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Tre.¡rsla.tot' I s l iotc-,

Dospl to l , l - rc f tcL that  G:russl  eolobyatod | tpf¿rptr lscþs

UntorsUch.ringenil l les r.¡rir-tton mo1ì3 thetr Ono hundred yosÌrs &gon
tho Engltshlspaaklrrg r'¡oi 'J-rì h¡r's novcr onJoy'c-d lts co-i ' :çloto
tr.ensl-ãtJ.ott. ' lhls õe sety for"ms ttic bas'is of aLl- mode¡:u
paraxlel- oli ttGîrr.gsl¿tntr óptlcs e'.ncì 1s a. tnas'i;enpJ-e_co of analy'ulca.Ì'ncr.sonlng. 

Tt 1g holred. thrt t l-, is tt.r.usL¿¡tion u11.1 be u-scful
to physlõ: îsts enO opt icaL on¡; l t rcoi 's  and, l lker ' r lscr-  r r iL1 sci3vo
to gr'äirt sf;uCoitts an fu:slght tnto thc briLl. lonce that rvas
G a.u.Ê¡s t .

In the orJ-g!.nal- Ge,r' i t ien, t lro lrrngulrgo, bY mocloi:n sts.n'i lPcìs,
1g errchatc, clurrsy, ct:d lnvol.r 'od. Althroi:.gh the tra.trslatj-on
has ncrø bocn fi '¡e,. I travo ondoat'ot'ccl to ïolt lovo ell l- enirlgttÍ.t les
b)' the slrn1cle o:,;pócliotrts of l¡¡ 'oaking r'.p lorrg scntonces and
aiotd5.rrg proi',c,rir i-s of obscui'c antococlenco, T. ha.tuo not hr:sj.tatod
to ir¡sciü ecllto¡. ' ia1 notes r¡htl 'ot¡c;r. ttroy rrr 'rght ald ltr ot'ol 'coti i lnS,
s.ny obscirrlty. ft: bls artlclc, G.+uss lncludcd no df.agratits
v¡irátsoover', lncrectlbLo thorigh th:rt may soerii. Such ciia.grrit l ls
have beon incl-u.dod r.;, irei.ovsr ncco{rsíiry 1n the trust that t ltay
t¡l lL clerf-fY thlo to;;tc

Tho trce tinont offcrnecl by Gaui.is 1s voi"y [, lcnoL'â:!.r deal-itrg
aneS.yi;!-c:r1ly' r.rlth a coarJ.el- stys'i;er-n of refracting slicÍû.c6s.
l lor¡oicr ,  t l :ó speclal  case of  th ick 3.or:soso streh as to l -cscopo
obJoct ivcs,  J-s-  g ison chÍ-cf  a. t tent-¡ ' .cn .  Îh;¡  rnathcmat ical-  thecPy
f-s 'groatLy s: Ì . : ,qol i f  lecl  by speciral  sub-st l t 'ur tJ-otrsr ,  to r¡hose choi ice
ho i.r¿rs präUaUfÍ lco by þrcvious knor,r-1-cdge of t irc e.nrrLoglos. cxlst-
lpg betì . rocn a stnglo lons ancì a systern oí  len. los,  but  r ' r i r lcb
otñcr"l¡iss r.¡ou.Lcì appear rnethei" arbitrat' lr to th¡ read.or. Ti:o co¡:strr:-c-'
t¡.ons an{. forrruleo be.soa upon Grruss t Calcllt ial Polrits ai"o very_
pyactS-Cal, ê,Frd a.ppec,Ìa ln n-ost toi:. 'r.;S On GoonotrJ.cal CptiCs. Al.-
lhough ttro sylrboLf.sin and co¡rventJ.cns ei,1pl9ïeA.by Gnrt-ss ele no"'Í
obsoioto,  thãy havo b+on fon the mcst par"1,  t 'otel t lod,  for  h ls;-
tor.lcal ãnA sôntil irental reasons. Thc ferr Grool': symbols E'.ppeo.1'-
lng !n tkre or" lg l r ,a l  have been rcplacecl  by Lat_ln onos ln ordor to
siñplify ttre tjpogr.ai:hy, Th.c r"oadcr çho ls trl l t 'eod.¡' coll;crsant
v¡it! ' i  tno-d.c::n oi:t icãf ierrulnol-ogi' I 'r i11 roacll ly percof've th'¡ an+Lo-
gios botr¡oen baussi  ar :c l  t i re p: iósont fo: ' ¡ ts of  opt lcal  for"niul-ae.

Be¡ ,n t -vd  Rosot t ,

ìIerr To:'lr, July, 19/+1
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OPTT CAI, Tl.IViüSJlI.I. GAT T O}.IS

In tho consider.at ion of  the paths taken through l -enses

by those l ight  rays vrhl-ch are very s l lght1y lncl incd tor ' rancl  thc

comrûon ax- ls of  those l -enses, and of  assoclated phenoniena, rnany

very ologatr t  resul- ts havs boen prosentor l .  I t  may soem that the

t¡ork of  Cotes,  Euler,  Lagrango, and } ióbi l ls  has l -ef t  tho subject

exhaustod ;  s t l l - l ,  morê  remains  to  be  dos i red .  An ou ts tand. lng

faul t  of  the cquat lons forrou. latecl  by those nathematlc ians is

tha t  the  th lc l rnesscs  o f  the  l -enses  arø  thore in  neg lec ted .  Because

of  th is ,  cons id .e rabLe l - i rn i ta t ions ,  as  regards  accuracy  and

natura. l -noss,  are lntpoeed upon these equat lons.  I t  is  not  to

be d lsputed  tha !  1n  rnany  o then op t ica l  cons ldora t ions '  (namely

!n thoso l ¡herein the so-caLl-oc1 Aberrat ion due to the spher lcal

fo ¡ .m o f  the  lens  sur faces  ls  taken ln to  account )  the  ln i t ia l  ne-

g lec t  o f  the  lens  th icknesses  becones usefu l ,  anc l  indeed necoss-

gl 'yr  1n order" to obtaln s lmpl-er.  and nore f l -exibLo expresslons

f  o r .  cor lpu ta t lons  and f  l r s t  approx i rna t ions .  Nevor the less ,  l t

Ì ¡ould st l l - l  be deslrabl-e to avoid such sacr i f icos,  r ¡herevor

posslble wi thout any lmportant J-oss ln the s lmpl lc l ty of  the

r e s u l t s .  .

fn the pr imany def in i t ions of  opt lcs,  1 ' ro encounier a

porn ic lous  c lc f i c lency ,  o f  mathemet lca l  na ture .  Tho concepts  o f

Ax ls  and Foca l  Po in t  o f  a  lens  arc  p rec lse ly  de f lned,  bu t  th ls

ls  no t  tnue o f  the  Foca1 Length .  l ios t  au thors  do f ine  th ls  es

the  d is tance o f  the  foca l  po f .n t  o f  a  lens  f ron  lüs  centc r ,  thus

o l ther  tac l tLy  assu in lng  or  ac iua l l y  advocat lng  tha t  the  th lc l i ¡ ress
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of t t rc l -cns bo conslc i -cr"ocì  1 i : f in l tcLy sma1l.  I lonco, eccord! .ng

to the.ss l , ' ¡ ' l tez 's,  the focaL l -engt l r  of  an r ì .cüu.41 ]-ons¡ ro 'calns

an uncolâtainty of  the oi 'dt l ,  of  tho th ic l<noss of  the l -et :s.  In

. rrlorCI accu¡¿r.to cl.oter.rnlnation,g of ttro focal- lengtìr, sevci"aJ- doÎl '--

n l t lons,  I ¡ot  conslstont t ¡ l . th e¿ictr  o 'ob.cr" ,  ano etnpl .oycd, Thu.s,

tho foc:i l- lon[ith is c]ofinoc'!. sometl.rncrs as tlro dlstc.trco f¡:ol; l th.e

roat¡  surfaco to tho foeal-  l ro l t r t ,  ago. ln B.s thc distrnco fr"o¡t

t l le so-c¿r. l Iccl  r rop'bicaL cenÍ;c¡ . r t  of  a Lens to i ts focnl-  pof- t . r t ,

sJld other tit i ics e,s the dlsta¡ico f¡.cin the po:'.nt rnfcìr¡ay bcttleon

üho f¡.o¡t aricl rcar" s4rfacos to thg foca-l- po!-nt. 'Diffez.ont f l 'o¡r

al l .  t t roso ctef ln i t lons 1s t l :o-ono r¡h ' i .c l :  usos es e.  besls the rat lo

of the slzo of thc lrnago of an ltrf:?-nite-t-y d'tste,ttt objoct to the

apparnorrt¡ or angul-ar" sizo of tbgt obJec'i;. Tiris l.ast. Ls Lr:d.cecl

. tho otrJ.y cìofltr it ior: r 'r ittr a neail lttg.

Tltoroforo, I havo not corlsjldor"ed 1t su.porfl-tto',.rs to dovoto

sover.al  pagcsr to thc.se voiây olo¡ lcuts1"y lnvostÍ .gat lons,  t ' ¡ i th tho

lnto¡rt of sho.,.rlng that ono r¡rsy conslcler" the thtckne,gs of th.c Lons

ln tho afo::ornontioued foi 'rnulao. Tho otr-r-y l.tmltetlon l ' íe shall

per.mlt 1s tp'b odgc rays, r 'rhlch suffor ft 'o¡a spher:lcal aborr¿rtlon

shal l  bo noglocted. Onì-y sush rays as aro s l tghÍ ;15r lncl l .nod to

tho a:rts (8c1. note: rtpa-r,axtal raystt !n mocìorn ter-nlnology) 8I'o

to be rotel t rcd. .
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Ths loca t ion  o f  aLL thc  po : in ts  appcaz ' lng  in  th ls  lnves t i rgn-

t lon 1s .cLo'ce: : i i i lnocL 
by mearre of  r"ectangu3-air  coorcl i t :atos,  i<,  Y,  end

.. 'z ,  I t  l -s prosuppoccc).  that  tho foco. l -  polnts of  a l l  th.c d. i f fer"ent

'  rofrac 'c i rng surfacos lLe on t t ro x-axl .s;  onl-y those rayc forr ' r t lng

sxxal- l -  angles r¡ i tLr  t l l ls  ax- ' is  aro to be congld.onocìo By an ar.bl t -
¡l
: rû.ry coirvention, t,ìrs x coordl-tr¡rtc l-s colrsidorecl es groviir:g

l ' le co¡rsf-cìer f ir"s'c t ire efiect of a rofrac'b:î-on Lì.pon the path

of a L1gh'b ray. Lot ths relative lnclcil of neîr'a.ct:ì.on f¡ 'c¡r the

fJ-r,st nrsd.lrr:r to the sccoi:cl bo ln tho ratio ol ql. lfo Lc¡t l{
n

L

donc'tc thc cc:'¡ 'çer of .ctwvatt¡-no

med. la;  ì l  daur, ' tcs thc polnt  of

th¡  fJ.rst  êoo¡.cì .Lncto axls ( : . , ) .

t  ! /-- '

) o
-1tsJ

cc S{"',o

of tho lntei.faco bot'¡ocn tÌre ti.¡c

1¡ i te i .soc'b5-on of  th is sui . face ui th

5¡v
¡

' t I

Tiroso poÌnts

o f  x ,  Tb ls ,

_Nj

rnay also bo râeprcscniod. by

ln. blio futu.i 'o, r., ' i11. also bc

tì:o c orr" c sp on dl n¡l vaLuc s

dono vrlth tho oilrol '
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poJ.nt$ ot1 the f j . r 's 'b ccord! .nato axis.  f ' tu. ' thûl" i i ]o l 'o,  l -et  the

rad.turÌ of th-o lntcrfaco be r =. l{-l i . Tb.s v¿r.l-uc of r r¡i- l l  bo

pos:tt i '¡e ot" negatlvo, clope:rcì.1ng on r¡hothc',1.' th,¡ sgcond mcd:iura

'1S.On th'e Gollct] ' ,?t or Collvex si-d.o, L e'u ? clenoto the pol-nri '  of

-. '  fntorscctJ.or¡ of 'che J.igirt ray and ttrc rcf r 'ttct: ing su¡fo.co, ancl

C, t i:e actr.to engJ-o bottreen l ' IP ancl thc ¡-axls.

. Ihe str .a lght  f ins doscr i i :ed by tha lncldont I 'ay 1s cz-pressc'J

by ti 'ro eqnatlorrs -:

.  y = 1 ( x - I { ) - r b
n

z = í ( x _ t . T ) + c
n

. fn Ìit lc nlannel', the o,qur.atlcns o?lpreeslng tiro stncrlgirt -1-lnq, cl.cscrlbod

. by thc refre,ctod l :a.YS B.re o:

y  -  i t  ( x - t { )  + -  ¡ f
ñ t

z  =  J r  ( r - - Ì I )  1 . c l

fir

Uo shal-L endcavoL, to doi"lve tÌro r"cLa'bione;htp of the for:¡ v¿rltr.ss 11,

J ¡ ,  b t ,  a g c l , c t  t o  L ,  J ,  b ,  a n c ì  c .  T h o  p o l n t  P  l s  d c t o n n l n c d  b y

¡ ç = g * r . ( I - c o s C )

t ancl, becar-rso both cquations ho.Ld tru.s for tìre polnt P, l 'Ie have

1 r ' .  ( l - c o u  9 ) ' r  b  =  ! t  ( r )  ( l - c o s  c ) ' r  b t
n n

I Ionec, s l t rca 1,  1 l  atrcì  C €l l 'e Jnf ln i tc ly s;u¡.11 vaLues, uc may pl i t

(1) 
[  

ol";  o
(  c l  =  c
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A pLane tl i lougir l l  etnd por"pctrrU-cu.Iar 'co tho x-0.>:1s cuLs

tfro path (prolongc.J,  1f  nacosse'r , ¡ ' | ,  of  tho lncldcnt '  r ,ay.  at  Q,

and.  cu ts  thc  pa th  o f  thc  ro f rac tcd .  ray  a t  Qr .  S inco  PQt  l Ies

ln thc stiìuo pkno as, PQ c.ircl. Fì.1, I'1, A", ar:d Qr Lto aLong tho

satn() str:af.glr.t l1no. Lot us cierroto by B a,nd Bl tr 'ross atrglcs

mado b;r  the st : :af .ght  l1ne and PQ encl  ¡qt  I ' r rsp@ctivol .y.  Thcn

l t  boco¡ los obvious th '¿t  l iQ = r  aud Ì4gt = r
ã-';iÍ A s-1n-Il ã1*ñ-Tr sin Bï

t ' rhero ¡  anC At e.re the angl .es of  l r ¡c lc ' ì .enco anct refract lo i r ,

Consequc::t1y, l4Qt = g-' l t ' ì  -A.l  .  sln B t-I¡8- 
si¡r T-. F{E*$-

01. Ma.' = ron 
*, åiþ8, 

.

SLnco for tho polnt a

y = b r ' ! r
n

z = c + J r
¡ l

anc'[ foi. ths po3.nt Ql

,  
y  =  b t  +  l t  r

n

z  =  C r  +  J l  r
ñr-

and ths last  t r . ro cooi 'd ina. tes ere rc latcd to thc two prevlous oncs

ln th:e rat,lo l_iQ]-, t, 'o soo thst
. t'iQ

1r ' )
n

-Ð.
n

( b t - F l r r = n  s J . n B  ( b
( n'- 

-n r f j l î"Ht
(
(  c t  - l  J t i .  =  D  s l n  E  ( c

nT- ñf ãrÏ-ijr



atld

( 2 )

( 1t = n'ù -t'. lt'
( ---F--
(
(  J!  = rrc rr  Jr
( r

(  s i .n B)
Etli-Fr-

(  s i n  B )-slñ-tlr

n l b t_r;-

n l c t
T-_

Tlrese, e?iprosslons ArO str . ic ' r , ly  cOrYocL. Slnco B and Bf

dl-ffor. from a r,lgirt anglo by srnall vali los onl-¡ ', t-u bocorries

suffi clentLy 9.ccu.i"t ' .t:o to u¿'itc :

&
n ! - l t
N  - i fl l  = 1 - n t - n ( b ) = l + ( b )

Jr = J - I¡r ¡-! ( c) = J .:.¡ t  - n  ( c )
l i - H

Those ec$1atÍonsr (L and 2) contain t f ie sol-u ' t lon to our

problcmo -

Tho fact doser.vcs n:entJ.cr thaü thcsc fo¡'¡,-rulEic are also

ir,-¡nedtatol¡ 'appl-lcabJ.o to a boc,.m of rcflcct'ed 1-f.5ht lf r¡ei noïo!-y

substltuto -n fo¡ ¡f . '¡I l th t ire alct of such a rrlotiroC, tl:o foll-Iol 'r-

ing l r :vest lgat lons aro also vct"y easl ì -y extonded for the ctrso

t¡her.o,  lnstosd of  nefract lons,  ono ol '  ntoro ref lect lons occr l l ' .

For the solut lon of  the genet 'a l  problem of detol . rn in lng tho

paths of  l Í .ght  rays af ter  ropeated rofr 'ac 'u ions (nr +- 1)r  ! ¡o sha.Ll

uce tho folLoi'.'Í-tlg s¡,rnibolsr: -

rÀ

.No, 
Ì { t ,  Tt t ,  . . .  l l ' ' '  ar .e the polnts r . lhet 'o t Ì ro x-axf .s c l"ossos

the rofract ing str . r fe,ces.

ñ
1
I
j

i

?
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1 , 1 0 ,  1 ¡ t ,  ì i r Ì r
m

. o.  11 roprtcûot l ts t ,Lrc

surlfã.cos, al-i" 3-Ying, ln

ccr ¡ to rs  o f  the  z 'o f ruc t ing

tho x-s,>:i s.

¡ l

ñ " ,
r¡ l l  ,
nT

¡ t t l ,

ñr'--

m-r.1' .  '  ,1--.-  gre the relat ivo lncl lccs
nrt

of

tne d iuin

ar¡d l'Tt ) i

o u .
n

rofract lon ì . ìpon crossJ.ng fron t t re fJ.r"st

(bcforc N:)  i r : i ;o the seccnd (b ' ; t r ' root i  ÌT"

fro¡n th.e soconC. lrrto tl-r.e ttrl i 'd; âirrd so

M,,

t
t
t((
å

Ì

r77-

an

4 ? " * '

\
\
I

In the corplr-scnlâl '  theot"y,  the syrbols '  no,  h l ,  nt t ,  etc.  e. l 'e

d.h 'oct1y proport lonal-  #to thre veLocl ty of  pr .opagat lon of  the

Ilg,lrt; lrr . the undnlertory tl icory, the syrabo).s Bo , D t , tìtr, etc .

aro l r ì \ 'ór 'soly proport icnal  to tho velocl t ¡ r  oí  propa.gat ' lon of

the f. iglit i .ravos. If t irc last mecl.iun 1s th's ssìlne as the firstr

nm*3- bscortos eqrral to no.

Let the ec¡ iat lons for  t ! : .e pat l :s of  the l - ight  r8.ys bofore

the  f i r "s t  re f r .ac t ' l cn  bc  -3

no i  s t ¡ ' ' r c t l -y  t rue .

Pnr i  I ,  E>:p.  15.  )

/i ( ¡;4. ìto te : ThÍ. s

Book

1 s

ï ,

I
I
)

Soe  l l o : . ¡ t on r  s  t 'O i r t , i c l i s r t ,



B

y = ¿ : ( x
r¡o

z =  f -  ( x
no

Slur lJ.ar ly the eqrrat lons for  thc path of  tho ray'af ter  tLre f i r ,st

r ofra.ctlon r.¡oulld .bc 3

or'r. uslng

I to ) + bo-

Ì r o )  +  c o

-  Ì T o )  +  b o

-  l { o }  +  c o

of IIo, l.¡e hgve

(x - ¡ i t  )  -$  br

( x  -  ¡ ¡ t ¡  +  c t

(
(
(
(

(

( x

( x

e
Í  =  l t

Tr'

z ' :  . j l-ilr

l I r  ln

(
(
(
(
(

I 'hen,

uould

tho

b s i

tho pat i r  af i ;e¡ .  the scconcl  Ì 'efract lon

I'Tr )

ìrr )z =

J -

z =

( x

(x

(x  -  l l r r )

(x  -  l { r r )

+  b t

g t

b i l

- l - '  c l f  ,  o tc .

olâ

-F

+

rìiis

YN

II"

r

l n  t h s  s o r . l e s  . o f  1 ,  J ,

, b*, at, e.nd. clci:ote t!r<,n

p laco

d  1 l- ñ T

=  J t
ilr

eo¡ratl on.s f or

Y = 1 r l
ñ1r

J U
n n

1 n
ñ"

#:
Thcre fore ,  l f  we take  the  les t  te

lI, tr, c, nr.incl;,r ,m-rI, ,rn'!-L, n 
*''1,l-l t
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by n:oeius of an astcvis¡lc for & srr.pci'sc¡':ï-pt,

tborn r€,coffûlzabl-o as such, 1'Io havc' 1': i, J': i t

s¡.rrrbol-',- z1.ng, tl:e l-ast tol'rnrs of tÌ¡c soÌ'ios.

tho last path of ttrc l ight l '3-V, aftel ' t!:o

thon bocc¡ le :

l tr  ondor to tnl ' l ro

l{;r,  b; i ,  end. c; i

Tho oqu.atlc;nl l  for

lE.s i  ne i f rect l  or t ,

c

( v
(
(
( z
(

- 1.:i. (x - N¿r) .'. b':'.
niï

= Jt: (x - l.I*) + c':i
rÌ:i

F lnal3-¡ ' ,  !1 rre abbt 'or . ' iate bY sott ing

( 3 )

then, accoratng to

of the Last tuo*"

J,TrÌ _ Nt ._: ttl__n"ì¡-_

n l l - f ¡ l = U l

.ñl_---fl-t*

l { 1 r f  -  I , T l r  =  t l t t-l-r-rr:

¡ f  t l  l ì l l  =  U l r

trrlr--î-lfÎ¡

(
(
(
(

(

l { t  -  } lo*r-¡*:-

¡ t  -  D o

fC l't'

t r
l

uo

. . o  o t c .

the propcrsccl conr'etrt lon f oi ' the s1:'púï scl ' ipt s

1¡r  tha sor los of  refr"act ionsr l lo may t l r i te

tñ = t.-. and. uû = ui',

Thoncfore,  as a nosu. l t  of  tha pr.ovlous staternonts,

( 1 3 = l o + u o b o
(
( b t = b o + t l l t

(  t t t  =  l t  +  u r b f
(
(  b t r  =  b t  . r L  t i l l i l

(  t t r r  =  1n  4  ,a f tS r r
(
(  b t ! l  =  þ 1 r  +  t l f  t i l l l

ancl so forth; r¡Ìrcirco lt fol-l-oue loglcc.l l-y t i lat b;i atrcl l; i  aro

dotcr" in lned 1l-ncc¡ 'Jy by bo and 10. Thus, l f  wo su.bst l tnto



I U

ln tho sStnbol.isrrr J.rrtrocìuccd by nul-e# ( Corrrnctrt. Ìfov. .hce.i., Potro;cro1.o

VoL.  IX) '  ! ¡o  go t - :

(  g  =  ( u o ,  t t ,  ì f , t ,  t t t ,  u . t l  .  .  ,  t *  )
(

$ )  (  f t  =  ( t r ,  u t ,  t t t ,  u t t ,  .  .  .  t - : a  )
(
(  ] ç  =  ( r t o ,  t l ,  ì l t ,  t t t ,  u t l  o  .  .  1 1 *  )
(
(  t  =  ( t s ,  L t t ,  t t t ,  u t r  o  3  e  r , ï i -  )

_ 
The rceanlr:g of thls syr, ibolJ.sn bocoino-s cvlcÌont frorn tÌ :o fqct

t h r ì { ,  t f  f r o : 1  a  g l v è n  s e l ' 1 c s  o f  v a ] u o s  a ,  B t ,  n t t ,  g f  t l ,  e t c n ¡

s,nothor  so i ' lcs  A,  Af  ,  At t ,  At  t  I  ,  e tc .  J .s  fo i 'n tcc l  g i f  tc l '  tbc fo lJ-orr -

lng a l .gor '1 thtn,  o1 '  nathet l ia t lcaL pat to¡ r ì ¡ - !  l \  =  e l ,  Ar  = et  f i  { -  1 ,

A i l  =  g r r  ¿ r  *  A ,  A r t t  =  g t r r  A l ¡  { -  A ¡ ¡  8 . f i d  so  O Ì , ¡ ,  T fe  tney  r .a ' 1 to :

A  =  a ,  A t  =  ( a ,  a l ) ,  A t t  =  ( a . ,  { l t ,  â t t ) ,  Â l l r  = :  ( a ' ,  & t ,  8 t t ,  B t t l )

o t c .

F\rrgror, lt boco:nos soLf-ovldent that 1n ttrs eclir-etÍ-ons for

tbo t t r l rd coorcl lnator z,  the constât ' r ts fo: :  tþ ' r  l 'ast '  peth arc

.  dor lvecl  f rom tboso of  tho f l rst  ( lncldet l t )  pe. th 1¡:  a Í Ìa l l l lor

anelogotis to that cmployod ln the oqLlâtlon fot' y. Henco, }¡e

r¡'111 havo:

In  the  equat lons  (3 )  (5 )  ( ! )  a l 'e  cont ¡ i j -nec ' l  tho  cor ip le tc

( b.:. = gbo + trlo
( l r )  (

( 1-:r = kbo {- l lo

( c x  = g c o + h i o
( 4 )  (¡ - '  

( J t , '  = k c o + l J o

l i  Seo t r .a l tsJ.ator ' f  s  appctrc lS- : t  a t  eud of  a l ' t lc l l -o .



sol-utioir to otr-r problein.

Euler. l-ns olsc+r,¡i. 'rero cìcvelopecl ths most olø¡3ant Pola'clc¡tg of

t¡e ppevlotrri l-y rn¿ntlorisci e3-gor.lt lr¡us, of nirlch ônly tr 'ro need bo

rocal-Led to Yoilï rnJ.rtcl.

Ftrstly , Lt 1s aJ-t'raYs 'út'ue th;rt

( a ,  B t ,  a t t  .  o  .  n o t )  ( a r ,  a l ,  o  .  .  o * o 1 )  - ( a ,  & t r  g . r t  .  . . u t * ' l )

( a r ,  € r r t  c  .  n * )  =  t  |  ( u n i t y )

r¡h.o¡,e tho ulrper or tho lor¡er slgn ls oponativo; depencìil:g u;con

the nru',rbor. of at-1 t, l:e olentetr'us ar ¿r.t o o . afi*l . (1.eo, the

nunber m + 2 r"os;poc';lve.!-y odcÌ or' €vqilo)

Secorrc l l -y,  l t  !s  pc¡mlssf .bJ-e to rûvorsc Ùho oi 'c ìer  of

e lo r r ren ts .  T?ren ' (a ,  B t ,  a t l  ,  .  .  , r to ¡  =  ( "o t  .  .  .  e t t ,  Ér t ,

Fncm

values of

3
i
I

i

I
I

i
I

I

¡

I

I
j

l

I
I

l "
I

i
I
1
I

I
l

¡

iË

tho

a ) .

the

8 t

9,1

appl tcat lo¡r  of  tho f l rst  of  thsse equet lons to tho

h, k, ancl 1, lt foLlo'.rs t l-rat

trk = I (u¡:tty)

t

The oquat lo t ts  (4)  c¿t l ì

fon'o:

thei:ofoi 'o bo prcseil tocì. 1n the fo1l-oi ' i ing

hl;i

Bl¿i

hJ;t

8J;i

bo = lb¿i

1o +-lcb-:r +

co = 1c'l'

Jo =-l ic ' : : '  +



Lot P bo o.  gh'otr  pol¡ t  on the s 'uralgir t  lJ . t rg (prol-ongs;d l f

necessary),  represci lb lng t t ro f j . r 's t  parth of  t t re l lg i r t  l 'âV¡ and

J-ot  X,  Y, aud Z ba l ts coo: ' ld.Lrrate,so Tl :orcfoi 'e e 1lO hAve

noY =  lc  (X  -  l ¡o )  +  nobo

orr  1f  r ¡o subst l tuto for"  J.o and bo those oxprosslous a 'ú ther end

of the previoi ts l  a: : t ic l -c,

noY'  = (g1. l i  -  kb*)  (X -  ÌTo) -  no (bi ; r  lb;r)

Conseqtichtl-Y, 
( )

. b* = g"{l-l nll :._-9,_g_.:_N"J_ fx
n o l  -  k  ( x  -  t i c ¡

I

If uro snbstlturto tht s valtic 1n the fir"st ocluatlon f 'or the path

of tho l lght  r"ay ef ter  t t : .o lasü r 'c f rac?ion, narneiy ln

t = 
*ï: 

(x - ÌT¿i) * bz'i,

ancì lf r 'rs abbrevlate as fol, lor¡s:

( )
N.x- - -(:f! - ,a LI-:_g'oJ- n'"' = x'i'

n o l  -  k  ( x  -  N " )

'  
noY = Y;i
nol  -  l r  (x  -  ¡ to)

the¡r thl.s cqua.ll on becomes

y = lÞî +_JI (x - X-."')

. n *

fn slmJ-la¡ ni¿inneii ,  l f  i ' ¡e also r '¡rLto

nqz - z+i
ñc-r=-r-1-r1-iTT
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to-e tir¿ socoud oclnrrti.oir lor t lr., l  pe.tir of tho l igirt ¡a¡r ^¡a.'t '

tho  las t  ro f ro .c t ion  (p l :go  9) ,  tb i  s  becor i ,o  s ,

T1:.o poirrt Pii-r r-;hoso coorcJinntcs arc X;i, f l i ' ,  8.f lcl Z:t¡ r th';:,:c.fol 'e

11es on th.rc stralgÌ : t  3- l r ro (pr.ocìu.cc-cl  becl i t t¿.r ,d.s 1f  nocossai 'y) ,

ropl 'eso¡: i t ing th ls lest  pat :h.  Â1so, J-L 1s o 'bvLoug thr. t  t l ic

coorcì int teg of  ¡ , ; i  &-¿?o 5.ncìopoircì .ont  of  lorbo, Jo,  Qo, ancl  t Ì :o. t

thlsc cocrr.cìlnates, Lii-r Y.v, ar¡ci. Z-:i, s.ï(i tti.o scrnc fo3, all- 1¡islsi.e:ut

rays r'¡hf cb. pr-,,ss throu.gìr tb.o pof.nt Po l, io c&n conslclot. t lro poltrt

P as an obJect airc l  P;r  as i ts ! . r r ia.ga; t l r .e obJect 'cetn bo a roal

one only l f  P l1es 1n t l - r : , ;  f i r "s 'b rnedi l r . i ì l ,  or  (X -  i lo¡  ls  negât ivo,

.  
and also the 5-nago 1s a rcal  one. only l f  px Llos ln the l .ast

. 
rrrecliulri, . or (f:x- - Ì i-; i) 1s pos!-tivo. IFr otÌ:et' ce,sos, th.e ob ject'

'  G lmago ls vit"tr-re.l-.

Tiro potrits P ancl Pii l ic 1n tl io ss.nie pl"ane as tho x-rrxis a¡id

at dlsta.ncos thorcfrom r'.rhlch &t'e ltr t l ie t ' i ìt io of u.nf.t¡ '  to

no
ñe-f-=-l i-(]f-- lf-). A posttive or. notlatlve slgn of th.1s t 'atlo

ln  d ica toF t t rc  pos l t io i r  o f  these po ln ts  r 'ospec t l -vo ly  on  the

saJnc or on opposl te s ldes of  tho x-Ð.xJ.s.  Wo can rogâ. l 'd e systcnt

-  of  polnts ln one plenc normc. l -  tc thc x-axis es a eornposl to

obJec t  wÌ :oss  cor i rpos l te  lmage a lso  l les  ln  e  p lano no t 'n ta l -  to  th ls

a>: ls ,  and.  l s  s in j -1ar "  to  the  ob jec t  so  tha t  the  l lnoar  ro la t ion-

sh ipp  o f  the  par " ts  ( l i¿ .  no tc : .  o r  the  la tc ra l -  nagn l f l ca t ion)  c r r r

bo oxþ1Ì 'essccl  bY:

n o  - g + l r  ( f . , r - l i - : i ) .
ño'I-;Ir 

-(ï-:l¡î 
ñ:i

'  
The s16n o l f l fo ro i l t la tos  bo t r . ¡oen eroc t  o r  l t : vc r too  l rnnge.

7 - f ly: -:. Jt (r - Y)i ).
11.?
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Tha rnatet ' : î .a l  th ' i rs  fa l .  dcvolopScl  conùains the err t l l :c  thcoi 'y

of  t t re  dcv la i ; lor rs  J .ncìucod.  l r t  t i to  pe i ths of  J . lgh 'u  rays by rc-

f ractJ-on,  a t id  a l -so pct" ' . ' i l ts  C)>:Lônsi .on to  t t ro  CAsO l ' ¡ t lc re o l lo

o r  moro  ro f l . oc ' i ; 1o : r s  a i t e  asscc l  e . ted .  Th .e  cD .sos  o f  r c f  l ec 'u ion ,

hor.¡ovcr", uiì-J- ¡:ot be spec-"rf ica.l- l¡ '  pi 'eseltcrl  hei"cl.

I t  1s not  sn1>or- fJ-u.ous to  br . l rg  t l io  r "csul - ts  l t r to  c l i f fo i : ' ¡n t

fonn by u.s l . t rg  r r . ,s  po ints  of  t 'c fc l 'enco,  1 t :s ; tcc.c t  o f  thc ' ¡ár"c lcos

of  t ¡a  f l r 's t  eud Last  s ì r . i ' fqco¡  ( l lo  Er t : ¡ .1  l i+ t ) ,  t r ro  ot i :c t '  po lnts

Q anc'l Q:i.

.  The oquatlons fon t l :o f i t 's" paL;h of i ; ìre l igh'u rely uoul¡ i

t h o n  b e :

,¡.  and t t ' : .c  eo.uat iorrs for  tho last  pat t r  of  the l lght  ray woulc l  be:

i  ( Y = - 1 t t  ( z - Q ' t ) + B - l '
i ( -n.:r

ff vre sot l'To Q = w and Qlt - Ii:i = t:'*, ¡.Ie h¿it'e:
__lz,__ _n,ß

^ O  -  r r  r  ' . t O(¡ -r- l|rJ

G-X- = cti + r+;i Jx

Thcn, l f  ln conl ìcci ; lon r¡ i th oqtrst , lons ( t t )  l ' ts  subst l tuto

C  =  g ' - t . t , * } t

H = h + 1"8 + v¡i¡:¡k 1- I;;:'1

( y = 1 o  ( x
( n "
(
( ,  = _ J l  ( x

no

a) -r- B

a )  ¿ . c  ,

(
( 

" 
= li (x - q*) -l Cr..

nfi

b o = B + v ¡ l o

B ¿ i = b ; i + r . r - : l L ; i
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K = k

L = l- 't' r¿lç ,

1t fol-lor'rs t 'hat

B - : i = G B + H i o

. l-;i = I(E -t- Lio

c . x - = G C + H j o

J . : i = K C + L J o

fl

Til.e cocff lclet:ts G, II ,  K, s.nd Lo r '¡ ir . lch 1n thls ntel lncr l 'e-

p leco tho forner .  s¡ " inbo-Ls 8¡  l t ,  V,  L ,  a l -so obcy t i :Le ro- l .a t ion

GL - Ïìi( = 'l (ui:l.ty)

6 ,

Tho lntroduc'ol .on of  othoi ,  refor"enco points ls nad.o ln oÌ 'dei . '

-  to present a s l r ' rp ler .  dc¡rcncl .e¡rcy of  the posl t ior t  of  the cmergetr t

ray upoìr  thnt  of  t t re incldcnt 1"4y.  l ¡ot '  th ls pu.:rpose, t i ' ro pai . rs

of  poÍ-nts,  l th lch aro tc bc cì .c: :o 'u,cd bY E, Eì. '  ( f  )  a lnd F, Fx,  ( t l )

ar"o ad¡r l rabLy sul teå.

The velues of  the quarr t i l , los assoctatecÌ  vr l th theso po' l  n i ;s

Oasl3-y lend thctnsolvcs to el ' l"e.n8oiaont in te.bulal ' fo3"m.

( F ,  F t t )I (N, E,:r I I  (F ,  F¿ i

t¡
l - 1 -1

E

vf-)¡
I  - s--F - -c ,Õ

E

a
! , = l t r o 4 . n o l _ = E + n o-F- 

[-

q;-

G
't 0

H a - l
Ii

K k k

oL



The

lnc i .  cìoltt

- 1 6

resu.lt Js , tìrci 'efoi 'e, t i- l¡ it i f t irc cqur'r ',; loirs

ray ar"o pub lr¡to t?re foi ' ' in

( y = 1 o  ( x - E ) + B
( n o
(
( r = j 1  ( x - E ) . , ' C  ,
( n "

th:r f ol-l-ór¡J. ng f ot"rn, (rr'iicr o l','c dlf feron'cia.te

se  o f  t hs  p t cv iou -s  fo r ' n ,  by  u . s lng  acco r r t s ) ,

( y = Í o  ( x - F ) + B l
(
(
(r; '-
(

y = 1,8-.t
nl.l

of  tho

th.o co i ls  tautsot  ln to

froru tlio
n

ñs

.1 
0

ñ"

the for. .the oiäerglng t 'a.y beco:no

= 1 0 + ' k B  ( x - E * ) + B-rif-

or

z  =  l c0 l
r'F-

-J'-

Th¡tr thc r:-se of points Er E-:i-r tho dcpo¡rcl.c¡rcy of the last

pat i r  of  thc l ight  r i r .y on the f i ¡ 's t  pci ' i i t l ts  1t 'sel- f  to be GX-

prossorì .  s ln ip l ¡ , " ,  as fo l iot ' ¡s:

The lasL !re.ùh lr: is t l: i l  saíÌo posltlon r¡lt ir rofoi 'ct 'tco to t ' i :.c

polrit -rj; i  as r'¡orrl-d bc forrncl foi 'å tìy t 'e.ft ' [rc',;crl ¿lt R sÍ.n61c

tlti

l-r O

v

oquat i  o

(
(
(
(
(

(
(
(
(

( x - F ) ' r c t

s = l:__t_Eg (x E;r) + c

I
i
i

N
I
1

1 o'Í;'-
tl

J"r

i

I
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sphel.ical rcfrr:ctlr:6 surfcr:o of ra.d-'r-t l3 11 - n':.1 a'b 11, so1're.t 'at-

lng thc first nrecl-î-rrn fÌ 'oi,n tho scconC, this j.s e.¡rl>ì-lc¡'bl.c to tl:e

c&so r.¡lroro the first arrcì. last nrccìla aro di-s¡¡ltn.'r"l.er. lIo' ' .tQvr¿i't

!.f tÌ:.ey aro sinlJ.Larr oî t1* = ¡o, as by rofl 'âct:ì-on thru oile ol

sovsr"a-1- J-ensr.¡€; su.11r"ouncìed b¡' aÍr-r, thon til: L¿rgt path has t!:.<¡

santo posltioil rclatj.vrr to E* a,S lt r 'ror'.Icl h¡¿vo r'¿1atlve to E

lf ttzo refy¿rcted- ti:r 'u. an lnfinli:e1y tiún l-etrs a'ú E of focs'l-

lot :gt i r  -no .  In ot t rc i '  t fo i?r lS,  J- t  is  pel 'n iss: Î -bLc to repl .aCo thc
-ï-_

trarrsttion of 11gìrt froir tt io fJ'r 'st ' to ti l ' 'r J-ast mec]' ltr¡1, ltrcrr¡n*

lng sc*¿o1'¿ì1 1'sfr,¿stlons, elther'. '  by a. slngJ-c rofl '¿'.ctj-or: at ono

rofr .actor.y sui f¿rco or by nofract lon t lu 'u a s lngl-o letrs oî

lnfl-n:lteefuieJ.1y srnall t lúclrr:ess, d.o¡loncìlnii olì r¡ircttrcr the

arrci 1o.¡ ¡n"icìiß aï,o di sslïr ' i-L.e' '" or lr lcntice.l. It l  th¿r f : i .r 'st

the l 'c f rac ' , ; f .ng surfaco ls glven the redl t ts l :o--- !*r  a.nC l t r-]î----

secotrc l  ctso,  t i rs t l .uïn lens ls g: lven tr .  focnl  lengt.þ of  -no;
F-

eithei' ceser. t iro vortg¡: or the thln l_ens ls as.sr.l-nsd to be at E.

thon the cnorgont ray ls dlcpJacod 01. sh.irf i;cd the sârté amount

as E* Ls froin Eo Incf.detrta1l,y, t i:s sLgn of ttrc t 'aclius of thc

refract lng s ' ¡ : r face ts to bs ts. ]cen as ln Art : tc lc I !  th.  s lgn

of tho focal  longth l ¡ lL l -  bo consj-dol 'ecl  la. tcr ' ,  tn Ai . ' t lc1e 9.

.  Bocauso of  t l :c  s lgnf . f lcal lce of  t t ro po!.nts E and E-: i r  they

seetn r¡oL1 to ner ' l t  speclal  nor, tencl-nturo.  I  sh¡ ' r l l  cel l  thcrr t

the PRTI, ICIPÂL POrlTTS (r t f iau}r t I ;u i : l r teÌr)  of  t ì te systcrns of  mcdia,

Ot '  t t rs lorrsr  ot  thc systcms of  lo¡ lsOs to rr ' i r lch t Ï rey refct ' .  E

nay bo t :eì icn ns t i :e Flrst  Pt" iuclpal  P<¡ int ,  enci l  I l *  as t l :s  Sscond

f i rs t

Q ê 3 c ì  r

tho

1 r r
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Pr" incipa-L Poi-nt"  By Pr ' ! -ncipel-  Planos B.ro to bo ul lc lo¿'stoocì.

those t l r ru the Pr lnclpal .  Point ,g 
"nU 

p""pcncLlculal  to t i r : ,  x-

a x l s .

9 r
Lool<ltrg bacl<.LUlon tl:c-, pof.nts F anri ! i i , tho fo::¡rulao of

ArLlcLo 6 sho,.r that all lncl-cLont l lght rays prsslrr¡; t l :rr:r- tÌ:a

point F cori"osy^ord to erner..gon'c on3s r,¡ir j.ch arg panallc). tc tho

optlcnl" a::ls; ho',vÕvcr3, lnclclon'c raye r.¡Ìr ' ictr al"o psr?,J.1.cl to

ttro en'?s c,'û10rg0 sro a.s to !-rrtcr¡;cct ln th:: potnt F;i. f 'ol, l ,a,ys

tr"avol lng 1n l :ha opposl te d: i t 'cc 'b lon,  l t  ls  r ¡c i ro ly necor isary

fo lntcr .change the. fut :ct l -ons of  these po' ! .nts.  I f ,  thoreforc,

we extcnd tho couvontl-on ox.lstlng for, lnclLv-tdrreil" lerrcoc, !¡s

mer¡r cûll F arrd Fri the Focrrl. Poin'cs of th.e systcra of mecì.ie ol?

lenses to l ¡hLch thoy rcfer. ,  F ncpreeont i l :g tho I , ' i rst  Focal"

Pof-nt ,  end Fi i  nepr.esent lng the Socond Foeel  Point .  Tho plar:oe ,

perpencl lcula¡,  to the x-e.x ls ancl  passing th¡u the¡sa points,  ney

be ca]-Ied the Foeal. Planos. Tho formu.l-eo of A¡r',; icle 6 shor¡

that all rays v¡Ìrlch cross lrr any eït,t a-axíal polnt of tÌro focal

plano corrcspond. to e:ncrgen'c rays r¡hich aro lncl inecl  to ths.

axls, but l¡Ìú-ch aro- pât¡411e1 $:rrongst th.e¡rso-l-vesi co:tvet'se1y

the same forniulse lnclte.ste that a.11- na¡rs r. ' Ìd.ch srro not ps,r"all-el

to thc s,x ls cor.rospolrd to cne:"gcnt rays r¡ i r lc i r  cross the Second

FocaL Plano ln polnts dl- f fo: ' lng f ro l i r  F9i .
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o
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t i :eso four p)-enos, t ' ID a.ri"i-vc at a vory

for.  tho pos-r- t lo i r  of  the elúcrgcut re.y.

'n

¡

t :

r l

t l

t i
: i
! l
¡ l

t'
I

i

r¡5
; Ç -

ç N \

I

I 'hs congtru.t '¿1on ls pcr"fof:ì,1cd o.s folJ-oirs.¡:

Lot  ths lnc: ic lcn'¡  ray cut  the Flrs; t  Focal  Planc et  tho polnt

. (1) ,  t i : .o Flrst  Pr i ¡ :c l .pal-  PJ-s,no at  tho pott : t  (2) ,  Lc 'b a l l t ie

th ru  F  anc ì . 'pa l i l l l c l  to  (1 )  (2 )  r ¡oo t  f ;he  F l rs t  Pn incLpa l  P leno

aü (3 ) . ,  A ' l inc  parâ l le l  to  ü l io  ax ls  th* 'u  (2 )  r - ¡ec ts  t l re  Second

Pnlnc5.par. l -  I l -aue at  ( l+) .  FlnalJ.y,  let  a 1lne pa: 'cr ì . l .e 3- to the

ax!-s,  thr"u (3) rneet ths Soccn.J.  Focs. l  } leno at  (5) ,  Tho¡r  tho

posr i t lo¡r  of  thc c inet 'gÍ-ng ray i ' r i1L bo gf .ven by ( l l )  (5)  or '  (5)

( l r ) .

Tiro values of  thc coor:cì l t r : tos aÌ 'o given ln thts l j . t t -Lo

tabLc :



, !

5

20

Cooi'd:t l t¿:i ;  c s

?oJ.lLt s x v z

F F o o

( 1 ) F B t c l

( 2 ) E B c

(  3 ) E B  -  B I c c a

(  4 ) Ex' B c

( 5 ) Ft:t B  -  B I c c t

It theycfor"s foLl.o'iru fro:n the fornii ' . lac of ArbicLo 6 ttr- 'rt

the er iergctr t  ray passcs t i r ru thc poi t r : ie (4) aucì.  (5) .  Passa.g,e

tluu polr:t ( l i-) folJ-or.¡-s lru;lecliatcl-y, but pa$sego thru polnt

(5) fol-Loirs bcce.uso thcso for¡i iu.l-e€: Rro tr"ue:

B - B ¡ = 1 o  ( E - F ) =  1 o
ñCT E_

C - C r = . j o  ( n - f ¡ ) = J o-ii" Ï-

fn th¡ most ccrì-rlnon caso, vrhrorc ¡it = no, 1t catr be soûn that

F-:r é Eii = E - F. Thc:r, thc. constl 'ncùlolr becomos even slnpLert

becaqse polgt  (3)  bcco: i ies s ' . :pcrf ì .nouci  l tCI  nood onÌy to detcr ' -

m lno  pc Í r -p ts  (1 )  (21 ,  a ¡c l  ( [ ) ,  a ¡ rc ì  the i l  d l , r rn  ( ,+ )  (5 )  pa t ' r ] Ìe l

t o  ( t )  ( u ) .

I f  tþe dj . r 'ecLloir  of  thc lnclc lcnt  ra¡ '  J-s such es t ,o pirss th l ' t t

E,  t ì rerr  t i ro c i .J.r 'oct : ' r -on of  t Ì : :  cncl '3ont ray 1s Such ns to p. ' r .ss t ì t i "u

E:.r. Tn thc cal.s-J r':hcro rr. i = no, tho incicìent at:d er' iot'¡;eÌ' i t râys

thru E ancl l i-,-.. âr"o pat-'Al-l-el to eech othsr. It ls cull io:nn:"y (ln

I
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s fun i r l c  lonscs)  to  ca l - l -  snch a  ra .y  a  | tp r inc ipnL t ,ây t r .

Th.e c l ls tances of  thc Soco¡rc1 lno.o. t  Pl .ane fron th:  Second

Pr"lncl-pc,)- Pl-aue, ancl ttro F:î.rst Pnlnctpal Plano fror¿ thre FÍrst

Foca.lL PJ-ancr or the val"u_cs -i l-t.: r -r¡o, could be callocl ths-T 
E-

' '  Itfocal- longthst' of the systcrn of rrreclia. Ho\.rg.u'oï., i t sccrns rìrorre

appiloirt ' lato to l-i lnLt thc u.se of this no¡'ranc1atu.r"c to ths caso

r ' ¡bero tLro last  rncd. iu:¡  1s lc io l : t i .cal  uÍ th tho f i rs. i ; ,  1n r . ¡ i r lc l :

cc {se  tbeso c l i s t ¡ .uoes  e . t 'e  equn l  to  each o 'chc i ' .  ïn  o t ,dcr  to  con-

fof  in to . t i re usual-  convcrr t f -on,  r ¡e cotr i ]1dcÌ"  th.o.  focal-  J-engih

pos l t tvo  l f  the  f i rs t  p r . lacJ-pa l -  po f . r : t  l s  roprosented  by  a
'  largor"  coo¡ 'c l ln¡ tc than the f i rst  focal  polnt ;  thr :s,  thc focn-t-

' length car: altreys be oãpilossed. by *¡lo = ¡1il
I(* F-

19:
In the for'¡nu-J-ao cler' lvoct ln Jirt lc.l-e 11 for tho locatiou oÍ

ths j.r i iago, lt ls obvlous]-y per.tnrsslr¡le to rcplaco ÌTo, ÌI.; i  by

oth¿r '  poln ' f  l r  l f  r ¡c subsf; iÈuto,  l r rst .aad of  g,  h,  k,  1,  thÐ

col ' r 'c¡ßporrcì . ln3 G, H, Y' ,  L.  By ct :ooslng thc pi , lncS.pal  polnts,

vlo got the fo3-l-or.¡ing or=.plaossj.o¡rs:

x-:t = E;r ; ti.:¡ (u - x)-;--¡-
r ¡ o + k ( E - x )

};- = noy

ii"-rF-f-(Ìt - x)

Z ' : " ' =  n o 7

. 1 "  t  k  ( ' E  -  x )

The f l i 'st forrnrl-c. cEil ì  t 'e glvcri tho foLL'o', ; i¡Ll i  fol '¡=l: -

n - : . 1  +  no  = :  - k  .
x-;i-Eìi E-X
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I f  r ' ¡e sol-oct  t l :c  foca. l -  polnts,  r lo gct :

X.,-' :: Fi + non-)¡*,¿;.

k-(r¡  _ x)

Yr* = noY
E--(Ït:..¡¡

7+i = noz
E-N; , -  N)

Bcc¡¡u-.se of fr"equerrt usa.go, tho for,riuLae rnuy bc prrt i¡: 'oo

tho for¡r¡s rqhJ-ch. they assu.ìno lf the f- 'Lr.st ar'¡C lairt rnocìla. ai?o

l-dent: ical ,  end the focal  lerrgt Ì r  is  cal .J.cd f  .

1 + l - = L
)(frff.,i FÍ r

(x* -  Þi)  (r '  -  x) = 12

( l ê i = f  y  = - T ( x ; r - F . ; r )
F'rx _--r-_"-

Z* = I Z = -Z(y:ï, - II*)
(FX)

t

1 1 .

Tho  fow  CarC ina l  ?o ln t s  (o : :  r rAss l s tenco  Po ln tsn ) ,  E .  E i r

F,  F; i  lose.  the ln eppl5.cebt l i ty  ln  t i re  specia l  case r ' , 'hor"e

k  =  o ,  1 ,  € . r  r "he re  those  po ln i s  a . l ' e  ccns lCered  es  l n f i . n i t e l y

D.ppÌy tho above-nletrt loned gci:er"al- fo:,rru.lae r.rT:: ich he¡.o t,el(e

tlro fol l l-ouing forin:

I f  the e i t r ia t lor lc  f  or  the 1 l :c ldent  l "ey ero



th.en thc oquations for the eäaorgcnt ray ar:c

y = .lfo (x - l{*) -l- gbo +- hio
r¡o

z  =  l J o  ( x  -  l { * )  +  g c o  t '  h j o-n:ã

ïf l¡o s.bbrer"J-ate by sc'i;tln¡,, ìÌ;r -hnii = litiÌ?r or, wlllch i.s-T

equ iva lcn t  (s lnce  g l  =  1 ) ,  to

Ntt - ghn;i = lüi';i ,

then these fornrul-ae' bocc,;re s!"nploi ' yót, nzuneì-y:

' ( y = 11o (x - lT;r;r) { '  gbo
( -nä

(
(  z  =  J .1o  (x  -  N i i x )  -þ  gco
( 

-æ¡

Fo¡ ' .  the posl t lon of  thc l .nage of  t t rosc polnts rshose eoordlnstes

at,e Xn Y, Z,  v¡o get tho cooi ,c l lnatcs
2

X-:i = ¡¡;¡ gh¡:;¡ -_n-,: g- (No _ x)
T"'

2
= giirr -niig' (X -)í)

" . -

. =  
g  Y

z = g z

Tt  t Ï : : :n  boc .o¡ ,e  s  c l r - r Í r t3 r  f l r s t i y ,  tha t  thc  po l r r t  on  the  * -o* i ,

o )  ' r  b n

" )  +  c oI'i

( y = l o  ( > : _
( n o
(
( , =  j l  ( x -
( n "

f;.

i ¡

ít,
,' i
1 ;

f
i \
!i{
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l¡hlch by ortr noi, ' ioncle.tu¡c l- s tor.nccl

of  tho polnt  l , lo,  and secoÌ lcì l -y,  that

tho parts of  the colnpoel . l ,c  l rnerge Ls

ratlo g ol: I
T  r .

Jí-:i-: 'r rcpi"csonts the lrlago

t l :e l lnear reag,t : i f lcat iorr

coi ' ¡ f l tant ,  nenol .v l r :  t l ic

V.

Ths ( ;û.so cor ls ic le i :ed in tho pr"evÍoue ar. t j .c lc aÞpl- los to the

telescope r'¡h:r"c t, l 'rc l-cnses ar"c a.cì-juctcc] fo:r a nornial oyo shar,pLy

vlovd.ng at i  lnf in i to l -y dj .str :ut  objcct .  Tho ¡rbove fo ' r rnu-Lao 1n-

dlcate that  t t ro d. inoct ion of  tho errrei"gcnt r"ay 1s dcpencìcnt onl-y

upcn the  d l rec t lon  o f  tho  incJ .dent  r . ,ay ,  Thcre for :o ,  lnc ldent

t?trys pa.r"a1ì-o1 to eaeh othei" corr.csponcl to paral.IeJ- eraor"gent

re .ysr  and the  tengont  o f  the  lnc l l r ra t ion  o f  the  lncLc len t  rays

to t ,he,o: iLs ls !  t lmes thc tangcnt of  tha lncl tnat ior i  of  the
ï

emet'gcrrt raJ¡s to the axJ.s. Tha nrulbe¡ f = l. ls th.eroforo lrha.t
g

1s  ca lJ -ed  tho  magn l f i ca t lon  o f  the  tc l -escopc  anc l  l t s  pos l t l ve

or '  negat lve s lgn lnc. lcates crect  or  1n'¡err tccl  appoc, l rance. I f

l re lntor"chango ths funct ions of  lnclcent or enrergcnt ra.ys by

faclng tho ocul .ar  g lerss tor¡ar.c l  t l :e ob jects,  thon tho objocts

bettg v lor¡ocl  soern di ln ln lshod. ln tho sanìo r"at io.  Upon thls fact

1s bascd that convonlent and- o] :s.ct  rnethod for.  dotcrrnlnlng the

Magnlfy ing Po' , ¡or .  of  a te l -e 'scopo, r¡hi .ch r  rcportod tn r8e3 in

Volu. , re I I  of  the rrAst l 'ononl-scho l iachi ' lchir i -ngenrr .

Anottr .or  r :c. t l :cc l  of  dot .c ' r ' : r i ln i r :3 thc nagnl f icat ion deponcls

üpot't tt:¡ col::pal"j-soll of e.r¡ cb jcet r.¡1'bh i is irnigo v¡j.{,t i  l . i ;sâi'c'[

oî

T
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to Ll-nsar r"cJa.tioirsl:11p. R¡.nsdcn ls l)ytrr.-rne'ucr J-s tro{,!:-{-n6 tûoro

tlran a ci.ovico to:ceaslurc tire cì.lErinetor" of t l ' le.r irr:ago a.'c lí; i¿t of

the clr 'cuJe.r 1:oriphr:,r) ' oî tho obJoct,f.vc. One r'¡ou.lcl naturetl ly

fÍrst havo tc o.sco¡tal¡r l¡ì.¿etirc¡ thls irn:..6o J-s.¡ roal c.f J.s

possi 'u l -y of  a v i r tu.al  nature.  Tho trøga, ln orc ' [cr"  to bo

roal . ,  r r ' tu-st  eat lsfy '  tho cond. i t loa t t ret  g l :n; t  t ,s nogl i t ivon Tn

tlre GllLllc¡ln tolescol:re, ni:si 'oin thls 5.i i is.go 1¡¡ onl-y a vi:.tu-al

one, 0.r1 e-) tect  resul t  could bo obt¡ i i r :cd ouly r¡ i t l : .  a rnlcrol , tot i 'J-c

rnl ,c i"oscoLre,  r ' ;h5-ch uonLc' [  e lso dcsoi"r 'o pi 'efe: . 'enco i .n el1 cascs

uhel"er grea.tor pr.oclsLon is rec1r i5.r 'ocì .  BesÍ-c los,  1t  be coúte s c l .e i i l '

fnonr thc pr.ovlou-s artlcle that Lt r '¡ould be j irs'r; as trsll- to u; e

an €ipplopr ler . tc object  at  a f f r r l l ,e d. f  strrncc f rc¡r  th.c objcc 'o ivo,

as long e.s thc dlstance cì .oçs not becone so greet that  the lmago

ceasos to be rsal-  or  at te ln*tr l .e r . ¡ i t t r  tho t ravol in¿; r i t ic i .osc.opc.

I '5.rral^l-y, 1t rna.y bo r,:entJ.onod that thc point ÌI+i;¡ 1s the orro r': i i f.ch,

ln t l ro t t roor"y of  'btra te l -o.scopo, is l .ocated at  tho centel  of

thg  t toye- t  lng f l .

1 3 .

In ordcn to apply tho genara. l  r"ul -es of  t l rc socond. art ic lo

to tho caso of  a sfuuplo gless lens,  t r9.  cìenoto the refr . rct ive

lnclox et  the t ransJ.t lon f ro¡ l  a l r  J-nto gl .e:ss by r t ,  t i : .e r '¿rc l l i  of
ï

the f l r "st  and sc.corrd sul . facos b) '  (n I  )  fo a.ncl  (u -  I  )  f  t ,  and

the  th ic l inoss  o f  th ¡  Lens  by  n  o .  In  th ls  cesû,  r . ro  havo,  therc -

folo,  the foJ. l -o: ' r1n3:

l.

¡:
1i

't.:

t

t

,
,lâ
,

l
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n o = l

n t  =  l l

- i l  Ir t a

t r = o

u-o = - l
To

u l = J .
8  T t

and colt s oclrr.c'trtl;r,

8 =  I  + t r o t = f o - o-i*- u o  + u l  + t t  u o u t ( f o  - : - f  t  -  e )__TTî--k +

] = l +

focal -1-engt' lr  f t

r = {-ål
fo-l-f  ¡ -c

h  =  t l  =  e

For the ¡'cs;ultant

For both Pr"1lreJ.Pal  Polnts,

to ArtJ c l -e 6) :  Þ

q t N = f l - e_f_r_

!¡g have, eccoi 'di: :  g t ,o Ar. t lc l -e 9:  -

:l
I

horo dcsirgnatecl  by E, El  (accorcl lng

E = N o +  o f o  æ l { o + o f
1,wl{n:s_. fî

E l  - N r  -  e { : _ _

f o-rf |  -o
= ÌTl - of.

fo

And for thc tr . ro Foc¡. I  lo lntst F ,  F l ,  u e  h . e . v e ;  -

f  =  l . I o  f o  1 ¡ t - o )F = E -
f o  +  f  ¡ - e

f o  ( f c - c  )
f "r"f t -;

F l =  E t  - ¡ -  f  =  l l l  +
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For' 'ol '-re pc,ínt of i l i ' ;ersoctlon of tho pnth of tÌ i:¡ pi ' lnci-pl 'J-

ray r.r1tÌr th.r nzls, tre flncì:

x = l.Io + no{o = l,Tl - f.,ef:
f o-rf r to'..ttt

Thls pol . r r t ,  v;LrÍch ls lndepond.o¡tD cf  tho J. t rc l - lnatJ.otr  of  t i re

pr lpclpal  r 'ay,  1s ca. lLocl  by sone r ,n ' i tor .s l rhe t t0pt1ce.1- Cc'r ' ¡ tcr"r f

of ths le,i ls, a tc:irn scerrcol-¡l rrrcr' l tocl by thls pof.nt ( '. ' .=h:ich

possesses no tlnr-1srr-cll prol:er.t ' .:ì.os ) " 1'ìrJ.g 'bc:trn.itrol-o6y srjcms to

havo lecl  to ths et , ror  o1 consldei" lng the s i r r ip le l "o l¿rt ions

oocrrr io lng at  en 1n-f ln l to l .y th ln lsns ns el ip l - icable to th lek
'  

lenses  by  n leans  o f  re fc rcncc  to  t t rc  op t ica l  co¡ t tc l ' .  f iú .s

anol.ogy 1ro havs shor;n to be J.nr,¿ll lcl¡ sinco onl-y by rcfcrz'1rt '¿

ttle object to tho Fir.st Pr' lrrclpal PJ-p.no a¡r'J t lre irna.ge to thc

Sscor:cì. Prlr:cf.pcl Plano can ti: lck lo:ls for'¡ iuJ-ao be r¡ads to

. resel,rbie thin l-ens ecluatlons. /\nyr:ery, l le cc.nnot spoalr of tìre

opt lcal  eontel '  as pr-oviously cìescr. ibccì . ,  l t :  a sy 'storn of  sovot 'a l .

lonsesr &s ln an achrornat ic d.oublc object ive.  Jf  l t  t ¡ore

dgslrable to : :etein tho tor¡ l  r rOpt lcal  Ccr: tcr ' Î r ,  thcrr  I  r ' ¡ou. lc l

consic lon l t  mors appropr, late to apply l t  to tho polnt  ly lng

mlcluay botr , ¡een tho trvo pr l .nc11,s.1 polnts ( thorcby also mldr ' ray

betr . ¡oen the tr . ¡o focal  pof .nts) .  f f  a lens ls symr,retr lcal- t

.  thon the iorner ' ,  cor i l ïnon dcf ln l t lon of  t tqpt . ical  Cerr t , ¡ r t r  coj . ¡ t -

bas the usofu. l  propor 'oy of  bc- ' tng casl . ì -y s.nd accurateJ"y de-

toyr,r i l : rable by r ,cvorsa. l  of  the lons,  bccatr .s.r  l t  ls  obvlorts ly

the poÌrr t  r . ; Ì r ich rotai .ns t i r l  $¿ì.n:r  posl i la¡¡  af tcr"  rcvorrsÍ i l -  1f

thc l -ocat lon of  th¡  l rnrge ls to bo utrch:rngoC for"  a f innl-  obJc;ct .
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It may bc r'roirt iona<1 thrat th'e dj-steirre,e o-f the tr ' io pri.ncirpal

po5.r:ts fron o9.c:h othc'ì '  bccorces

f o+ f  ¡  *o fo+. f  t  -s

Tirerofore, lnrismuch as o ls usrially vcry smg,l-l- 1tr coiipli i" lson

to fo-r f  t  -er  f , ì rc scparat ! -o i r  E1-E 1s hnncl l -y â.pprcclLabl-y di f feront

froln (rr- l  )o,  uhjch is thc so. inc €rs thr¡  th ic l t t tcss of  the 1or:s

(Itcl, not:e: [nrr) multlpllccl b¡z g{.
tì

llt.-

In A:: t lc lo 2r-gcnoral  fo i :nr ; . .Lrre t ' roro gÍ .vcn by means of  rvhlch

the pa.th of the onorgent ray ls cicter.r, ltrcci frorn thir prrt,h of

t l :o lnc. ident ray.  Tt  ls  posslb- lc,  fo i .  t l ie cAso crf  a systoirr  of

coa.xle.l Lenscs to use. tnoi¡c coil ' ,renl'-etrt oqrratioi:s by f.ntroclucÍ.t ig

the focerl lerrgths of t l i ' .) i l :0.: ivÍCus.l. lot:rgcs enC. the ltrtcrvals

botr¡cerr tho Scconcl Pr"Lnclps.l PoJ.rrt of orro lens o.ud thc First

Pr i r rc ! .pa1 Po l ¡ r t  o f  tbe  ncx t  succêss lvo  le rnsr  lns tcad o f  the

racll i of cu.r'vaturo of tÌ:e lrrd.iv:idrzstl. t 'cfracting surface s and

thelr n¡utrr.gtl sepa.r.atf.onso Tha uer'¡ fot'nu.-l-ao nol¡ becorrle vcLr-y

slmlLa¡" to thoso of  Ant lc l .c 2,  but  cotr . ta i r ¡  only hal- f  as rnany

el-or i ,onts.  Slnco t t re 1r.  c icr ivat ion f i 'om the pror ' loug rnatei ' iaL

ls c1ul ie s lnrplc,  i t  v¡ lLI  be sr-r f f ic lont :  to st 'ate t l iorn hcl 'o 1n

convor:l-ent fot'm. l..ro cal-l the focal- len¿t,hs of tho lncìir ' . 'rCttri lr

succcss l l ' c  1 .ense.s  .  fo ,  f  t ,  f  t t ,  o i ; c .  ;  thc ' i  i '  l r inc l } ra :L  Po- ' ' - t : t s

(c l l f Íc : . ing f i : 'o i l  t l :c  prcvlo: . ts not¿l t lotr) ,  1{r  t , {1L denot.e l - 'y  t r ' ro

2

n

i
i ;  '
r í
i å

it,¡ ¡
i ¡
t t

l l
t i
t i

t
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.  so ts  o î  s l n r l bo l s :  i . on ,  t hc  sL r -cccss l \ ' e  I l i l " s t  P r i t l c i ps . l -  Po l - t l t s

v ¡11 -1  be  Eo ,  E t  ,  E t t ,  o t c , ,  and .  t i t c  succossJ .vc  Scccnc Ì  P r luc ipa l

Po ln t s  l r i l - . 1 .  be ;  I o ,  I l ,  T t ' ,  e t c .  To  ¿ r .bb rev iâ te r  t ' I e  l ' t r i t e :

E : t  -  ï l  =  t r r  E l t l  -  l *  =  t t l r  ,  e ï c "

.  s i i  =  gco + h jo

Ji,- = lcco + l jo ,

- l  = l lo*fo

E r - I o = t ¡

Þ ) i = g b o + h i '

L x = k b o + L l o

l .  = t t l
T'r

- l
T r f f  =  u l t  ,  e t c ,

f

Tire lest  terms 1n these scr: ies rnay bc n:¡ ,nked v¡1th an astor ' ls l t  ( ' : t ) .

ïf r¡e rrTita tho oqu.a'úlons lor t l:.o lnclcicnt ray ln th.e for"rrt

(  Y  =  1 o  ( x  -  E o )  J ' b o

I  z  =  Jo  (x  -  Eo)  { -  co

and ths ccluat!ons foi" tho oi;rcigcn'u r,ay ln the fo-ì-lol.¡lr¡g fot' i :r:

( y = i-:i (x - I.x) .F bii
(
( z = J ; i ( > : - I - r ' ) + c - : t

ar ic l  1f  tha foru 'values g,  h,  k,  and 1r âr i  detei .n inod throtrgh the

for.mule.o Ei iven ln Ar: t i .c le 2,  cguet lon (5 ' ) ,  are l r icnl : icel-  wi th:

.l
' E

I

:
i¡

I
thcrr ,  fo: '  the t ' , ¡o Pr lncipal  Poin 'bs of  the Rosul- tar t t  lens systc:r ì ,

we hsve:  -

fo¡ .  tho Fi . r 'sb Pr ' lnclpo. l -  Pol l i t ,  x  = Eo -  t  -  I
k
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In addlt lon, l lo hane, for the t to Fo"of pofnt" of the lens

system,

for. tho First Focs,l- ?olnt, x = Eo + 1
E

for the Secon.J Focal Polnt, x = f* g
F

Tho focal  length l tsel f  = -  
*

The formulao fon tho cass r¡here the syston conslsts only

for the Second Pr lnolpal-  Polnt ,  x = f i , '  + l -g .-T-

Ë

I
j .

:.
ii

{ i  of  two lensos deserve especlalLy to be i+r. l t ton hero.  In th ls
ti

E  C a S e ,

I

¡
I

' t '

l:.
I

tt
¡í
i l

I

I
: E

i

A = f o - t l  h = t l
:fo-

E o  +  t l f o
Tlf"r-t t

t = - ( f o + f r  t r )

a n d  f t  t r f r
ÏFf,rEõf

1 = f l - t t
-r--

Thol values of x for the tr¡o Prlnclpal ?oints arre:
/

and the focel  lensth = fof f  .
rrjTÎ.!,=rr

It ls apparent that these for¡rulae are entlnely analogous

to thoso glven ln A¡tlcle 13 for. the determlnatlon of the

pr lnclpal  polnts and. the focal  length of  a s lnple 1ens, and that

t t  l s  more ly  used ln  t t re  p lace  o f  e .  
'

Tho separat lon of  the 2 Pr lnclpal  Polnts fnon one another



- ¡ ,

Ë

l - n  t hc  c&so  o l  2 .  l - ensos  =  11  . '  Eo  t t  ( f o ' r f  t  ¡ ,  v rh i ch  can
ïroÇ:Írr:t-r

.  . 2
also be r.¡¿' l t tcr¡ lo Eo + I t  Er -I ! !_-_

f  o-¡- f  |  - ' t  I

ff tt ls ve1ly sriel-l-r B.s is alr.rays the ceso v¡i-th achi'olnartie

doubl-o len¡:cs as ustral ly constt" l rcted, t ì ren the Lastter"n bo-

corlrs. negl-J.gible, and hcnco the sopa-r's.t lott of thc tr ' io pr'Í.trci.p:.1-

polni;s for such e <1 oubl-et ls e.ppr"oxlmately equal to ihe surl of

the trto separstions in th¿ inci-ir-.¡i.cl.ual corlpononL Lc',nSes.

F\¡:ther, lt f.s seLf-cvlclont, that all thoso fc'r 'rnttlae eppear"

lng ln this ¿rntlcLe ar¡o app1icebl,r.; r.¡lthout cbugo r'rhero, tnsteacl

o f  s1 ; r ip lo  le i rsesr '  sys tens  o f  l cnses  a . re  to  be  un l ted  ln to  one

.l¡iroLc 
syste:n"

15.

The opt lcct l  p¡olrert les of  a s i r r ;o lo lensr BS r ' ¡e1l  as of  a

syste:n of  sevcraÌ  coax!.al  l -ensos, dcpotrdsr.  as f ie have sl to l ' in,

upon thror-r  e lor tents,  whlch Ae f lnst ly the l "ef l 'act j .ve l t :dex

(or  tho  ro f rac t i vo  lnd lcos  l f  they  ane d i f fonent  fo t '  c l l f fe ren t

Ìenses) ,  second ly  tho  pos l t ions  o- f  the  vo i t i ces  o f  the  re f rac t -

lng surfecos, and thirc l ly  the radi i  of  tho refz,act ing surfa.oos.

Slnco thesc veluos usua. l ly  aro not l ¡ rnect j .stc ly ì<nor.ro,  nent lon

may be rnad.o of  the nrcl ,hod, by i rh lch,  cot lvêrselyr  thcse t l ¡ 'ec

oLenent,s niay bo detonnlned by.neat ' ìs of  tb¿ opt lcaL propcr l , lcs.

l le v¡ t l l -  denotc t Ì ra ve¡ ' ious polnts on the e: l ld as fo11-o' , rs;

i t
: l

t
, rl

, l
t

ç
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X a .n  obJec t

Xl 1ts l.raa.go

F a¡rd Fl  thc Flrs 'u and Sccond FoceJ- Po: ln i ;s

and f ln1l ly D, a poiunt thet  ls  ph.yslcaLl-y j .n c lor¡s col lnec'cJ.on to

the iun,  (o¡ :  lens s) ,stc¡r) .  As a. l -vrays,  r ,c l ¡1 lL usc the s ' . r f le

le tüe i .s  to  Csnot ¡  tho  coor "c l lna tos  o f  t i re  po- 'Ln ts ' ln  qu-es t ton '

Ft t r t i l : , r . ' ¡noro,  t r ¡c set  th l  focaL S-ength -  f  r  and ths c l ls te 'nce of

t h e p o i r r t  D f r . c n  t h e  f o c a l p o i n t s  p = D -  F a t r c l q -  F r  D .

The th,r"oc va'.h:.e$ f, Pr q cg.n bs regrrrded as ti.re Ole'm¿rrts of

t5e Iens, and îo¡ tholn cctor"¡i ln¿lt ' jr-o¡r tÌr:,rcc 5-trvr-:stS.gntLoirs

ul l - I -  a l -v¡ ,?ys bo noctssD.Ì"yr  s lncs the c l lstances'  of  obJect e ' t rd

lma.gc ft,oin tho polnt D ri:ust be rtes.strred for threc dlfferent

posf.t lorrs. tr ' Ie r¿i,s!.r to solve tir ls pi 'ob3-on at ftr.9t ln a vol"y

goucnal  t IeY.

.  Lot  the valu-es of  D -  X and Xt -  D bo denotecl

l n v c s t l g a t l o n  b y  a ,  b ;  l n  t h o  s c c o n c ì  b y  a r ,  b f  i

th lnd  by  a t t ,  b t t ,

Tho gonora. l  equat lon:

thorr l¡lLL glve tts

( a - p )  ( b  q )

( a t - p ) ( b t - q

( a "  -  p )  ( b "  q )

tr i rence, by el l r r rJ. t rat lcn,  l 'ê $ot

p = a - (at:st-!{ '-¡ e) (u' -*.þ' ')_--r-

( ir

l n  the  f l r s t

ar:c1 1n tho

2
f- X )  ( X t  F t ) =

I

_ î 2

2
) = f -

= f 2

2 ( a t - e )  ( n t r - e )  ( a t t - a t  I

R 2 .

( u * u r  ¡  ( b - b " )  ( b t - b r r ) .
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l ¡hor . .e ln  t t re  a.bbr"ot , l i t t ion 1s uscd- :

f t  =  ( a " - q )  ( U - U t  ¡  -  ( q t - a )  ( b - b " )  .

R ca.n al-so be put into tho fol-Io,,; Í .ng fo: 'rn:

f t  =  ( a r r - a 1 t  ¡  ( U - l t  ¡  ( a t - a )  ( b r  - b r r )

=  ( a r r - ¿ t ¡  ( b * b " )  ( a . t ' - a )  ( b t - b t ' )

Then p altcl q cen a-1-so be r.¡r"l i tctr as fol--l-o' '¡s:

P = at  -  ( { :g) - ( - " - -a . t  ) - - ( } - -br r )
lt

I

¡
I
I

å

=  s t t  ( a t t - a )  ( ¿ r r r - c , . t )  ( U - l t ¡
Þ
t t

=  b r '  ( b - b t t )  ( b t - b ' r )  ( n t - e )
-.ii

¡ t

1L-

. To the gcnoi"al solu'blon shorn: l-n tire p:"ovlous a:,t lcl-e,, a

fow re¡nar"ks must be appcndcd.

l .  I t  ls  presr: . ¡ r ¡ rosed th¿rt  ln the 3 ln i 'est igatJ-ons, tho

obJect bc on ono a:-rd the sa.mo sldo of  the lons.  Shou. lcì  1t

be  conven ien t  to  enp loy  t i re  lens  ln  r .e '¿orsod pos l t lon  1¡ r  ono

of tho exenlnet lons,  then l t  1g to be imegJ.ned that thc lmagc

ls  thc  obJec t  anC v lco  vor 'sa .  T t ru .s ,  t lùs  c3 .sc  cen be  ro la ted

to  the  prcvLous.
2

I- f  .  ï f  v lcucd by ! , tsc1-f ,  thc fornula fo l ,  f -  lear¡cs l t  t r ¡ -

ce¡: te l t r  u i :cbÌrcr .  I  ts to bc takon ss posi ' r ; ivo or ncgr: l 'ü ivo.  Th: is-

ls doci .dod. th i .ough ' r ; i re ercct  orr  ln l 'erbod qrr-r1l ty of  t .ho lmagc,
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! ¡honco (Xr -F t  )  and f  n i r .s t  havo rospoc t l r ,e ly  oppcs l tc  o r  l Í t te

s1gns. Tt  n iu.gt  a lso úot bo forgottorr  t Ì r ¡ . t  ln spi ' - to of  t ì ro

gener.al l ty of  the enal-ytJ.co. l .  solut lon,  the prac'bf .caI  a.ppl" l -

cat iotr  roì ì la lns Llmitod to tho ceso of  teal  f .magos. Other-

r¡1sc¡ speclal-  au¡: i l - f .err" ies rnust bo uscd for"  tho Locat lon of

vlr,tuel lrnage s .

f  ï ï .  Slrrr :c tho por. forr ' ìencc.s of  thc succos¡sivc lnvost i -

go. t lons perrni t  onl-y a l f i ' r iJ . ted dcgi :eo of  pr .eclsJ.on, l t  ls  by

no nea.ns utrlnpoi'tent r '¡hlch ccnb:ina'ulo:rsl û,1"o choserr. In

genelalr ' l t  1g a goocì nt l .o t i r r - t ,  i f  t r ¡o of  the thr .co o;ralnlnat lo i rs

aro. mad.o u.ncl-et, only sLlghily cl. i.ffct"ing cl-rcurnctancos, not aLì-

throe elcments r ' ¡1 lL be accuratel_y dot,er,mlnebLe.

1 7 .

In.a sS.nple lens as r¡ell- as ln one cciaposod of tr¡o ol" lïrol '3

pLaecd cl-ose togottrer (e.g.  as 1n thc usir-a1 co¡ lstruct iorr  of  Ln

achnomat lc  obJcc t ivo) ,  the  2  Px fnc lpa l -  Po ln is  s r .s  o r :Ly  a  s lJ .gh t

dlstancc from oach ot l rcr .  I f  t i r ls  d lstance cotr . ld be cor:s idorecl

a knoirn value: El  E = dr then tr , 'o oxarr inErt ions r . ¡cuIct  bo suff ic lent ,

boceuso tho cqr-rat ion

j
j

N

t

,
I¡
I

. l
t¡
I

I

:
i .

-
v

If rto co:rrblne

P + q = 2 f + d

t¡ouId,  tako thc placo of  ths th lnd oxamluat ion.

rd. th th ls the t i . ¡o othei .s:

( a - P )  ( b - q )  =  1 2

( a t - p )  ( b r - c 1 )  =  1 2

et:d olJr,: l-no.to p 5tnd q ln ot'd.cr to cl.etolinln¡ f,

! t !+bt -: o -=--þ-t '  t2 +.¿ (a +. b -t ¿r .r br 2o)
{-a-t=a¡:¡b=b-tl-

Ìro

f

g o t :

( a + b r
( q  t . r b - d )

á l
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ThJ.s qu.l ich"a.t ic cclrr.at ioit  chcngos lnLo a Llrrear ol lo r ' lheu

g1 + bt a - b = 0r {, irat ls, r¡ i :cn bo' i ;h el.:ùnlna{-,1ons &llo so

arrrúì.nged thai; ths dlst¿rnco f l 'oln ob ject {,o lrnaigc ls ldoirt lcal

and thc lons assu. tnos t r . ¡o  c l i f foront  pos i t ions tn  tb .J 's  r ; 'P l -ce,

Lc t  i ; h i s  d . i s ta t roc  =  Qo  Thcn  8 .  =  c ' -  b r  and  a t  =  c  -  b r  .

H e n c o ,  l +  ( c - d )  f  =  ( c - d ' l -  b t - b )  ( c - d - b t ' r u )

( c - c L )  ( b ' - b ) 2
ll-1"ri-I

For oach prcsct ' lbet Ì  val-uc of  c,  F-X must sat lsfy the cc¿uai ; f .or t

F-X -i f2 = !.-X + Xr - Ft - c 2î d.,
!çN-

whose tt ' lo ro.ots,

F-X == I  (c -2 f -d )  +
2

F-X (  e - 2 f - d )

.a re  r?oa l  and.  unec l t ra l  as  Long as  c  l s  Brcâ tor  than ( l ¡ f  
" 'd ) ,  so

that thoro aro al ' , rays t i . ¡o d. i f forent posl t lons of  the lens for

a  f l xod  ob jcc t  X  r . ¡ho .go  lmage ls  a t  the  pos i t lon  X ' l ' c '  T i ¡o

prod ,u .c f ;  o f  theso t r ¡o  va lu .os  o f  F ' -Xr  1n€. ,  (¿ r -p )  (a t -p ) r  equa ls

= f
2

l ftc-\r-a) r"-a! i
2 L

-  1 [ ic-r¡r-a) ( .-ù-]
2 L

12, !¡ironce 1., 'g soe that

Consequetr i ly t

a f p = b  q a n d  b t - 9 = a - P .

b

{ - b - r

c )

c )

1 d,¿

+ 1 d
2

( 2 î  c

+ L  ( b +
2

D +  1 ( b
2

= J
2

,¿

= þ

( 2 1  + c - l - d b r  )

b r )+- d.

b r

- : -  brE f
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At  t t ra t  pos l t ion  o f  thc  l -ons  uhcro  F- ) l  =  f r  then Xt -X  =

l¡ f - rc) . ,  or  tho lnei6o 1s nearcst  to thc ob Jec L;  i t  nocoCcs fron

1t as socn c.s tho Lens J.s nloved to oÌ to s lcìe or srnother of  th ls

posl t lon,  but onl-y s loul-y at  f i rst ,  Ft 'orn th is Lt  fo l lous that

l f  a value ls plc l iod for"  c r+?r ich onl-y s l - ight l .y øxceeds the

vahro of l+f-l-d, the oxemlnatj.on foi ' doternrlnatlon of tho t: lo

noe.os.qar"y posl t lons of  tho lens ol"  tb.o vaLtt 'os of  b ancl  bt

porrnf . t  ouly a cotnpa.rat ivoly 1o-, ' r  dogreo of  pr"ecls lon.  This

unoertairr ty grc:c. t ly  af íoc ' r :s thc d.oterrrr lnat ion of  E anci  Er.

Becstuso of  t t r ls ,  the rnetî : .oct  cannot bo.pra.ct lca] ly appl" tcd

u¡dor su.ch cfu 'cu-nrstances. Hotrevor,  i f  l ¡o alm to dctorrr t lne thc

focal  l -ongth,  the accuL'e.cy ls not di ln ln lshcd, due to the fact

. that  orr ly t l le so^uaro of  b l  -  b appoers ln tho exprossLon fol '

f. Furf;hernore, 1;he exocrrtlon of thc rnothod ls inuch rriol¡c coÌl-

von tc t r t  !n  t lús  c t1se ,  becat r .so  l t  l s  on ly  nocessâ. ry  to  ¡neasuro

the valuo of  the mot lon of  t t 'anelat :16¡ of  the lot ts,  br  -  br  ln

addJ . t ion  to  c  ( f  .o , ¡  th3  scpa¡a to  vâ , l ì los  o f  b  e l - ¡d  b r  a re  un-

hoccrss€û'y.  )

¿2..-
I f  d ls ent i l -eIy t rc¿lcctod, l lo nay r ' ¡ r ' l tc  f  =

2
c1 + a (bt -b) ,  r ; ìrcrc urlcic '

¿ l c  ( c - c t J

- ( b r - , b ) 2  ,-Ttc -.l c
I

l accoydl¡g to the not l rod.  r+ir ich Bossol  doscr l i rccl .  ¡ .ncì  propose+cl

( tn Vol-rur:o 17 of  t ' . f rsüror icülscho J ' iachr: lchtcr , f r ) ,  ancl  I ,ater appì.1ocì

to t Ì :o Cotclnl t :a i lon of  tho focel  length of  tho Kånig,sberg

lel lo¡ ioter.  The r lg lcì ' fo l t , : l t la s i lor ' , 's  thsÙ 1f  d 1s ncglccted,

tho focr. i - l -  lcngth ls forr t rcJ to bc too.  largc by a va. l t lo of

I
I

t t io  g . lven .co i ic ' l i t lo t rs  the ssco¡rd
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torr t  can bc cc.ns' !dc;r 'od as nogl l - i  g l l - r1.e.  To a ' , ;Lairr  tho c legrüo

of pt:ec:tel-on al-]ol¡ecl by thc rnoth.oc'1., e.1ipt'opt' ir:to restl l-ts dc-

¡r :and a consicì .cr lat io i r  of  tho valu.c of  d.  Hor.¡cver,  therc Lrìo

sove].a1 cl - i f f icu- l - t i .os!  or lcountcrccl  1n ecqufu, lLt :g an oäact l ruorr-

lec)go of  th ls val-ue. Fon Éi  s i r rg lc l -ens,  l t  wl1l-  be sufÍ ic! .cnt ly

accurate to caIcu. late the appr.o: i tnat ion fo i"  d (g1ven o. t  the e¡:d

of Ar. tJ-c1o 1.3),  f r .on thr .e rßeâst: . i "ed thJ.ckrross and the ngcessar l ly

kno' ,^ ln l -ndex of  refract lon.  For.  tho caso of  Ð.n &cbr.or i :at lc

dotrbLet, ?¡e cen also ccrnputo d lf we cen cxactl-y rier.sur.r"e th.e

thr i .eJin( '$.scs of  the lndiv idu-a. l  conrponorr ts a.r :d asccrtaln the

.vafu..cs ¡loirt l.ol 'red ln Antlc-l-e th. ln oÌ'der to gafu: a cotrceptJ.on

of th'¿ lnflu.enco r.rir lch tho noglcct of ct may have, ri 'o shaLl

consld.er, for o;<llrnple¡ ârr objcctivc l¡heroJ.¡l t l ie cror', ' 'n g1.o.es

(of  r .ofract l -ve lncì .ex 1,528) 1s 7 t t11. .ar t"  t t i lck,  er :c l  t Ì : .e

f l tn t  g lass  (o f  ro f rac t i ve  inc lex  1 .61-8)  1s  3  r t l j .nes t r  th l -c l l .

Henco t t r"  c l is tance of  tho t r - ro pr- i t :c lpcrì-  polrr ts f ron eacl :  ot l :ct

.bocorne s:

Crorvn lcns

F l ln t  Ler :s  1 .15  r r

Cornblnecl  Lens 3.57 r t

Thore. f  o i 'o,  the focal  l -cng'uh bccorno s 0.  89 t r l  j  ¡ :ostr  too largc.  In

at l  obJect lve of  B rr¡""¡rr7r focal-  lor igth,  cort 'esponcl lng to the

presr:pposerì dil lsnslons, the ot¡l lor r*or-rld be abou-t l- of ltî i ,
13

I

I
¡
I 2.1+2 r rL i r :os r l

Í

(oo.  not -c : 1 I ' . r l ì ; : .s : i¿rr :  Foot -  !2 i r ¡chcs = I l+ l t  l - l .nos = ,3 lJ6535 r ic
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I f  l t  l s  no t  pcss lbLe to  a1>p ly  th \  ne thoc l  ou- t l . incd  in

t lx? prevJ.ous e, l " t lc le for  the dotcrr i l - r l¿r t lon of  d,  o l '1 l f  1t

seems Uusat, lsfactory,  t l ien di lCc ' 'c  ctryer lnont Seorß.s to bo the

rr iost  appi 'opr lato mearls of  dctor ' ¡ i ln ing l t r  as in the fo l -3.oi ' ; ! . t rg:

r,,Ie clotet"ntl¡:o Ll.,¿ locatlotr, on thc axl-s of t l¡e l-ens, of

. t t le J-mo.ge of  a very dista.nt  obJc;ct  rc. ! - ¡ r t j . r ¡e to the poi i r r '¿ D"

Trrasnu.ch as thti obJe cL c'l. j-s'r:: ' :.uce c¿r.n bcr co¡:slcìcrcd es lnfj.nf tely

largo, t f r is  imnge fal . l -s at  Fî¡  e.ncì .  th.o ¡¡ icnstr . red dlstencc

Ft-D itu,:ad.1ai;e1y g:Lves q. I,,Ie ropoat tho expoÌ'1rn'.rn'o by reveilslng

tho'Lcns, uhenco tho lmago faI l . , . ¡  at  F,  ancì  l ts distsruce fron D

glves th.e value of p. Foi' tkr':¡ thlrd- e;;porltnet:t, 1'. '6 brlng the

obJect (on t i ro s l .de of  F) c lu i . to c losc,  detert¡ . lno the distc.nco

(==Xt X) of  ths l t , - , .ege froi ' t  thJ.s object ,  and also tbe di .st '¿nce

D -  X  =  û , t r .  Se t t i r :g  X Î -D =  x t  -X-Ar?  =  b l r r  1 ' ¡o  havr ¡3

(q . -b" )  -  12

I f  theso throo ex?eir lne¡ l ts havo beon per ' formtd vr l th gl"cat

accr l l 'acy,  then elL thr .crc elements p,  Q, f  are adcqtrately de-

termlned, and no Othor oxpcr j . rnent ls needod. l lo i r 'ever,  J- f  l ¡e

d .es i ro  to  cs r l . cu la . te  f  to  a  g rea . to r  dogreo o f  p roc is lon ,  a l l

these e] :pct lntctr ts ntust  be consldorcd 8.  prepí ' . rat lon to the

rnettrocl. of Artlcl-c 18, r+hJ.cl: glvcs tÌrc valtt.e of d.

ïn ol .c ler  mor"o c ler . r ly to unclorstsncì  hor¡  tho ecct t râcy of

the so.-got l ,en dcrt ,ct" lnLrratLol t  o i  c l  dei icnds t lpon t l ro ve¡ ' lous

factol 's  1nvol-vcd, r ;o sct  thc abovc fornu. ' la in t Ì ro fc, l1crr¡ i i l ¡ i

fo¡'-n: - 
d=a,, + b,r + [p---(p:u"I/3tq:u]'J14] 

2

( p - 4 "  )

d = p " . q -  2  [ r - a " )  t o - o " l *

p - a t '



Hhere

of t i lo ob jcct  f rorn t l ;c  f  j . rst  pr l t :c j - ¡ - ra. l  polnt ,  (1rr  the tb l rd

exper i t : iont  ) ,  o.rrJ p-a. t t  ropl?esents the dl-s ta.nco of  that  ob joc t

f r"on tha f i - rst  focal-  poÌ-nt .  Tt  thotr  bscotne s c l -es.r  t t rat  ur¡cìcr

the c1¡:ctunstc.ncas pr.,ove.i l-f-ng, the l-ast part of tho fcrrinu-la fol.

d bccc:r .es voty srnal l ,  Hcnce, snral- . t  i ¡6.sç11.t 'âci .os 1n thc val-ueg

of p,  g,  .ò.rr ,  btr  scar.ccl_y c l iange the calcuLate d valu.o of  d,  at ic

t l io cìegroo of  precls lo i r  at ta j -ncd ln tho cìc ' ' ;errnl¡ : : t t - lo i r  of  d

depe¡cìs pr.Í.rnrriJ-y upor'ì the ei:actnes.s of rneasul"tï ir)nt of Xt -/ ' :-:grrrbr'.

?T.
.  fn  re fût 'enco to  the met l ioc l  o t i 'ú l j .nod ln  t l ie  prev ' io l r .s  a i ' t lc ) -c ,

a f erç reniar. ' l<g â1.'o l ' . 'orthy of sone spo.eo:

I. Tho technlque en:pLoyect ln t:be tt l ird. e>;porlrnettt becctae -q

: 
lnacleqr-rato fot A vit"iueJ. irnagO. Holre./el ', t l :re fol.Lcu-

lng nathocì, corrlclnlng accrrJlírc¡r g.Bd cotrt 'enler¡ce, 1s

suggested: A cl ¡c]e ls drar 'm ¡r-poÍ l  a pla.rro sr : r facc,  hat ' -

lng a dle.meter es la.rge âsr oI '  s l lg l r t l ¡ '  larger"  thatr  thrs

protrtr.dlng cdge of the rnourrtlng of the lens. Thc corrtel '

of  th ls c l rc l -o 1s r ' tar l lod b¡,-  tvro f ine e.ross- l l t lcs.  The

lens ls pLacocl  on the plane surfacc so thaL t ;þe pct ' i -

pher.y of ttro ntountf.ng c.ncl t irc cl::srr'¡n cl¡-t 'c1o are collcclì-

t r"J-c.  Thon, a r , r l  c lsoscope 1s pl-aCcd. vel ' t lcal-1-y ovel ' !  1t .

Tir ls  r r íc i .oscoi 'e  r iLr .s i  bo cqülppc 'J  r i i th  crocs-hrr l rs ,  r ihd

ls  asscutb lec l  e t id .  fss ; tensc l  to  e so l . ld  t r lpod sts .ncì .  Ï t

ls  l r iovt ic l  ln  1 t . . :  rac l r  u¡ t t l l  the sh: l rp1y f  ocu.sso( i  h : . : igo -

o f  t t i c  c ross - Ì l - nes  co l ¡ i c i c l es  r ' r i t h  t hc  c ross -h ¡ t l ¡ s  o f  t h ' ¡

p-4"  -  
f (n- . " ' l  )  (  c i -u  "  \ ' / '  r 'opr  csonts  the d i  s ter ¡co

I
I
I
I
I
I
I

I
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nicroscopc. FJ.nzt l -J-y,  the lcns is removcd ¿' , t ic l  t ì ro

microscctpo 1s brot t ¡ ' , l r t  c lcsct"  to thc su-nface by

racklng l t  cìot¡ i t  uni i l -  tne fu iage of  t l re cross- l - l i :es

aga. ln colr¡cJ.c ' l .os r¡ i th the cross-ha. i : :s of  the micrc,scope .

Tho oa.sLly a.nd pr.c:c lscJ-y ineasurcd. vaLuo of  t t : ls  racklrrg

m o t l o n  l s  t h o  d . l s t ¿ . n c o  o f  ' t l : e  o b j e c t  ( t t r o  
. c i " o s s * l i n c s  )

f r"on l ts f .nrrgo trs 
.seen 

thru the g1a.ss.  ThJ.s dJ.st¿' .nco

ls cqur i l  to Xl- .X.  TlLo polrr t  or¡  t t re axis of  the lcns

l¡Ì ' . ' lch l. lcs ln tl:e pl-anc of t l:o pr"otruclÍ-trg ocì.go of the

rnourrtlng uhlch tci:.cl ios the pl^aric su.r"facs cûtlt be con-

slderccì .  as the f ixed. polnt  D, in r ' ¡ id.ch case

A l t  =  O ,  b l l  =  X l  - X .

f f  a c l l f fene¡r t  poJ.nb D v¡ei .o chosen, th ls cctr .Jd bo l -o-

ceted easl l -y r¡ i th Ì ,efûreneo to thre othor pof nt '  jus; t

.  
mot : t lonec l . ,  1n  orde l "  to  f ind  e t r .

I f  ln  tho  f i rs t  ano seccnd e :per l r r ren ts  thc  ob  jec t  d is tancc

ls not great enou.gh fcr  the funage to be co¡rs ldered. as co-

lnc1dlng l ;1t l ' r  the focal  polnt ,  th; :n an approx5nrEtt lon 1s

nec€ìssa Ì ,y .  lh ls  l s  ob te incd  by  d i .v td lng  tho  squ.are  o f  tho

foce l  l .eng th  by  tho  ob jcc t  d ls tanoc  e .nd  sub{ , ra .c t ing  th ls

valno fro¡r  the velue of  thc dlste.nec of  the lnage froin D,

1n orcì .en to obtaln thre values of  q end p.  0br ' lc i rsJ-y,  only

en e.pproxÍ . r iate ktror+leclgc of  the foca. l  length ana tho object

d l s t s r n c o  1 s  n e c c s s a r J ¡ ,  l n a s r ; r u c h  a s  t h o  l a t t e ¡ ' 1 s  v c r y  g r c A l , .

I lo i ' ¡evc:r ,  r to ney Just as cnsl ì -y nso str lct ly r ' lg id fo: . ' i ru.1e.o,

For thc f i rst  c) : : -1ei . fu i rent : r  a has the vel-uo of  D-X, b has

r r .

I
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tlro val-tv: of X t -D; fc',I' i;Ìrcr soco¡rci. expcrirtlrnt, ('.¡ilc.l''s ths

l .ctrs¡  1s t 'c :voÌ 'cÐcl)  t t t¿ c l i  s tL i :cc f - f ,  : :  þ t  e.ncl  Xl  - ' I )  : :  &t .

fn t t r l -q nrtnnor,  ( r r l : í rch is l r lcnt lcal  r ' ; i th / r r t ic l -o !6,

para[it leph T ), ] i 'ö obto.irl t!:e ss.no cquzticnc B.s thoso fl 'o:i

v¡ Ì r lc î l  v¡ 'g heve proceecec,.  Í .n Art lc l "o \5t  v iz.

(a - l ' , )  (b -q)  =  î2 '  '

2
( b t - q )  ( r , t . . O )  = =  I

2
( a t r - p )  ( b " - q )  =  f -  .

Th.crcf ot 'c, th:r f  o: 'nuI¡,.c clcr ' : iv¿d f l .(, :n t ir t ,  s6f1:.t : ì .  on of 'uirc se

oclnir.t lotrs rel;aln tîre- ' ,-r.  val-r:c l ' r3ïo. Ï f  ,  1n tht perforÌ '1¿ìnco

- of the -cccond e:^:nû1'ft i letrt,  t ' I t  pÌoeoect 1n si:.sh a I '¡ay t i :at

t l :e . l .ocat io i ' i  o f  t i : :  ln ia¡ io  1n spacc 1s l t r  tho s$rne ¡ r Iane

as J-n the f l rs t  exper i r : , : ,n t  (1 . : Ì r ic l i  car l  eesÍ . ly  oceu.r  uLt l icut :

.  approc lable chs,n¿e 1n the ob ject  d i  s 'c ' r : rce ) ,  thc fo : ' r iu . l -ae

.. of. Artf cJ-c 15 cou.Ld b¿ ftt l ' t i r3t '  s!-: ipl. i  f  i  ed, beci.rr j .sc tÏr: tr,

a  { -  b  =  b l  - t -  a l ,  u h l c h ' . r o  t c p ' r s s c n t  b ¡ r  c .  F r c l i  t h e  s e c o n c l

'  forr:ula for p ar:C the soccnct for qr rrt l¡ott ld th'¡tr h:ve:

p  =  a r  _  ( a r _ a l r )  { b _ b t , )-!ã-¿ft-' -;-6rr-

e = b  ( a r - a r r )  ( b - b t ' )-t-1ltr;-6t-

I I f . .  I f  tho r .e thcc l  o f  f i r t j .e l -c  20 ls  not  ces l rab l ,o  for  th¡  cc l : -

p le ' , ;e ,  de, ' r ;cr r ; i lnat . io¡ r  o f  the e lenents,  r ic  rnay u.sc ther  h. lgh1y

accrr re ie  r :e thoc i  o f  o .c t ,cr ' l l r : l t :g  t t :e  focal  l -cngth as g ivon

1n  Ar t l c l e  1? .  Then ,  t he  p roce  c ìu . Ì ' c  r : en t l o r :ed  1n  .A : : t i c l e  20

rensins tho nos: t  e¡ rpr .o .n i ' la tc  fo l "  th . ¡  l -ocai lon of  t l :c

pr ! . r :c1¡ ;n1 pc l -nts .  f  h t ' ' - ro  a l 'e  t t rcn ¿ i iven by:

t

I

ll
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E = D . ' t ( q - p )  -

( b - . a t ¡  - r - 1 d - .
2

1 ¿
¿

1 d . = D + 1 .
2 2

I
?{¿

l - d = D + l -
2 2

+ 1
z

fl

E l = þ ( q - p )  +

%.

Fc¡r €r slmple l-er¡s, aud elsor 8€)l loÌ"¿i.. t l"y spca1':fui3, f  ol '  ¿ì

sys 'ccn oî  Lcnsesr .  â  d-ef j -n i to  r '¿r lue can bc a l . lo t tect  to  th¿ foc¿r .1.

)-erig'ohr ar:d t o tho posl t  j .ct ig of i ; Ì :e pr' l .nclperl- at:d. fcrc¿,.1 pci. ir ts t

o i ' i ì .y  lnsol¿ i r  as i ¡s  co¡ ts1dr . , r ' lL f -g ì r t  r¿ iJ¡s  of  a  c l . ( ; f l -n l to  ref r "angl -

bÍ .1 .1ty  (yd.  t :o t r . :  g ivon u i i fe . -1 . , : i - rgr ;h)  ¡  fon **yu of  d l f f t i t 'o r ¡ - i - .

r "o f ra¡gtb1J. iv3; ,  thee.r  ca i :dJ. : râ- l -  pc ints  r . ¡ i - l - l -  h¡ .vr ¡  c ì j - f fercn i ;

pos i t lons an 'J  t l :s  focal  l -en l l i ;h  r : i ' l - - l -  1 'oc '? ' i -vo s '  d i ' f fc rcnt  va l - r :e '

Her.¡,1¿* t i te hotci"ogcnoorr.s 1lgi i t  frc: 'r  a.n ob jcct sttf feïs c: l-¡- l 'ci :ût; ' i  c

d ispers ion b,y  pass l r r ¡ ;  th : 'cu i3 ' : i  g .Ls ' .ss.  P.y  n. :a : rs  of  a  ccnl r l t :a t icn

of  t r . ¡o  or  t tor"e 
'k lncLs 

of  g laes,  t l ' r is  co l -o: :  d lepers lon can t 'e

nul l i f ied.  For  thc corrp lete fu . -Lf iL} rent ,  o f  an ac i r t 'o : r r¿ i t ic  cb-

Ject ive,  t t  1s necsEsåi t "y  { ,hat  ¡ara.1.LeI  bea. i rs  cù: ' lve i '6 , ' . ì  to  c ' ì1e

pol r r t ,  l r rc lopenCo:- rü of  co lot ' .  I 'h is  inc l - l : .des not  on ly  such rs) ¡s

as arc pat .a l le I  to  the a: r - ls ,  but  a lsc t ì iosc t . ; ì i ich a. r 'c  J .ncLl t : , lC

to the e. ; i is .  fn  oth¡r '  uc. rc ls ,  t l :a  c ì ! f fe le : i t ì -y  co l .cred ln l tges

of  en j . r ¡ f - t : iLüeì .y  d is t .ant  e ; ' l tcnc lod obJe:ct  nust  not  onLy f t t ' I1  ln

ot ie  p lonc,  b t t í ;  thcy l l t r . .s t  be of  t Ì ¡e  sa l Ì ic  s lzc.  T i :o  f i rs t  co: ) -

d l t i on  r cs t s .u ] ) c t :  i ; h : . r  l don i ! - t y  o f  t hc  Sec :cnC FocaL  Po ln t :  f o r "

d l f f e i " c r r t l ¡ r  co lo rcd  r¿ ì . ys ;  t ! i +  . se ¡c t rd  1s  ba -sed  upon  thc  l d i ' n t i t ¡ '

o f  t Ì re  foc¿i l  1-cn. ; t Ì : .  S lnco t ,ho foc, i l .  1c: tg th is  t Ì lc  d is t i i r t ' r r ,

o f  ùb Sccor :C FcrcrL to in t  f t 'e : r t  t ì le  Seccnd Pr ' i l lc1¡rL i  Poi r tb ,  t r , ' t

n iâ i  t ,€ :ph, rsr ¡  thc t r - , 'o  cc,ndl t j ,ons ns equiv¡ - r l -ent  to  thc s t r r tc ,nct r t
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s,

th&t  bot i r  po inì ;s  nust  bc l r ler r t lc¿¡1 f  or  roc l  a . t rc ì  for  v j .cr l ! . .c '¿ !1a. 'J : . : .

I f  L ' ( ¡e  f i rs í ;  cot lc l l t ion a lor ,o  is  f t r l í ' i l lo  d ,  thon thc reys l - ¡ r -

c l -1r :cd t ,o  thc a>: Í -s  c lo  n, ¡ t  g ive a pure,  co lor , f l 'ee ln t rgc '  I Io t+-

evû1" ,  a  vct "y  s l ig i :b  d i f f ' ¡ r 'cnce Jn üt ro focal -  Lengt ì rs  for  d i f fo ; "c t ' l t

raysr rrìLìy al-t.ray.s be cl.ecnecì hart lJ.css. In thc theory of aci:r"o;n¿it: ic

obJecb ! . ves ,  t hc  f j . r ' s t  con<11- t l on  on l y  1s  u -sue .11y  Con : ;1de ; . " cC .  Ho ' , ' I -

or . ror ,  1n tL lc  usr¿ä1.  cbnst ! 'u .c '¿- ' , -on oí  t l ic  so obJocl , i . " "cs,  whe: le  t i l .e

tuo l .e ; r rseg oJ. the i .  a-" . .G 1n contect  or  ¿ìL 'e  orr ly  s) .1ght ly  se¡> i i ra tcc i ,

t he  pcs i t i on  o f  t h ; :  p : , i t t c Ìp . r l  pc in t s  1s  . so  s ] - t gh ì ; i . y  a f f  ¿c ted

by t i re  ' /úr ie l r le  r :c f ra i :g ! - 'o i l1 t ) "  th '¿r 'L  the second'  con<ì i t io : ' r  is

auto:nat iceì - ì .y  satJ .s f iecì  c¡ i l ,c  s . 'pp i . 'o : : i t r ie ic1y,  Tf  f t  J .s  t+or t l t

tho ef for t ,  1 t  1s e.J-so possr lb l -c  to  obt :a i l l  a t l  c ; : ¡ .c Í ;  lc lcnt i t ,y

of  the Se co¡rä PrJ.nc tpa. l  Poln i  f  c , I "  d . lss  j . : ' l i . t lar ly  co l .ored l ' í t ; rs .

I t  is  d i f fcre:r t ,  h.cr . '¿\ 'er ,  1f  thc cL' ìn i ; ¡z-  c isor; ì ì  g)-ass of

t i :e lens is sei lârûtrr l  t ry a consr lc lor"able di : ¡ tsrnco fron t t le col l -

Cavo fLtnü g1ass. I t  f .s easy to sho'"r  tha. t  afLer eppropl ' ! .a. te

ar¡'allg,snents of tho sr:! 'ral 'atio¡l atrd' focal- Len3ths oí the 1n-

d lv lc lua l  le :ns*s  so  the t  t l re  Second FocaL Po ln t  o f  the  sys t ,eu

re¡ ra lns  ldont lca l  fo t '  d t f f c ren t ly  co lo l 'ed  t 'eys ,  t Ì re  foca .J .

length of  t i l i  s  sy:- ;  l ;en necessÍ i j " l Iy  becc!ì tes greatcr foÌ '  v io lcr  t

thcn for recl ;  tFrc dl f fer 'enco J-s of  t ì ro sexle oï 'doi '  es th¡ . t

api lo. . ï , : , - t ìB j r :  s l iaplc 1e¡s-- .s ( Ì ¡ t . r t  l -n t i :o opposl t { ì  d i rcct io: i ) .

The sf i Ì ì ìÐ. O.ppl1o s al-so to othc:"  coi ìSt I ' . : .c t iorrs (sr-rch as occi : : 'e

ln  the  so-c¿11oc l  D ls l .v 'L  j -ce l  Tc lcscope )  ,  uh¡ re  lns  tead o f  th ¡

SeConcì 1etts,  a cor i lb inc. t lo;r  Of f  - l -1nü e.n, ì  cì 'o i , ' Ì ' l  e l - t ' i rer  aJ-: :o, ' :  { :

OF Cxact- ty 1n c.rnï ; lc '¿ is eir :pLc; , 'cc l .  I t ,  l ' ¡ j .11- &L' . ' ¡ i ) ' . t  r ¡na1; l  1r¡-

posslblo to pi"odttcc a purcì-¡ '  coloÌ 'od 1: ' ' :e '5e 1n t ï i j 's  ì r 'ù l l I ' ì r ; Ì '  of

J



*

.  l l 4  -

an oxt .cnr iCcl  o l tJcct ,  fo l '  tTrc  . . r j  o lc t ;  1 : r t153,  ' t f  l t  is  to  1 i .e

tho sB.v,o c l is t¿ incr . r  f l 'o ia  t l :e  i .¿¡ ls  s¡ 'c  Len as t l ie  rcd ono,  ncc?iJ í i -

arl ly bccono,s l-c.t 'gor th.:r.n thc l-atto::.  .

By t fo  t te  AnS,  ho: ;cVer ,  na.y  v I '3  e,o: rCl -uoe t l :a t  tOlescoi )Ðs of

thg l-¿rst-ne.necì cotlst l 'ucti .on rrr i).s! rc:::aln r lorc lroperfcct t¡Lth

referenoo to achi 'oc ia t ls in  t i ra .n üel l -esJcopes l ¡1 th ac i r r "on¿LtJ-c  ob-

Jeet ivcs Constr . i : .c ted J .n t l is  U.suel .  mani :er ' ,  Ue nur , ;b ,  Ol ì  the

cont¡ , t1 ' ] r ,  acì i r l l . t  t f l i t  thc te lcs,sopc r ¡ i t t l .  ob ject ives h: : ' ¡ in ! :  1¡ r -

pcrl: fect a'cln'c:ratls:n :: :a'y stJ l- l '  r 'oirciei '  e pt-t 'el-;v col 'orccl lnagc to

the eyo by rÊc3.ns of c, r.reJ-l-cel-cu.-ì,rrtcd n¡rr¿inEtlxtsnt of thcr ocule.r.

.  ïndec.J ,  a  co l -ç¡ ¡ -p i l i ìe  l ¡ i : .gc p i 'cc ì r - r ,coC by t l ¡o  ob jcct l r 'c  r , l¿1y '

becau: ;o of  bha co lor ' *d- ispai 's iún p l 'ocìuccd i 'y  th l  ocüle. : r r  eppÛ91'

lmpure . to  the c l ; 'oo T i ro so-r : r . .11e<ì  co l -c i '  f r " iug,o at  tho pcr"5¡r i lc l ' ¡ '

can be avold+t l  by r iÐal ls  o f  s-cac1e'1 ccÌ l 'eL: ' r ' r 'c t ' ron of  tho o"" ' 'J ' '  ' "

but  t t rs .  lengl ,þ  do ' . ' l r . t l -on cani to t  t i i r ts  bc ar ;o l t l t :c l ,  €nd th ls  ls

aggr.avatocl. by tho fact, t Ìrat the l : tu.:nn eyÐ ltsel.f  ls noc e'3hl 'c-r-

na t l c ,  t he  ä f foc t  l s  t hs i t  t ha  l as t  l r : age rs ,  r cd  o l :  v l o le t ,  hã ' , ' e

.t lrs ssJle appareni slzo, but not thri t  t ìrey sJ-r:uJ.taneousl-y 8,r ' f)oâl '

d l s t t nc t  e . t : d  a t  oq r ra ) -  d l s tancos .

.Thc ut ioq i ra l  s ize is '  o f  thc f fu 's t  ! -nragos ( reJ ancl  v j -o ]et ) ,

v¡ ì r lch a l io  unavolc l : rb lo  u i th  tho Dia ly t ic  obJoct ; ive ,  cen ní j ' re t 'Lh+-

less bo co: lpgnsgtcd by-  apprCpl . ' ra t 'o  cc l :S l , ¡ 'uct ion of  t ;hc oct ì la l " ,

so t î : r r t  t i te  co lo: :ec l  edSo vanLshes,  es u i t i r  to lesccFes of  t r . r : ' . ta . l .

const ruct lo : r .  Hoi*o l to : . ,  th , :  socoi rd. ,  just  ¡ ien ' . . ; lc t i i 'd  1 : : ¡ - rcr fscLio¡ i

¡ renraLrrs  f ls  l -on¡ç as t Ì iá  f i rs t  rcd a. : ld  v io l .c t  l rn i r . les Ì1e ln  t t :o

sa ì r c  p leno .  .

I t  sþc , r t J - c ì  t l r t i ' c fo : c  bc  c1e1 : . ' t h r t  J .n  o l ' dûL ' t o  ¡ ' ' ' oc luc ' i  n

penfecLl ¡ , -  t -c i r i 'o r ' :a t ic  f - : i :ag,e 1n thc oYC, the f i rs t  l t lag,o nu ' : t
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havo a cortrr l . r r  Lcngth-cjcvj .nt ior¡ ,  r ìcpc;ncl . lng,  upot i  thc rels. t lons

boti¡cc;ir thc oci-t- ' l-¡-rt '  etrd th¡: ¡ron^ach.¡'onntl.sin ol thc l:wnan €;i:a.

Tl ioopet ical-Ly co¡ ls: ' l - r1cÍ ,e ' .c l r  an objcct l -ve of  us;u.e1 constf t lc t ion

can aJ-so bo calcuJ.ated so t t ra 'o t ,ho prc.sc ' r l t recì  lengt i : -d '3 '¿iat i  on

te.kes p]-eco, buf;  cyen 1f  we dis: :egarcL thc dl f f lcul ty encoutt tcrccl

ln tþ,e tecb.nlce. l -  coirß' ì ; l - " r rctJ.on ¡ lccGssÐ.ry to d.ca- l -  prec!-seJ.y r¡1t i r

such slnetlJ" cl:îffer:i.¡ lces, t ir is lcngth-d+l' iatlo¡'¡ t '¡oul.. l c:rIy f it a

pa¡t i ic l : l l .nr  ocuLa.t ' .  In th l r ' l ) j .e. l -y-blc consî;ruct lon,  houever",  tho

mce.niï f.s provici..¿cl, cìuc to thc acljr:.strrbJ.l-ity of t ire st?coud pnri:

o f  thc  ob  jcc  l ; l vo ,  o f  ob t r : r l t t l r : ¡ ;  L Ì :c  lo r rg i ;h  dov iaL lons  rcqu l -s ! tc

f or' 6vÐi'y ocu.J.al ', uÌteroa.s ti:e oculc¡' ca.i) be so cotr.:tt 'uc tcC tÏrrr 'c

t l re colorcd per ' lp l ier ' ]  1.s nulJ- i f  ie C.

I . rogr"eï  th l t  I  mu-; ;b col i f  i . r : r ;  t r tys+l f  to t t r ls .  b i ' ic f  d issst 'L¡ ' . -

t lo¡  at  presci : t  ancl  postporrc c.  n:oÌ"c c1ctel led cìcvolcpr; l ' ;nt  of  t .h is

l t r tsrost lng sr ib jocf ;  u i t t l l  sr¡ :oth¡r '  t l r te.

t
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At the end.  o î  Ar t tc le¡  2 ,  ln  a l - l  o f  Arbtc le  3r  anC ln

su.CcCCrìit ig arl; t-c1es, Gr,uss r lakes ttse of ê.n rt- ' l -go::Lt}:r:r lc rela-t,1on

lntr,ocìr.:-ccrcì 1n 1?62 by the giìcFrt S'"r!.se r,rathr,:,14t! clan, Leonl:ai"d'

E\rJ-ei..  E\rTe r, I  s r:rathe'rnatJ. cuL s¡nr:bc1ler, i  i  s bas j-c to 
'G¿iuci l  I  gcneral l

tr.eri t l i i ¡rrt  of t : tp oi l t"r-caL pi 'cÌ l1-c:n, brrt ¡;¿;1r-:.s;St ì: i . ' j .ef o:<por;1tl-on of

1t l¡cu]-ci fal l  to clal- l fy tîre slt ' .r trt lorr t 'o ât1)¡()ne but a pr. 'ofe.ssj on-

a l  ¡ :a . t î ieng. t ic l -an.  Therefot 'e ,  I  shalL t ry '  to  p l 'e  s ì lnL s . : )  erp)-ans-

t lon of I}-tJ-ez'rs Âl-go::1ti :¡ ' i  1n oÌ 'dei: tc r"ot:dcl '  t i re t l 'at:sl-at io: i  l?iol '7c

coìr,prí;ht l lslble and ncv'er cüiír ir l-útê.

The sou.rcs to  r . ;h ich Gau. i rs  ro fe ls  nû41ì  t ì ro  en¿ òf  / ' ¡ t ic l -a

2 is rHovJ. Ccrrnou{;gi,1J_ Ace.dc:-rÍreO Scl¿¡1.i . : !¿s1.,¡ i¡ i  Inp+r"1erl l_s

'PotnopoLi. 'oårraerrr Ton IX,_pilo_ _ar::1þ l 'ÐC_Ci;tÏ Î  eü I ' iDCii i , 'TJI-I.¿

(pp. 53-69),  end i l ro t i t le of  thc essay 1s t rS-¡ 'EüTì, IEì .T Al ,GOiìTTi i , iT

SÏligül,4Ri1srt_, ¡q9i!!I_L-Ð._TS. It catr bo ]-ocatc:d 1n Ìargo

reference llbleri.les ut:der ti le f1.l-es of th:: AKÂDiIì'ITIA liAUl,

PmR0GS.AD, (r,U¡ll'lçRAD) .

ï ï

In dcaLtng L' l th coni inuccl  f ract icrrs of  t l ' r¿ fo l ' i ' t

a  +  1  ,  Eu le r  d is :covorod scv- : ra l -  vory  1u ì ' , c1 'os t lng
6 + 1

õ  - t å o .  
. , .

:

re l -a t ic Ì )J  o I ,g f ;  r rs  con: l .c icr  t i ro  to t : r . l -  va l .ue s  e. t  ve. Ì '  j .o t t : .1  1. rc l1 t - ' ton l

t
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of Lhe conti¡r:-rld. fraction. 'I ' l lu-r, tho val.u.e of tho contlr:uccl

f r .act ion for  ' ; ! :o f i rsL s¡ :nbc.L,  a,  ls  s i l r 'p lLy a.  Th¡r  ve- ' l -nc ot

t Ì ro coní; i i ruccl  f ¡ ' r rct ion up to thc second s¡ 'nbol- ,  b,  ls  e.b . t -  1;----6--_ --

tha val.ue of th:c contJ.nuecì ft 'acLion up t<¡ t l ir¿ thlrcl s;\¡nbol-, c,

ls -abtr{-c ' la ;  t l :o '  vsluro of  t } :c co¡r t inucd fract lon up to t ì : .e
T:e:i:ll

fou.r'th -s;.i l lbol-, d, ls abcd-:-cd-l-ad.l-ab-t-l- ; e.rtcl. so orì. Pcr-usal--Ë-iõ'tcl-t

of  t ì r ' is  sct  J.es l r ic t icsr tos t i : :  fo l1o' ; ; in3 r 'e1e.t l -on:  An;r  ¡Eivon

nut,¡er"etof  (6.g. ,  abc. ic. i¿i)  c¿,tr  be for"r i led.  by r :u. i t lp l  ¡ r l ¡ ig ¡¡ro

1 : , r ,eccd . lng  ono (e .g . ,  a .b - ! - l )  by  thc  las t  sy : lbo l .  lnvoLvcc l  (o .g . ,

c) end tirrn aridÍ-ng tir,: vt.J-ì.r.e of t?rc, riu::eretoï, just 1n ecivanco

of t t re prcccclng on:,  ( . . . , .g. ,  e) .  Î i :e lc- . tnt lc.- . . r1 re. latJ-on ho.ì-cìs

t i 'ue fcr  t i rc successlvo dcnc:, t i .netr¡ Ì '9.  ï f  r . ¡e c:ctencl  ou. l '  l .cg, ica)

reasonir¡3. b_ac).:uat,d-s, 1íÐ l:usü concJ-uds tt iai; tì:: tel.:: i  p:"oceCing

a nlltst bo lnflnite, erlcl nust have tÌre valu¿ of l-. 1..ro nay r.lor,.
õ

pJ-acc  th ¡se  vah ies  togothe : ,  ln  o rCsr ' to  p rescn 'u  e  c lee- re r

plc Lui"c:

' 
I , a , ab+l , â.bc.l-c.,r?. , abcd-icci+.e.cì-ieb-l '1 , etc.
U' ï n-- 

-b¡-i:I- _-"6õC-TA:Iü-_--

The roaso¡t. for the 1- beco:ies er¡l-dent r,,ì:en v¡e epply the rtrl.e of

for ;nat io i l  of  any glvcn nurtcrator.  or  dcnor l lnatoi ,  1n 1t ,s coul . ,or i ie

g Õ ¡ 1 s 8 .

T T T

fn  o i 'd- ì '

Eule: .  dcv l  scc

l
I

t

to.  s l r ; : - r l i fy  r . :or") ; in3 wi t Ì r

n  ¡ t , r ' ¡ r - . . , 1  {  . - . '  { - )  f  C n I - C  S e n t :( 4  O ! 1 . ' ¡ V V J - +  - J ¡ ¡ ¡  l , \

c ontJ.nr:.c cl fÌ 'rr c t i on :r,

'uh.;  valul  of  t l :c t -rr ; , :1¡,¡r  aUci '
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of t i ro cor.¡ t i . r ' ì t tcc l  f r"act ion up to a g, ivcn sy,nbol .  Tir is con-

sJ.s iccl  l r r  en¡.¡Loslng tho rcqr-r l rect  .syrnbols,  sûparìatccl  by ccÌ l l Ì Ì ìes,

fu i  pârontTrosûs. Ti ' ius,  (a,  b,  c)  represents t t ¡c valu.c of  t l ' rc

nurnÐl"B.toL' ebc-i.c-l-a. St¡:!c t]y spÕ"c.' l{f ng, l 'o should rrl te

( a , b , c )  =  ( c , . - r J -  )  ( ¡ - r : - )  ( c ) .  T h l s  J . s  t r u o  a l s o  1 n
(  5 + t )  (  c I
( õ )

got:eral- fortn:

( a r b r . . n f )  = ( ' . . )  ( r )  .c-rl- )
ä . f . . . )

. )
l _ )
F )

( a-,.1" ) (b-f1 )
(  E - ! - . . . )  (  c . t - . , . )
(  . )  (  . )
(  1 )  (  1 )
(  F ) (  r )

l.Je rr.ray now t'opeat

symbol-1srit:

(  ) = l

' ( a )  = a

tho orlginal rule of f c,r 'raatl on in th.r t:cw

( a r b )  ' =  b a + (  )

( a r b r c )  =  c ( a r b )  +  ( a )

( o r U r c r d )  =  c t ( a r b r c )  +  ( a r b )

( a r b r c r d r o ) =  e ( t i r b r c r d )  +  ( a r b r c ) o t c .

In  gencra l ,

( a r b  ¡ c ¡ . . . p r Q r r )  =  r ( Â r b r c r ' . . F r Q )  +  ( a r b ¡ c r . . . p ) .

I'fo shall. nbr¡ r¡rlte d.or.r^n tlrese velues 1n expar:clad foi '¡n:

(  )  = ]

( a )  = e

( a , b )  -  a b ' þ 1

( e . r b r c )  =  e b c * c ì ' Ð i

( a, b, c, d ) = nbcct-i  ccl+ad-l-a'b- ' .1

(a r t r ,  c ,  d ,  c )  =  abcc le - l - cc te , : -edc+abe- labc - t c - l - c - i a
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ab c ctef +c ciof 'radcf-f ¿rl¡ ef + ¿rb c d-t eí'+ c f 'l-a.f 'lcc1-i¿::cì'i ::bi.l

arbc r lof g- ' .cclof g. i-aclcf g'rsbef g-t 'abcf g+abcctg{'¿rbcdo'l

o fg+'a f g'i-a f g'i c d g+'a d g'i' c.b g'i c ci o'i a (i c'l'

eb c+-a.b c-l-g-l'e +'c':'a

Scvera l  pof .n ts  of  1¡ r tsrest t  roay be notcd 
¡ t i th  

rcg,a. rc ì  to  the.sc,

€.{p ârr. ' i1ol l3 :

1. I f  
.( 

r r,  ) has nn ocld. nu:nboi: of s¿r.ntrolg, thc Last tct ' tr  j  l r

t l :e  e>;patrs l -o i l  ls  € t .

2 ,  ï f  ( r r r )  h ¡ . s  an  e1 ¡en  n i - : . nbe t ' o f  s ¡ ' n ibo l s ,  t h . : I a . s t  t e r rn  J .n

the  e - rqpa r i s l . on  1s  1  (u t ¡ i t y )o

3.  'The. f1r .s l ,  t .e l ' r : i  in  t l re  erpanslon 1s a l - r ' rays eqnal  to  t ï re

prociu-ct of thc sy:-:bols 1tr ( r r,  )

'  
4 .  ï f  ( r r r )  has en oc ld nt ¡ : iber"  o f  sy i , iboLs,  t i ro  ter ; r ìs  ln  t i te

e lps r l s ;1on  each  l t â te  e t l  odd  n r : . , r ; be ¡ :  o f  f ac t c , r , s ,  ( c .g . ,

.  
a b c d e ,  a c ì e ,  c  ) .

5 .  I f  t he  ( r r ,  )  has  en  evo r l  n r r .nbo r  o f  s l ubo ls ,  t ho  te rns  l n

the oxpansion each havc an even nu:nbc. r '  o . f  factors  (c i :c ' :p t -

.  1ng ,  t he  l es t  t e ¡ i x ,  r . ¡ h l ch  l s  a l ' , : i ' . ys  un t t y ) .  (€ ' . 8 . ,  ebcc l ,

Ê d ,  1 ) .

FÌ 'on the abovc,  the:"e f .ppgals  tc  be no obvlor¡ .s  r ie ihod o- f  v ; r " i t ' rn¡

doi ' ¡n  th i :  cxpansslo: r  o f  ân; r  ¡o t ' t ' t  (arb,  c¡  o  o.F)  J . r : : inrc l iaùcÌy ,  t 'y

I t r spec t l on .  I t  1s  r ¡ { : cess ¡ . r J  t o  r . ¡ i ' 1 to  succoss i ve l - ¡ r  t hs ,  c : { ì ) . f ns i . o r i s

of  a l l .  t i io  p lcccct lng,  fo i 'ns.  I ' l ;  uot t lC br  poss i t , l -o  tc  e: iÐi 'e : rs  t Ì re

gencr .e l .  e : ipar : r i .on i . r i  dcte i 'n l r ¡c¡ : t  fo l . ' : ì ,  bur t  r :o  shs l . l  not  lnc l . ' - 'C- . r

I  t  h l t 'o  .

( e r b r c r d r c r f )

( a r b  r c r d r e r f  , B )

\
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I t  1s â. l .so pç)¡ js¡1Ì ¡1c to  e i ;p l "ûss a l -1 .  the o, - :pa. t rs io l )s  l -n  a

f ract i -or re l -  sc¡ i r i -os,  g .s  fo l - lo" , 's :  -

( a )  : :  a  ( r ' )

( o , b )  =  a b ( 1 . - t l .  )
(  B b )

( a , b r c )  =  a b c ( 1 r l ' + 1  )
(  ã6  [ ' c )

( s ¿ r b r c r d )  =  a b c c i ( 1 ' l ' 1  + 1  +  J - ' F  l -  )
( äb Ec eä aËecì)

(arb rerc) . re)  = abc<lê( :L+:1.  - i l  +1 { - l -  +1 ' t -  l .  ' t -  1-eE 
tic cci æ ãbccí ãode bõ¿iõ)

(a ,b ,c ,d ,o , f  )  -  
"b .oc f  

( l  r * *  
h .  h  

+#  
"  þ

il

+L -l.L -rL -¡1 {' l-
ãEæ ã¡'?ã ãiráf E¿-cle Eòãi.'

+ 1  + 1  )
æãÍ' äFó¿1?')

( a r b r c r d r o , f r S )  =  a b c c l e f 6 ( 1 , + 1 - ' r  1 + ' 1  +  1 +  1  ' : - 1 .

ã5 
-6c 

õr ãã êi f-Ji

+ L  + 1 .  + 1  + 1 .  + 1  + 1  + 1
ãtø"d Ë5-dõ ãñ'æ ãõTs bõðã 6c €;i' b c-r[-

+ 1  + 1  + l -  + 1  + l  + 1
æief õ¿TE tî-ti's ãt'61?iõï' ãfüfl'Eì 

-46õ 
tr!

+ 1  )
trõC?'f gt )

Set r ' e r "a l -  po Í .n t s  o f  l n te res t  n ra ¡ i  be  cbsc , : ' ved  1n  these  f racL ionaL

ex1>at:sl o", i  :

1 .  The  fac to r  o i r t : s i de  o f  pe ro t ' : t hescs  i n  t he  e4pa i l s l on  a lwa ; ' ' g

oqi r .a Ìs  t l ie  prccì ' - rc t  o f  th¡  s¡ ' :nbol . ¡ ' ;  1o ( r , ,  ) .

2 .  . Îhe f lne, t  te l i ' i  in  t l : ,c  ! ' ' s ¡çnt l :+ t ic  por t ion of  tho ex i rat rs lcn

1s nlur¡/s un-i t l ; ,  r. Ì ìc ' t  al l  ot l¿ r te: ' :-:s ln t l- ie e:tpai isÍ c, i ' :  ârÌ ' .-r -

f ract j .o i rs  r . ; i t Ì r  ur i Í . iy  1n t l le  n ' . lneretcrs .
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'

.  
3 .  Î l :c r  c tot ron lnator . 's  o f  th , :  f ra .c t ions a i l l ' r ;a fs  cont¡ .1r :  an evcn

n Ì l - : r l i c r .  o f  f  ec to l ' s .  (e .  g , ,  4b ,  abcc ì ,  bcc l c fg ) .

4 .  T ' l :o  deno:n l - r . ¡¿: tors  c€r t r  bc br .o l icn up l .n to pa. l rs  r - ¡ ì rJ-ch ate

succcrss lvc,  . " '  cont i6 ,uo ' . r : i ,  surch ¿ is  dc,  ab/cð. ,  ab/ef  ,  bc/c le , / t ¡3 .

I t  s l icu lc l  bo no¡ lcr - td  t t : : i t  thc i 'e  occu.rs  no gt r .ch denotr lna. tor

a.s  abdf ,  teearr .so c t f  j .s  not  a  cc; i r t iguotr .s  pa l r .

ñ 
5, Tìrc psrirs nooor, l¡rr¡ol-ve a corrTnon s¡'crbol- anC. al l  pos:r1b)-e

coitt ' l -r:at l-ons of pi l i .r 's obo¡lr ig thr: pr"oviou.s l-av¡s r ' : l tst bc

. er:pì-c, l  'c¿d.,

'  TÌ-,. ,  a-bo:¡e 1r;cl ic:¿itcs tho posslbi l i{ . ;y of v¡::1tf-ng cìo'. .r: :  the a-v-ps.tì-

' î  slctr c,f ciü"v- for '¡ aL onee , b¡r lr ivpccticri .  f . ie, .na¡'  v;r j-te the
. i -

genel ,e l  expi rns lon as fo l - - l -ov¡s : -
i

I:

i l

-  ( a r b r c r . . . p r e r l ' )  =  ( a b c c . . p c j r )  
. ( 1 . { - 1 _ - : .  I  - r , . . * l -

1 b.'õ 5c q¡

+ 1  J r  1  + . . . + - l -  +  1  - F . r . l  * . . .  I
ã5æ 

-âT5!? 
ãci¡ri FCA{| 6c.,1i' -ordr-

+ 1  +  1  + ; . ,  1  - ¡ .  1  * . . .  1
aE-cI-eT ã-'¿'cciîE ã-6cciqF æAãiE ãScieqn

* . . . . . r . *  1  )
ã'¡-ccf- pc-r'')

J-
In hr: t l  c l -e 3,  6 ar¡s s t ,e cel- ls t r . ro rolat lons of  ärLer I  s

Algoi' i tì ' :¡ is uìrtch sliortl.c'1. not be dj.ff icul-t to unc'Ì.ersta¡r.J., The

fLrst  of  thesc can be sl : .o ' , . ¡n to be true, F.s fo l io- , :s:  -

T f  ( a r b )  =  b ( a ) + ' : - ,

t h e n  ( a ) ( . ¡ )  -  1 ( e . , b )  =  e . t r  -  b ( e . )  -  1 =  - 1 .

J
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I f  ( b , c )  =  c ( ¡ ) ' r ' 1 - ,

a t ' r c l  ( l r r b r c )  =  c ( c . r b )  { - s ,

t i r c r r  ( e i , b )  ( b , c )  -  b ( e r , b , c )  =  l - g : ! Þ ( ¡ L . r ( r r , b )  -  ( b I c ( ¿ . , , b )  -  ( b )  a ,

Bttt thr-r f irst a.r-.c1. thir,cl tennir: (riuclerJ.f.ncd) in tlrg rÍght ha.nd

nrcn i i rc r  o f  th ls  equet . 'Lon  nu . l - ]_ i fy 'ee .ch  o ther .  I ï cnco  (a rb)  (b ,  c )

( b ) ( a r b , c )  =  ( a . r b )  -  ( i ¡ ) ( a )  =  a b - l . l _  a b  =  - L .

l-n s -1-:rrl l-a..i '  l lren¡lel.¡ r lto c¿rn e;,;ter:cì. this ¡,clLetior¡ to bl.aci.:ets cotj-

tairring 1e.::ge;' niuribers of .sy.n:bo1-s. Co-l-Lccti rrg ou-r, t.csn1ts, l.¡e

may r.ri te :

( a )  ( b )  - r ( a , b )  = =  - 1

( a r b ) ( b , c )  - b ( a r b , e )  i j  + 1

( e r b r c ) ( b r c r d )  _  ( U r c )  ( a r b , c r c l )  = ,  _ 1 .

( e r b r . r d ] ( b r c r d r e )  - .  ( b r c r d )  ( a r b , c ,  d , e ) =  - r 1

oÌ ' r  1 t t  ge i :o : 'aL ,

-  
( a r b r c r . . . q ) ( b r c ¡ . . . r , [ ¡ h )  - ( b r e  5 c o t r _ 1 ) ( r i r h  5 c 2 o o . f , r t r )  =  t  1 ,

t ¡ l :er¿ the pssl t ive s ign ls used l f  t r :o nu: lbe: '  of  s¿r-nbo1s j .n the

f Í rs t  bnac l<e t  1s  even.

Tho seco¡rd of  D.r rer ls  re l .a t i .ons rer¿J.e ' , ¡ed.  by Gar- :ss is  fa i i , ly  ob-

v i o u s :  -

( a )  -  ( a )

( a r b )  = a b + l - = ( b r a )

( a r b ,  c . )  : =  a b c * c " i a  - -  ( c r t ,  a )  ,  e t c  .

f r t  gc. t te i "a ì . ,  I 'evcì 's i , -ng of  thc o i 'd í , i '  o f  t i - r3  syn 'oo) .s  Coes nct  a l tcr

thc va.Lrr.o. of t !" ei:pltrsion. r, ' ic nrt.v t i : .¡rei lo: '-- v, 'r l te:

( a r b r c . . . : , r )  -  ( ¡ ' t .  n . c r : o r i l ) .

t
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Proo f  o i  t h i s  reve rs l ì : 111 ty  f . ' o l 1 -o " r s  f r "o ln  a  co t r s l c l c i ' a t Jon  o f

t l re  netb.oc i  o f  expÍr .ns lo i r  t ,y  moens of  t ! 'ë ' r : t io : :a l -  ser ics.

v1

l . l i th th ls kr . ro i ; le dgo of  Eulel ' l  s  Algcni th:1,  1t  be cc ' ì r :os eâsi : '

to .fol]ol.r Ciarrsst proccclure ln erppl--vlng lt to the gÊûot:€rì- prcblo:n

of dgte,1. : - l -n!-ng th ' :  opt1cal  con-qt¿r.n ' ,s of  a co¡r¡ . ia l l  systcni  of  ne-

f¡act ing surî¿' ,ces sê5sr¿ird t ,y rced. la of  varying refract j - ' ¡e

l n d l c e s .

Gauss. o:rplai .ns his pl .ocedr; . re a.de.quatcly! ,  ena t t  1s t l :grefc, l 'o

: ,
l i  no t  necûssa. t "y  to  d ' rg ress  f ru ' t ì :e : 'on  t Ì :¿  sub je rc t .  I t  shou l .d  bc

I  
noted, hoi , ' ¡ve¡, ,  that ,  the s¡nr:bol ,  k,  r€presetr ts the neg,ai5.ve. /a l . ' :o

I  |  â  a . - - -  ^ ¡  ! L -oî tha I 'esul- t .ant  rofract in3,  po' , . . 'an of  the ent i re systen. Heììcc,

" ,  

l t  1s  a  s lnp l -e  ¡ :a t te ; r '  to  usa  tho  express lon  - l i  =  (uo ,  t t ,  t l t ,

'  t t t ,  t1t t ,  o .  .u- . - ' )  r  l ¡ i :=r 'cJ.n the rr t t r t  sy-nbols aro the negat ive rc-

.  f ¡act i_ng poi :Jrs of  thc lncl iv icÌura. l_ su¡facôsr,  a i :d tha rr¡rr  s¡rnbols

?  aro  t l :o  l r rcc luccC c l i s ta t :cesr f  separa t f i :g  tho l t ' v€ ' rL icos ,  to

d.eÌ ;cr , . :J.no th+ I ' r f l 'Ê,ct ln3 po' . , ;ct  c ' f  the er¡ t l re sÍst ; : , : ì .  Thls

method co:rpsì .es f i ivorabl .y r¡ i th sr l l .  thc nocie ' l 'n r 'ðcL:1 ' rsnt  fc: ' ; :u l -n:

B .  R .

Thus ,  (a ,b ,c )  =  ebc (1  ' ¡ ' t  ' ! ' 1  )
( ãE b-d- )

end  (c rb ra )  -  cb t r ( - l - ' l ' i .  - r _ f - -  
)(  ã 6  b â )

Those c¿n bo soed to  be lCer . ¡ t ica.L '

i
I,

i r
i !

à .

(,
I '
r j

I
J¡

{ i  Sse bj.bl iog: 'epìr; i  on fol l-c: 'r l t- ,9 pûõe .


