 Waso Wss
1.011E-013 7.878E-014 -1.176E-012 -8.605E-014

Fifth-Order Transverse Aberration Coefficients (mm)
B F C Pi E
-6.71E-15 -2.522E-015 -3.537E-016 1.414E-015 -6.209E-015
B5 F1 F2 M1 M2
-3.5428E-15 -7.6113E-017 -5.187E-017 1.2030E-014 -9.6599E-014
N1 N2 N3 C5 Pi5
-2.536E-016 -4.7702E-016 -4.952E-017 -1.22E-016 -1.0157E-016
M3 E5
1.252E-014 -4.851E-015
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AW(H, p) = V,W(H,p)-V,WH,p). (B6)

AL

With AW penit (I_-j ,P) equal to the change of wave-
front deformation on stop shifting from the center of
curvature, we have that

5o o 1y 1 5
A‘/Vstopshiﬁing (Hap) = {Wcap (H,p) _§§¢prcap (Hvﬂ)
VWA @)
SH+p

where the terms inside the curly braces are evalu-
ated at the shifted aperture vector g+ (Yop/yop)H
and terms higher than sixth-order are neglected.
We must account also for terms associated with
the change of reference sphere; these terms are

AE(H.p) = 5 Wenu(H -H)(7 - p)(H - p)
+ Wanw'a'(H - H)(H - p)?
b Wonw'a/ (H - )25+ 7)
b o Wyna(H - H)(H )
~ g IV, Won (B - E)(H 7)) [V W(H )]

Table 17. Coefficients of the Sphere Function Difference
n-S'(H,p)-n-S(H,p)

Second-order

n'Spy0 — nSpg0 = —3 PA{%}
n'Siy; - nSi; = -A{¥} =0
n'Shy — nS200 = — 3 PA{L}
Fourth order

n'Spy0 — nSos0 = s PA{L}
n'Ss; - nSiz = 1 PA{u?}
1'Shoy — nSg0 = 1 WA {uu}
1'Sheo — nS290 = 1 WA {uu}
n'Sy; — nSa =1 PA{a?}
'S0 — nS400 = s PA{Z}
Sixth order

n'Sheo — nSos0 = — 15 PA{L}
n'Sis - nSis = -2 YA{ut}
n'Shyo — nSp4s = ~EWA{ulu}
n'Shsq — nSz33 = -1 WA {u2u?}
n'Shyo —nSag = - L PA{ulu}
n'Shq, — nSa3 = - ZYA{u?u?}
n'S)gy — nS49s = —SWA{uu®}
n'Slipq = nSag0 = — & PA{uud}
n'Sgy, - nSs1 = -3 PA{ut}
'S0 = nSe00 = — 15 PA{Z}
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Table 18. Fourth-Order Aberrations Contributed by an Aspheric
Cap where A, is the Aspheric Coefficient

WD = Afn}-A, -yt WP = Afn}-A, -5

w

Wik =4A{n} Ay 5%y WSk =4A{n}-A, -5 -y

Wy =4A{n}-Ay-y% 52 Wi = 4A{n} - Ay - 52 52

Woao = 2A{n}-Ay -y2 .52 W;z% =2A{n} Ay 5?52

Wil =4A{n} Ay -y -5° Wil = 4A{n} Ay 557
4

W = A{n}-Ay -yt Weo =A{n}-Ay-y

The results of this transformation are summarized
in Table 20. The equations in Table 20 provide the
sixth-order change of wavefront deformation as the
stop is shifted from the aspheric cap defined by
the coefficient A,. The extrinsic coefficients that arise
between the aspheric cap and the base spherical sur-
face are given by

1

WGE(ﬁvﬁ) = V7]

Vchap(gvﬁ) : VHWsphere(ﬁ7ﬁ)7
(B9)

ATI(H ) = 3 Wan A2} (H - H)(5-5)(H -5)
+ Wi A{ua}(H - H)(H - §)?
5 WanAuah(H A2 p)
+gW311A{a2}(ﬁ-FI)2(FI-ﬁ). (B10)

These terms are not included in Table 20 and should
be added as intrinsic contributions from the aspheric
surface.

The contributions to the coefficients from the
sixth-order coefficient of deformation Ag are given
in Table 21; in this case there are no extrinsic contri-
butions to the sixth-order level.

Appendix C: Spherical Contributions

In this Appendix we provide a derivation of the in-
trinsic coefficients on stop shifting for a spherical
surface with the aperture vector at the exit pupil.

Table 19. Intrinsic Sixth-Order Aberrations
Contributed by an Aspheric Cap?

Wit = —3An-ut) Ay -yt + 20 W2t
WIS = - WE + 3. WEh + § WEh - Wasar
+cap __
L S
3331
WP = gh ¥ W
Wi~ 0
st =0
v =
5111 —
Wiep =0

“The stop is located at the cap, and the aperture vector is located
at the exit pupil.



Table 20.

Intrinsic Sixth-Order Aberrations Contributed by an Aspheric Cap as the Stop is Shifted”

Wesor = Wosor =3 Woio - Woio

Wisi = Wisi + 6; Wosor

W§421 = 4(§)Wfscilp + 12(%)2W0+601
Wigar = 4(%)2Wr5a1? + B(y)?’Wgeol
W3sor = Wagor + ¢ W isit + 3( P Wesor

3317 = 4Q)Wasor +6()*Wigiy +12()° Wogor + 9 W35 - Wath -5 () Woio - Waih +
4GP Wasar +8G° Wity + 126) Wisor + & W - Wit = § §)*Woat - Wi + Wi -

Wi
Wior =
\pt

)
inor = 26)° Wi +2¢
) pl

Wiy = 4(y SWosor + 50)* Wisit + 6( 2P Wieor +& Waih - Wath - _( > Wogo - Waih +3 W3 -

WGOOI WOGOI

LIy,
Wai-u-u
u-u
31r7+cap Av7+ 2 1r7cap cap 27A7¢ap cap | 17i7Cap ., . -
P Wisi + 3( ) Woesor + % Wago - Wiy __( )*Woao - Waiy +3Wsiy-u-a
u-u

“The aperture vector is located at the exit pupil. The reference sphere is centered at the intersection of the chief ray with the Gaussian

image plane.

Following the reasoning of Appendix B, the change of
aberration function on stop shifting with the stop at
the center of curvature is

AW i B = { Wic L) =54V Wil
-v,,wgc(ﬁ,ﬁ)} (o
(AJA)H+p
where W(.(H,p)
Wéc(H p)=Wos(p-p)*+W 20(ﬁ'ﬁ)( )
+ WigocoH - H)(3 - 5)?
+W331c (H-H)(H-5)(7p)
+ Wigae(H - -H)(H - p)?
+ WihoeoH -H)2(5 - 7)
+W060(P P+ WisiecH - P) - (5 5)?

+W24200(H P) (P-P)

+ W311(H'H)(H “P) (C2)
and where the effects of having the center of the re-
ference sphere at the intersection of the chief ray
with the Gaussian image plane are accounted for

Table 21. Sixth-Order Aberrations Contributed by an
Aspheric Cap where Ag is the Sixth-Order Aspheric Coefficient

Wisor = Ain} “Ag - y°
Wisy = 6% W§601
Wisor = 12(2) Wgeoz

W§33I = 8( ) W0+601
Wigor = 3( )? Weor
Wisy = 12@7) Wogor
Wisor = 12(;%) Wosor

W goor = 3<§)4W0601
W;HI = 6(§)SW0+601
Weoor = A{n} - Ag - 5°

by adding the distortion term W311(ﬁ ‘H ) (FI “p).
After the product of the gradients is obtained, stop
shifting is performed by replacing g for the shifted
vector g+ (A/A)H and carrying out the expansion
of terms and collecting similar terms.

The additional terms

A | (= (B =
AE(H,p) = 5 Wanu?(H -H)( - p)(H - p)

-V, Wan(H -H)(H - p)] - [VagW(H, p)]
(C3)

must also be added to account for the change of cen-
ter of the reference sphere.

With the definitions in Table 22 the intrinsic coef-
ficients on stop shifting are given in Table 23. The set
of aberration coefficients in Tables 10 and 23 match
each other to the 10712 wave level. The differences
are attributed to computation errors.

Note that the coefficients Wis00, Wisioer, and
w3, 120C in Table 22 differ from the corresponding
ones in Table 9.

Appendix D: Derivation of Aberration Coefficients

In this Appendix we derive the aberration coeffi-
cients for spherical aberration, oblique spherical
aberration, and field curvature.

1. Spherical Aberration W4, and Wy,

With reference to Fig. 8, we have a spherical surface
of radius of curvature r, a ray intersecting the surface
at point P, intersecting the reference sphere at B’,
intersecting the wavefront in object space at B and
in image space at A’, and passing in image space
by the point @  on the optical axis. The reference
sphere in object space is centered at @ and in image

1 June 2010 / Vol. 49, No. 16 / APPLIED OPTICS Do1



Table 22. Quantities used in the Calculation of the
Intrinsic Aberration Coefficients with the Aperture
Vector p at the Exit Pupil

Wosop = - P2P
+ IGATZA{ } +3P2A {2}
+ 17 = W220P +2u szop ———‘PZA{ +
Wisoce = 16 T4A{ }Az (W4zocc =0 for A=0)
W331cc = _2W220P u' ucc

saace = ~Wazop " 8¢

1s1cc = ~4Woso - W'itge
W2+4zcc = —2W040 £
Upe = U = xu )
Poso = Woso[3%z - SA(L +54) + 22u/]

+ A% WoaoWoso ~ %% WosoWoao

P51 = Wisiee

+
W24OCC

Wisoce — 54 WoaoWazop
Pss1 = Wisioo — 93 Woao Was1
Poyp = W242CC

Pyoo = Winoce — 94 AW o200 Wazop
Py = ———W220PW311

Csi =y VY311W311 +3 L Wapuu
Cypo = %W222W311 + Wanuu

2 szowsn +3 Wapua
Cs11 = $ W11 Wapy + 3 Wapgaa

P240:

W220P W3 11

C420 =

space is centered at @’. After refraction the wave-
front deformation is given by

W = n/[PB'| - n/[PA'] = n'[PB'| -n[PB],  (D1)

where [PB'] =[0Q'] - [PQ'] and [PB] = [0Q)] - [PQ).

Since we are not us1ng the actual point @, the ex-
pression for [PB'] is not exact, and it leads to a
tenth-order error in calculating W. Let the radius
of the reference sphere in object and image space
be [0OQ] =s and [0Q'] =s', respectively, and the
sag Z of the spherical surface to sixth-order be

h%2 h* hb
Z=—+—+—= D2
2r + 8r3 + 1675’ (D2)

where A is the height of the ray intersection with the
spherical surface. The square of segment [PQ)] is gi-
ven to sixth order by

Table 23.

Reference

sphere Outgoing
Incoming Y’ / wavefront
spherical «— Surface
wavelfront
B
Q o cc QQ Z

Fig. 8. Construction for deriving the wavefront deformation.

P12 = (s—Z)% +h? =s2-2sZ +Z% + h?
|-l ] [
=s¢<1+ o

h? s ht s
R G LBH =1 B

SN PO
8ris? rl [’

and then the segment [PB] is given to sixth order by

TR
2 [s r} 8r? L r} 16r4 L r]

LI e
8s r 16r2s|s r 16s2 r

(D4)

(D3)

[PB]

To third-order of approximation the ray intersec-
tion height 4 and the paraxial marginal ray height

y are related by
u
—y(14+=
h y( +2ry>,

and so the segment [PB] can be approximated to sixth
order as

(D5)

Intrinsic Aberration Coefficients for a Spherical Surface with the Aperture Vector 5 at the Exit Pupil®

Wgor = Poso

Wiy = 64 4Poso + P51

Wi = 12(3 4)2Pogo + 4( )P151 +P242
Wisar = 84 )3P060 +4( )2P151 + 2( )Pa4s
W2+401 = 3(4)*Poso + (§)P151 + Paso

3311 = 12(%) Pogo + 6( )2P151 + 4(’%)P240 + 2(§)P242 + P31 + Caa1
)t

Wisor = 12(% ( i
Wis0r = 3(2)*Poso + 2(}%)313151 + 2(,%
Wi, = 6(4)°Poso +5(4)P1sy + 44
WGOOI WOGOI

)?
)

P060+8( )13P151 +4(%) P240+5(§

)2Poss + 2(%)13331 + Pygg + Cyo
Poso + (5 22P242+( )P331 +P420+C420 i
3Poso + 4(%)3P242 + 3( )2P331 + 2( )Pyog + 2(%)P420 + Ps11 + Cs11

“The reference sphere is centered at the intersection of the chief ray with the Gaussian image plane.
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[PB] = [0Q] - [PQ]

2

With u =-y/s, u'=-y/s’, A=ni=-(y/s-y/r),
and A{A} =0 the wavefront change W to sixth

Y 1+ly 21_1 order is
2 2r s r 1 1
u u
y v 471 1 y6 11 1 W= —gAzyA{—} - —A2yA{—}
-2 14—y =2 -2 |=-= nj 8 n
8r2 2r s r] 16rt|s r > 1 W
y4 w \4[1 112 4% [1 172 x [3}2—A</+>+2yu] (D9)
+(14+=—y) |-=-=] + -z 2r¢ 2 \n' n r
8s 2r s T 16r’s|s r .
§6 [1 1} 3 D6) Thus we can write
2 1=-2], 1
1657 1s 7 Wogo = —gAQyA{%}, (D10)
and similarly for [PB’]
PB'1 = [0Q'] - [PQ' 2 1 l
[PB'] = [0Q'] - [PQ] Wigo = Wouo |25 —SA( L +2) + 24|, (D11)
2 271 1 2re 2 \n' n r
- Y (1L X S
2 < 2r ) L’ r]
R 1LY 41 11 »° 11 2. Petzval Field Curvature Woy0s and Oblique Spherical
8r? oY) |§ 77 168 |5 r Aberration W,4cc
y v \471 112 56 1 112 Let us locate the aperture stop at the center of curva-
+ 85 (1 + o y> {—, - —] + == {—, - —] ture of the spherical surface. With y, being the object
s r s r 16r°s' |s' 1 height, the inverse of the distance S along the chief
y6 1 1]3 (D7) ray from the off-axis object point to the surface is
1652 |s' r] -
1 1 B 1
Then we can write S —r+ 4/ (r-s)? +5/g ot (r—s)y /14 (3(2;)2
W = n/[PB’| - n|PB] ~ 1 _ 1
2 2 B 72 72
(e V1)t -9 (1) -s(1-3)
2 2r s r s r
4 4 =2 =2
y u 11 1 1 1 1 ¥ 1 1 ¥
| 14+— "N===|=-n|--= =-=(1+= =-=|1+4=
8r? ( o {n L” r] nL r s +2(r—s)s s 2 (l—l>r32
S r
4 4 (p 2 2
y u n[l 1 nll 1 B
Y (1.2 (A Ml BN e 2 2
+8 ( +2ry> {s’ [s’ r} s L: r _ ! 14 4% :—l—ﬁllp -, (D12)
s 2irs s y?2n’ri
A (VIR B
16r4 s r s r and similarly for the inverse of the distance S’ along
¥6 (n/[1 112 n[1 1]2 the; chief ray from the surface to the Gaussian image
— =z 2Z|==Z point,
16r2 {s’ [s/ r} s L r} }
6 / 3 3 / 2
¥y (n/ 1 1 nll 1 1 01 J1Y¥
el sl o S F T L
Table 24. Constructional Data (mm) of the Triplet Lens?
Surface Object Radius Thickness 10,000 Glass Ay Ag
1 255.635318 56.8473 BKY7 -5.051563e-07 -3.2061469e-11
2 62.646002 23.6149 3.5999265e-007 9.4325832e-010
3 74.494599 15.7912 BKY7 -1.0708598e-6 1.151724e-010
4 -58.717274 89.4891
5 -42.87839 5 BK7 4.4688245e-007 -3.256491e-010
6 -203.330401 4.2124
7 -65.250745
Stop Image 65.249628

“The exit pupil diameter is 14 mm, and the field

angle is 15° 1 = 587.6 nm.

1 June 2010 / Vol. 49, No. 16 / APPLIED OPTICS D93



By inserting Eqgs. (D12) and (D13) into the quadra-
tic term y2 of Eq. (D8), using A{A} = 0, and retaining
up to sixth-order terms, we obtain
W=-5 145

YL Lt
2 or S I
1+ il ? "u' 1y - _llP_Q
2 ) " Tanz) T\ T dnn
=1+ l ? _llp_z -
B oY 4Ar\" 7Y
2 2
(s i ala))
2r n
= Wagop + u% Wagop +0®
By inserting Eqgs. (D12) and (D13) into the first quar-

4r
tic term y* of Eq. (D8), using A{A} = 0, and retaining
up to sixth-order terms, we obtain

y? u

(D14)

Thus for oblique spherical aberration W3, ., we
have the terms

A(%) +

One effect that has not been accounted for is that
for off-axis points the beam at the surface changes
size by Ay to maintain the same size at the entrance
pupil. The change in beam size is

2

12
3 Wasop-

A

A Y2

16 - <n>+u W220P+y

4r
(D17)

e T 1 w2
Ay = -u'AS T8 A (D18)
where
1 P2
!
AS = S AT (D19)

By replacing y with y + Ay in the coefficient for

W ¥ 1+ 4 11 . 11 spherical aberration and retaining the sixth-order
T 82 or y S r S r term for oblique spherical aberration we find it to
y " 040 = 4 ) Thus the complete coeffi-
_Y w (SN (1 be 208 Woso = 4~ A( % ) Thus the complete coeffi
4r? 4n’2ri’ 4nri . . _
c1ent for oblique spherical aberration W3,
y_ 41y AL becomes
4r? 4 r n , )
_ AY u 1¥
W20P+0 (D15) W24°CC:ETA(F) 5 A<n> T Woaor
2 /lpz
¥ u u
By inserting Eqgs. (D12) and (D13) into the second + FWZ%P 4r A (E) (D21)
quartic term y* of Eq. (D8), using A{A} =0, and
retaining up to sixth-order terms, we obtain
W_y_4 n'[1 1|2 n[l 1]2 _y_ l 1 u1'~P2 2 nfl1 ulWp?
“8\S|S r] SIS r 8 ’ry22n’ /! Ssry22nrz
L[ (1T el e i L) el Wy 1T w1
s s |" \& r y2 2n%ri nS|"\s"r y22n%ri| | 8 \n'S y 2rA’
_i _A+u1lP2 2 = 2A2 i _1_1_21\}’_2 _i _1+Elql_2 ?
nS y2rA| [ 8 |n'S y2rA?| nS y2rA2
SRS B PR ol YT 6 GVl (R R O S | PO 6
8 |nw'S'|" yrA?| nS|  yrA? -8 /|8 y22n2ri yrA?
11 w192 u P? yA2 1 P2 WW2 u 192 u P2
Bl - - 2= - (8)
n[ + 2271271} {1 yrAz}}jLO 8 {n { 1+2yn’2 ’} {1 yrA’2] n[ 1+2yn2ri} {1 yrA2]}+O
B AN S G 7 BV S Gl B QPO 2 (B (AW s o
8 \n 2yn2ri’  yrA2?| n 2yn?ri yrA2 8 n' n) 2yrA’\n? n?
1P2 (u? u? yA? u 192, /u 19?2
- (= =" J _A(Z)+—— A= 8)
oz (i)} 1075 { 2(; )+2yrAfA(n2) et ()}
A? u A‘I"2 u 1‘1’2
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3. Petzval Field Curvature Woypp and Wyppcc
Let us start with the relationship
1 1 n'-n

= +A

n'nr

Wy np ; (D22)
where p is the distance from the object to the center of
curvature of the spherical surface,p’ is the distance
from the center of curvature to the image point,
and A is a residual term when p and p’ are not con-
jugate distances. Let us expand p as a function of the
object height y,,

1 1 1 ( 152 3 yg>
S =~ (120,953 (pag)
Py Po 2p%  8p
and similarly for p' as
1 1 1 /2 */4
—,g—,(1-—y7°2+§y—g>. (D24)
PP 2p5  8prg

Along the optical axis y, = )/, = 0, and let us set

- L_ron (D25)
npy, npo

n'nr

Then substitution of Eqs. (D23) and (D24) into
Eq. (D22) results in

Aot (1_13’/02 3%)_1(1_1% 33’3)
npo \" 205 8pi) mpo " 2pF  8p5
n-n
"~ ninr

(N AVETE
2\n'pg np3) 8\n'pry npj
1, w2 o3/1 1\ W

:_2(u_u)W+8(n’m)_np0>A4r4

12 1\ 3 /n'-n\ P
T T 2A%° A <E> T3 < n'nr ) Alrt (D26)

Multiplying both members of Eq. (D26) by A?r?/2

leads to
A22A 1W2 /1) 3 W /1
5 “ZTA(;)+T6WA(;)- (D27)

The first term on the right-hand side of Eq. (D27) is
the coefficient for Petzval field curvature Woyp, and

the second term is the coefficient for sixth-order field
curvature W oocc.

Appendix E
Data for the triplet lens are given in Table 24.

Macros

Computer macros for calculating the wave coeffi-
cients in codev, OSLO, and ZEMAX optical design
software are available at http:/www.optics.arizona
.edu/macros/wavecoefficients.zip.

The grid figures illustrating the wavefront aber-
ration shapes are a courtesy of Roland Shack, and
the grid figures illustrating the effects of pupil
aberrations are a courtesy of Lori Moore. We thank
Ryan Irvin for carefully reading the manuscript
and writing a codev macro to calculate the aberration
coefficients. We thank Lambda Research for writing
a macro file to calculate the coefficients in OSLO.
The comments of Virendra Mahajan are much
appreciated.
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