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Prenslatorts Notoe

Dosplte the foet that Gauss'! colobratod "Dioptrlsche
Untersuchungen" was writton more than one hundred ysars ago,

tho Englishe-spoaking world has nover onjoyed its coinplote
trenslation., This czsay forms tho basis of all modern

- paraxiel or "Gouesicn" optics end is a masterpleco of analytical
reasgoning, It is hoped that this transglation will be ugeful

to physicists end opticel onglncers and, likewise, will scrve

to grant studonts an insight into tho brilllance that was
Gausat,

In the original German, the lenguage, by modorn standards,
jg archaic, clumsy, end involvod., Although the translation
has nobt been froe, T havo ondeavored to remove all ambiguities
by the simple oxpecdionts of broaking up long sentonces and
sveiding proncung of obscuwe antocodenco, T have not ‘hegitatsd
to inscrt editorial notes wherever theoy might aid in ovorcowing
sny obscurity. In his article, Gsuss included no diagrams
whatsoever, incredible though that may seem. Such diagrans
have bgon included wherever nocegsary in the trust that thay
will clarify the toxt. ' _

- Tho treatment offered by Geuss is ver goneral, dealing
anzlytically with a coaxial system of refracting suefaces.
Howover, the spoclal casc of thick lenscs; such as telescope
objoctives, is givon chicef attention. Thes mathematical theory

is groatly sinplified by special substitutions, to whoss cholco
ho was probably led by previous knowledge of tho analogles existe
ing betwecn a single lons and a system of lensos, but wilch
otherwise wovld appsar rather arbitrary to ths reador, Ths construc-
tions and formulae basod upon Gauss! Cardinal Polnts aro very
practical, and sppeor in most boxts on Goomotrical Cptics, Al-
though thoe symbolism and conventions employed by Gauss are now
obsoloto, thoy havo beon for the most part rotained, for hisg-
toricel snd sontimental reasonsg, The few CGroel symbols appeor-
inz in tke origiral have been replaced by Latin once in order to
sinplify the typography. The reader wno 1s already conversant
with modern optical terminolomy will roadily perceive tho analo-
gies botieen Gauss! and the prosent forms of optical formulee.

Bernoxyd Rosett,

New York, July, 194l
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OPTICAL, THVESTIGATTIONS

In the considerétion of the paths taken through lenses
by those light rays which are very slightly inclined toward the
common axié of those lenses, and of éssociated phenoriena, many
very elegant results have been prosented. It may seem that the
work of Cotes, Euler,.Lagrango, and Mobius has left the subject
exhausted; still, more remains to be desired. An outstanding
fault of the equatlons formulated by these mathematicians is
that the thicknesses of the lenses arc thoerein neglected. Becausc
of this, considerable liuitations, as regards accuracy and
naturalness, are imposed upon these equations. It is not-to
be digputed that in many other optical considerations, (namely
in those wherein the so-called Aberration dus to fhe spherical

form of the lens surfaces is takeﬁ into account) the initial ne-

" glect of the lens thicknesses becomes useful, and indeed necoss-

ary, in order to obtaln simpler and more flexible expressions
for computations and first approximations. Nevertheless, it
would still be desirable to avoid such sacrifices, wherever
possible without any important loss in tho-simplicity of the
fesults.

In the‘primary definitions of optics,.we'encounter a
pernicious deficigncy, of mathematical nature. The concepts of
Ax3is and Focal Point of a lens are precisely defined, but this
is not true of the Focal Lengthf Most authors define this as

the distance of thes focal point of a lens from its center, thus

either tacitly assuming or actualiy adveocating that the thickness
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of tho lens bo considoroed infinitely smell, Henco, accordling
to theso writers, the focal length of an actusl long retaing

an uncoertainty of the order of the thickness of the lens. In

. moro accurate determinationg of the focal length, several defli-

nitiong, not conslstont with eaoh other, 8aro employ¢d. Thus,
the focal length is definod sometimes s the disganca from the
roar surface to tho focal polnt, egoin as the distanco from

the so-colled "opulcﬂ1 centor” of a lens to its fooal point,

end other times as the dlstancs from ths point mldway betweon
the front end rcér surfacos to ths focal polint. ‘Different from
8l) these definitions is tho ono which uscs as e basis ths ratlo
of ths slzo of tho image of an infl tnltoly stant objoct to the

apparcnt, or engular size of that object., This last is indcod

. tho only definition with a meaning,

Thorofore, I havo not congidered it suporfluous to devoto
several pages to these very olementary Investigations, with the
intent of showing that one nuay consider the thickness of tho lens
in the aforementioncd fovmulae, The only limltation we shall
permit is t@at edge rays, which suffor from spherical aborration
shall be negleocted. Only such fays as areo glightly Inclined to
tho axis (Ed. note: Mparaxial rays" in modorn terminology) eare

to be rotainsd.
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Tho location of all the points appcaring in this investiga-

tion is doterwminocd by moang of rectangular coordinates, x, y, &nd
& )

-2z, It is prosupposod that the focel polints of all the different

rofracting surfaces lie on the x-axisg; only those rays formin
.
t

small angles with this axis are to be considered. By an arbit-

ravy convention, the x coordinate is congidorcd os growing
” O

v

ositively in the dirscition of propogation of thie light vavs.
e (=1 P

1

Vo consider firsgt the elfect of a rofraction upon the path
of & light ray. Let the relative indcx of refraction fram ths

first modium to tho second be in the ratio of n!', Ve let M
‘ n
donoto the center of curvature of thz intexrfacso botwoen ths two

medla; ¥ denotos tho polint of intersection of this surfacs with

thy first coordinate axlils (z).

Theso points may also bo reprosented by tho corresponding valuos

of x, This, in the fubure, will also be done wlth the other
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points on the first coordinate axis. Furtharmoro, let the
radiua of the interfaco be r = MM, The valuc of r will bo

positive or negative, depending on whether ths second mediunm

4s on the concave or convex sicde., Let denotc the point of

fntorscebion of ths light ray and tho rofracting surfoce; and
¢, the scute angle batwsen MP and the x-axis.

The gtraight line described by the incident ray is cxpressocd

by two equations =~

y = 1 (x=H) + b

] R

(x-Y) + ¢

je § AN

In like manncyr, the equations exprossing tho straight line doscribed

by the refrected rays are -t

1]

y = 1! (x-H) + b!?

z = §¢ (x-N) + o

"We shall endcavor to dorive tho relationship of the four values 17,

jt', bf, and ¢! to &, J, b, and ¢c. The point P is detormined by

x =N+ 1r (lecos C)

and, because both equations hold true for the point P, ws have

e

(1-cos C) + b = 1i' (r) (l-cos C) + b!

iR 2 24

. Ol

Hence, since %1, i' and € are infinitely small values, wo may pub

(1) ( bt =1
- " ( end
(c':C




A plane through M and perpcondicular to tho x-oxis cutbs
the path (prolonged, 1f necossary), of the incident ray at Q,
and cuts the path of the rofracted ray at Q'. Sincs PQ' lles

, and Q' 1lie slong the

v

in the samo plone &g PQ and Bi, MM, Q
same straight 1ine. TLet us denote by B and B' those angles
made by the straight line and PQ and PQ' respectively. Thon

3t bocomes obvicus that MQ = r and MQt = r

—— -— m—r e

sin A sin B sin Af

Wwhere A and A' are the angles of incidence end refraction,

P
ta
e
ju

Consequently, MQ' A'.  sin B!
MQ sin & sin B

or MQ'= MQn sinB
’ : n' sin B?

Since for the point Q

y=b + r

)
i
(o]
g

o J O o 1
X

and for the point Q!

y=b'+i'nr

3]
"

c' & jf ¥
'ﬁ‘r

end the last two coo»dinates asre related to ths two previous oncs

Q'y wa sco that

in thks ratio I}

MQ
(bt +i'r =n sinB (b + ir)
A n' n' sin pt n
(
(et +jlw=n sinB  (c+ jr)
nt n! sin B! n




e reireshe mmy

( 4* = nb + ir (sin B) - n'b?
B | T sin BY v
end N
( 3* = nc + jr (sin B) - ntc!
( r sin BY r

These exprossions are strictly corroct. Sinco B and B!
differ from a right engle by small values only, 1t becomes

sufficiently accuralte to write: -

(2) 1t =1 -n! -n (b) =1 +nt-n_(b)
jt=§-n'-n(c)=7J+n!-n (¢)

r EEEY;

These cquatibns, (1 and 2) contain the solution to our
pfoblcm.
. The fdct déserves monticy that these formulae are &lso
1mmadiatoly eppliceble to a beam of'reflectcd ight 1if weo méroly
sibstitute -n for n'. With the aid of such a meothod, the follow-
ing investigations are also very easily extendsd for theo caso

vhere, instead of refractions, ons or more reflections occur,

, | 2

For the solution of the genaral'problom of detormining tho

" paths of light rays after ropeated rofractions (m + 1), we shall

uvge the following symbols: -
J7O [t 1 N’rﬂ 3 ) [ »
N°, N', N7y ... are the points whsro thoe x-axls crosses

the rofracting surfaces.
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.

m

M°, W', MY, ... M roprecconts tho centors of the refracting

surfacos, all 1lying in the x-axis.

nt n" ntte nm-¥-1 . 4
—o ! T ere the relative indices of
n n' n" nm

rofraction upon crossing from ths first medium
(vefore N°) inbo the sccend (bobtwoon ¥° and N');

from the second into the third; and so on.

777

77"

o , w $ ,- - !
n " 77
/ y \ g l . \
ro‘\ N’ / N ¢ i /

In the corpuscular theory, the symbols n®, nt, n", etc. are

direculy proportional #to the velocity of propﬂgation of the
light; in the undulatory thsory, the symbols n®, n', n%, etc.

are invérsely proportional to tha velocitiy of propagation of

the light waves. If the last medium is the seme as the first,

ot
™1 pocomes equal to n°

Let the equations for the paths of thes light rays bofore
the first refraction be -3 |

r—

#(md.Yote: This is not strictly true. See Newbton's "Opticks",

_Booﬁ I, Part I, Exp. 15.)
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(- y=1" (x - u°) + >
M
( z=4° (x - ¥°) + o
( n°

Similarly the equations for the path of tho ray after tho first

.refraction would be

g y=4i' (x ;_N°) + b°
A

(

(

or, using N!' in place of N°, we have

e

y

E

' (x =N') + bt

zZ = 3! (x - X') + ¢!
nt .

P X Ve Vo Voaan 3

Then, the eguationg for the path after the seccond refraction

would be ¢
g y = 1§ (x - N') + bt
n
( .
,2 z = i; (x - W) + ¢!
o .
or g y = ig (x - N") + b"
( S
( 2z = A: (x ~-7") + c" , etc,
. nl .

Therefore, if we take the last terms in ths serles of i, J,

. . 111'!'1 Yels N K
“n, N, b, ¢, numgly 1 , j“'l -+l ™ m

m
» N s ¥, b, ¢, and donote thom




by moansg of an asterisk for a supergcript, in ordor to make
them recognizable as such, we have I, %, L, b, and ci*
synbolizing the last torms of ths sories. Thse eaquations for
the last path of the light ray, after the lsst refraction,
then boecome ¢

y = i (x - M) 4+ bz
n

ate
A Y

P, Py, S P P

z = Ju (x - Y2) 4+ o .
Finelly, if we sbbroviats by sciting '

! - N =g Y - Nt o= g" T NUP - W

nt. L - U R A
(3) ( : |
( n! -n° =u° n" = n!' =ul  nttt . " =t
( N° -M° FrHY ) U
esse 6lC,

.

then, according to the proposed convention for the supcrscripts

of ths lest terms in the sories of refractions, wo may write

m m
t = t and u = u

=X

Thorefore, as a result of ths previous statemonts,

n

31° 4+ u®b°

bO + t141

n

1t 4+ u'b?

1

o~ T = A
1

= bt 4+ iV

ihg = 4" 4 unbn

S P S~ P P P S P

bttt = b 4+ frreyrte

end so forth: wnenco 1t follews logleeally that b and 1 are

dotcormined lincarly by b® and 1°, Thus, If wo substituto




—

( b% = gb® + hi®

iH

()

—~—
o
i1

kb® 4+ 1i°

_ \ .
in the symbolism Iintroduced by Euler (Comment. Nov. Acad, Petropol,

- Vol. IX), we got-:

(g= (u°, &', ut, t", u" . ., . tx)
(5) % ho= (&', uf, t", u", e o o0 L)
2 k = (HO; £, ut, tY, u" o, . o.ous )
(1= (o, u 60 w0 o)

The meaning of this symbolism bocomes cvidont from the fact

that if from & given sories of values &, at, a%, a't!, etc.,

enother soriesg A, A', A", A''', etec. is formcd after the follow-
ing algorithn, or mathematical pattorn,-t A = a, A' = et A + 1,
AM = g" AT o+ A, APTY = at!t AY 4+ AY, ond so on, Wo may write:-
A= a, At = (s, a'), A" = (a, at, a"), ATt = (2, &', &", a''t)
etc.,

Further, it bocomes self-evident thab in the equations for

the third coordinate, 2z, the constants for ths last path are

'dorived frocm thoss of tho first (incident) path in & manner

enclogous to that employed in the equation for y. Hence, we
will have: -
cex = ge° + hj°

W
( g

ke® + 13°

n

Tn the equations (3) (5) (L) are contained the complete

Sze translatovrts appendix at end of artlcle,
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solution to ovr problem.
-3 -
Fuler has olsewhers doveloped the most olegant rolaticas of
the previocusly wentioned algorlthms, of which only two nceod be
rocalled to your mind,

Firstly, it is elways true that

n -+l 3
(g, at, & . o . &) (a', a" . . . & ) =(a, of, " . . .8 1)

‘ ‘“ m .
(a', a" . &« « 8 ) =+ | (unity)
whore the upper or the louver sign is operative, depending upon

m-+1
a

the muwber of all ths elewents a, a' . . . (i.0., tho

number m + 2 rospectively odd or evon.)

Secondly, it is pormissible to rovorse the order of the

m
elements. Taen (a, at, a% , . . 8 )= (" . . . &", a', a),

From the epplication of the first of these equations to the
valueg of g, h, k, and 1, it follows that
gl - hk = 1 (unity)

The oqua%ions (44t) ean therefore boe presented in the following
forms |

b® = 1bx -.hi%_

§0 =-kbu + gl

c® = lew -~ hjx

J° =-kex + gl




Consequochntly,

- 12 -
b

Lot P be & glven point on.the-straight 1ine (prolonzsd if
necessary), represcnting the flrst path of tﬁe light ray, and
let X, Y,'and Z'b¢ 1%g coordinates, Thercfore, we have

n°Y = i° (X - X°) + n°b°
or, if we substitute for 31° and b° those expreossions at ths end
of tho previouvs article,

n°Y = (gi# - kbx) (X - ¥°) - n® (hix - 1b%)

( )
bi# = n°Y + (n°h - g (X - N°) 1=
"n°l -« k (X - 1°)

If wo substitute thls value in the first oequation for the path

of tho light ray after the last rofraction, namely in

P

Ly =L

i

¢ (x = M) + b,

a
Py

end if vo abbreviate as follows:

( )
N = (n°h - g (X = N°) nv = Xz
n°l - ¥ (X - N°)

2

BOY - Y.x.
n°l - x (X - N°)

then this equoill on becomes

y = ¥ o+ in (x - X)
o

In similar manner, if we also write

n°z = 7%
n“l - k (X - &%)




for ths szocond cquation for ths path of tho light ray alter

the last rofroaction (pasoe 9), this bocomos,

P

z = Z% 4 Ju (v - ¥¢),

_ The point P, whoso coordinates are X, ¥, and Z#, thorefore
lies on the siraight line (produccd backwards if nocossary),
r&presonting this last path., Alzo, it is obvious that the
coordinates of L% are indepceudent of 1i°,b%, j°, ¢, and that
tharse coordinateé, e, Y oand Zé, erc tho same for all incident
rays wnich pass through the point P, Wo can consldor tho polnt

P as an object and P¥ as its Image; the object‘can be a real

“one only if P lies in ths first medium, or (X - ¥°) is negative,
and also the image is a real one only if $% lies in the last

" nmedium, or (X% - M) is positive. In othsr cases, the object

¢ image 1s virtual,
The points P and P+ lie in tho same plane &g tho x-axis and
at dlstancos thorcfrom which are in the ratio of unity to

nO

WOT =K (X = F"), A positive or negative sign of this ratio

Indicatog the position of these points rospectively on the

sams or on opposite sides of the x-axis, We can regard a system
of points in one plane normal to tho x-axis as a composito
object whose composite Image also lies in-a plane normal to this
axis, and 1g similar to the object so that ths linocar rolatibn~
ship; of the parts (Ed. note: or the lateral mggnification) caﬂ

be expressed by:

e B o= etk (e W),
nvi -k (X -"1") s

The sipn differontiates betwoen erect or inverted Image,




Ths material thus far devolopsd containsg the entirce thoory
of the deviations Induced in the paths ofiligbt rays by ro-
fractlion, and also permits exitonsion to the case wherc ono
or more reflecctions ave asscciated. The cosog of wcflsction,
however, will not bs speclfically ppeéentod hero.

It is not suporfluous to brirg the rosults into different
form by vsing &3 points of rofcrence, ingtead of tho vértices
of ths first end last surfeces (N° and ), two othsr points
Q and Q&;

The equations for thoe first path of the light ray would
than be: |
(x = Q) +B

H S, P PN
oy
It
[N
e :54 o

N
1
o

(X'Q)"‘”C:

o]
o

and the equations for the last path of the light ray would be:

g y=ix (x - Q¢) + B

(
(z=g (x-0q:)+0s

n¥
If we sot ¥° - Q = wand Q% - N = w#, we have:
Y ni-
b® = B + wi® ¢® = C + wj®
Bi: = b + i % =

¢t o+ Wi gt

Then, if in conncetion with equationz (4) wa substituto
C =g+ witk

H=h + wg + witk + witl
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"

k
L =1+ uwk |, -

it follows that
B# = GB + HL° e = GC + HJ°
js% = KB + Li° j% = KC + LJ°

The coefllcients G, H, K, and I, waich in this wmenner re-

jace tho former symbols g, h, k, 1, also obey the rolation
J H 5

GL - EX = 1 (unity)

6-

The introduciion of other referenco points 1s made in ordey
to present a simpier dopéndency of tﬁe position of the omergent
rey upon that of the incident ray. For this purpose, two pairs
of points, which are to be denoted by E, Ex (I) and F, F*,'(II)
are admirably suited.

The values of thé quantitios assoclated wlith these polints

easlly lend themselves to errangoment in tebular form,

I (B, Ex) 11 (F, Fi)
- 1 -1 -1
v R K
l-2 _ -g
YR K | ) k
E=N° - n°(l-1 F=0N°+n°l =E-+n°
Q k k X
B =MW + nt(l-g) |Fe = N - pig = B -0
Qs k k-
G 1 0
H 0 g
K k k
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The resvlt 33, therefore, that if the equations of theo

incidont ray ars pul into the form

(y=41i° (x-E) +B

g nO .

(z=3° (x~-E)+C ,
( n®

or into ths following form, (whore we dlfferentiate the constants

from those of the previous form, by using accents),

(y =1° (x = F) + BY

o

(z = j° (x=-F)+cC' ,

( n” _

the equations for the emerging ray become

y =1° + kB (% - BEx) + B

3
Yis:

P e S
2]
1t
Cde
o
+
=
Q
—~
bl
t
&
>
Je
Q

or

P
)
i
e
o
]
H
=
=
H
e
(o]

Thru ths use of pointa B, Ex, the depondency of ths last
path of the light ray on the first pormitsg ltself to be ex-
prossod simply, as follows:

1

The last path has tha sams posltion ulth roforence tothe

point Ex as would bo found for s ray refracted at a single
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SphCPlCdl rcefre CLLUE surfaﬁe of radius - nit at E, scparat-
ing tho first mediun from the sccond. This ig epplicable to tho

case where the first and last modia aro disgimiler. Houover,

‘3f they arc similar, or n¥ = n°; as by refraction thru one or

several lensos guvrrounded by air, thon ths last path has the
same position reclative to Er as it would have rolative to E

ely thin lens at E of focal

)—Ic

if the refracted thruv an inf

nit
lengtn -~n°® , In othsr words, it ig permissible to repleacc the
5 .

transttion of light from the first to tho last medium, incurr-
ing scvoral refractions, elther by & single refraction at ons

refractory suvrface or by rofraction thru a single lens of
(%]

“4nfinttesimally small thickness, depending on whethor the first

gnd last media aro digsimilar or identicsl. In the filrst case,

the rofracting surfece is given the radius n® - n%, and in tho

e i mss e e

seccond casc, the thin lens 1s glven a focal length of -n°; in

either case, the vertex ov the thin lens is asgssunsd to be at E,
Then the emergeont ray i1s digplaced of shifted the sare amount
as B+ is from E. Incidentally, ths sign of the radius of the
refracting surface is to bs taken as in Article I, the sign

of ths focal length will be 0013¢aored later, 1n Article 9.

Becauso of tho significance of the points E &and E#, they
secm well to merit speclal nonsnelaturs. I shall call them
the PRIVCIPAL POINTS ("Hauptpunkte") of the systeus of modia,
or the lens, or tho systems of lonsosgs to wiich they refer. E

may bo taken as bhe Filrst Principal Point, and E as ths Sacond
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Principal Point. By Principal Plsnes ere to be uandorstood
those thru the Principal Points and perpondicular to tho x-

exis,

8.

Looking back uvpon the points F and i+, thoe formmlse of
Artic}o 6 ghow that &ll incidont 1ight rays passing theu the
point ¥ corrospond to emergont ones which sre parallel to the
opticanl axisy howsveor, incldont rays which are parallsl to
the exis omerge so as to intorsccet in tha poiﬁt B, For rays
traveling in the ovposite dircction, it is merely necossary
to interchaﬁge the functlons of these polnts, If, thorefore,
we extend the convention existing for individual_lcnsos, wo
may call F and F* ths Focal Points of the system of media or

lenses to which thoy rofer, F rcpresonting the First Foca

-Point, end Fi representing the Sscond Foeal Polint. The planes,

verpendicular to ths x-zxis and passing thru these poiunts, may
be ealled ths Focal FPlanes. The formulas of Ariicle 6 show
that all rays which cross in any extra-axial point of tho focal

plane correspond to emergent rays which are inclined to ths

~axis, bub which are parallel samongst themselves; conversely

the same fornmlae Indlesate that s8ll rays which are not parallel

to th2z axls corrospond to cmergont rays which cross the Sacond

Focal Plans in points differing from F:,
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With the vid of these four plenes, ws arrive at a very

simple construction for the position of the emergent ray.

~ F E E* =

C ;

(3)

(2) - (4}

The construction is performed as foliows:

Let the Ineident ray cut the First Focal Plaﬁo et the point

- (1), the First Principal Plaone at the point (2). Lst a liwe

thru F and'parallei to (1) (2) moet the First Principal Plane
at (3).. A 'lino parallel to the axig thru (2) meots the Second
Princzipal Flane at (ﬁ). Finally, let a line parallel to the
exis, thru (3) meet ths Sccend Focal Plane at (5). Thon the
position of the emerging ray will be given by-(u) (5) or (5)
(L),

The values of the coordlnates are given in this 1little

tablo:
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Cecorrdinates

Poiuts _ x y 2
F F o o]

(1) | by | B! !

( 2) E | B '_ c

( 3) E .B-..B" ¢ - ¢!

( H$ B B c

(5) | = B~ B! C - G

It thercfore follows from the formulas of Article 6 that

"the emergcnt ray passes thru thoe points (L) aud (5). Passage
O S

thru point (L) follows immediately, but passage thru point

(5) followsbocause thoso formulae ars true:

B-B'=1° (E-F) = i°
n” ¥

C-C'=3° (E-F)
n°

L
s
‘o

’

In ths most commgn casec, where ni =.n°, it can bz soosn that
Ft « B+ = E - I, Then, thq constructipn bscomss even sinmpler,
because point (3) boecomes superfluous; ve neod only to detor-
mine points (1) (2), end (h),Aand then draw (L) (5) parallei
to (1) (E).

if the directlon of the incident ray is such &s to pass thru
E, theun the diroction of th=> émargcnt ray is such as to pass thru

F::, Tn ths case where n¥ = n®, the incident and emorgent rays

thru E end I¥* aroe-parallel to each other. It %s customory (in
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simple lenscs) to call such a ray a "principal ray",
Tho distances of the Socond Focol Plane from the Sscond
Principal Plane, and ths First Principal Plane from the Firsh

Focal Planc, or the valucs -ni# , ~n®, could be called ths
E""

k
"focal lengths" of the system of media, However, it scems more
appropriate to linmit thc use of this nomeznclaturce to ths caso
where the last medium is identical with tho first, in which

case theso distances are equal to each othsr. TIn order to con-

form to ths usual convention, we conzsider the focal length

positive if the first principsl point is repressnted by a
largor coordinito than the first focal point; thus, the foenl

length can always be expresscd by -n° = E%
‘ kW kK

: 10,

In the formulzac derivod in Article L for the location of
the image, it is obviously permissible to replace W°, M« by
othar pelnts 1f wo subgtitute, instead of g, h, ¥k, 1, the
corresponding G, H, K, L. By choosing the Principal Points,

»

13 got ths follewing expressions:

B =~ mt (B - Y) .
n® + k (E - X)

{

n
n“+ k (B - X)

I
"
=
o
(NN

n® * k (8 - X)

The first forrmla cean be given the following form: -

ntE 4+ n® o= Lk,
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If wo soloct the focal points, we get: -

X o= B oo nnss
200

KFTR)

Because of freguent usago, the forrmulse may be put into
the forms which they asgums if the first ancé lazt modia are
identical; end the focal length is called T,

1 o+ 1 =]
) RS2 E=X iy

) . 5
(X2 -~ Fs:) (F=X)=7¢

9

LY = «Y(X -~ Fi)

(v = £ 3
F-X T

Zx = £ 7 = <Z(X% « Nar)
(F¥=X) T

11,

The four Cardinal Points (or "Agsistance Points"), E, B,
F, F& lose thelr epplicablility in the special case vhere
k.= o, 1, e., where thosc points are considered as infinitely
removéd from the refracting surfaces. We can in this cace
epply the above-mentioned general formulas which here take
the following form:

If the eguations for the inecldent ray aro
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then the equations

1

14°

r“O

y

bO

(= - N°)

e
)

(x - N°) +'c°

for the emergent ray arec

(x = W) + gb® 4+ hi®

z =13° (x - W) + ge® " hj°

nO

N - ghnse

ni

1i°

Tvie

N
H

sre X, Y, Z, we get

Xt = N3¢ -

= 253
- e an

Z2 =g Z

y = 1i°

If we ebbreviate by seciting I# -hnt = Ni=t, or, which ig
il

1

equivalent (since gl = 1), %o

= e,

‘then these formulas becone simplor yot, namely:

(x - M) + gb°

o

(x -~ Nzt) 4+ ge

For the poslition of the image of those polints whose coordinatles

the coordinates

ghrt: - n g2 (¥° - x)

-g__gf (x =X)

nO

_Y =g Y

It then bocomes clear, firstiy, that the point on the x-axls
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vhich by our nowoenclature is tormed N represents the image
of the point I1°, and secondly, that the linear magnification of
the parts of the composlte image is constant, namely in the

ratio g or L

Lo

12,
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Th@ caso considered in the previous article appliecs to the
telescope whire the lonses arce ad justed for‘a normal eyc sharply
viewing.an Infinitely distant objeet. The ébbve formvulae in-
dicate that the direction of tho ecmergent ray is dopendont only
upon the dircction of tha incldent ray. Therefors, incident .
rays parallel to each other corrospond to pavallel emergent
rays, and the tangent of the inclination of the incident #ays

to the exis is 1 times the tangent of tho inclination of the

I

emergent rays to the axis, Tho number 1 = 1 is therofore vhat
g
is called the magnification of ths telescope and its positive

or negatlve sign indicates crect or inverted appsarance, If
we intorchango the functions of incident or emergent rays by

facing tho ocular glass toward the objects, then the objocfs

being viewed secm diminishad in the same ratio., Upon thls fact

is based that convonlent and exasct method for determining the

Magnifying Pouwer of a telescope, which I reported in 1823 in

Voluae II of the "Astronomische lNachrichtringen”,

Anothor method of dstermining the wagnification depends

wpon the couparison of an objcet with its imace with repard
3 8 g
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to linsar rclationship., Rameden's Dynameber is nothing mor

o

than o devico to meagurce the dlawmetor of the imége at 1w of
the clrculsar periphery of the objoctive. One would naturally
first have to sscortein whcther this imagoe is real « is '
possibly of a virtuval nature. The image, in crder to bo
real; rust satlaly tho condition that ghns be nogative, In

the Galilean tolescope, wherein this imago 1s only & virtual
one, on exact result could be obtalined only with a micronetiric
microscope, which would elso deserve preference in all casgcs
vhere greator pregision ig requircd., Besidoes, 1t becomess clesar
from the pfevious erticle that it would be just as well to we
an appropriétc object at a filnite distance from the objoctive,
s long as the distance does not become so great that the image
ceasos to be real or attalnable with ths traveling microscopo.
Finally,-iﬁ may bo mzntloned that the polnt MW=t 1s the one which;
in the theory of thc:teloscopa, is located at tho centsr of

the "eye-ring". | |

13,
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In order to apply the gensral rules of the second articleo
to tho case of & simple gless lens, we dehote ths refrsctive

index 2t the transition from alr into gless by n, the radii of
. g8 Y T

the first and sccond surfaces by (n - 1) £f° and (n - 1) £', and

the thicknoss of ths lens by n e. In this case, we have, thorce-
3 s

foro, the following:
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end conseguontly,

g=14+1u°t = ¢ k + u® +u! +tt wlu! = (£° 4ft - e)
S ‘ £or!

h=tt'= é - 1 =1 +utt =1 - e
T

For the vcsultant focal length £, we have, according to Arvticle 9

£ = for!

e

fo4ftc
For both Principal Points, hore deslgnated by E, B! (sccording
to Article 6): -

E=1° + of° = N° + of

e 7

E! = N! -  ef! .= N' « of
fo+fte0 £°

And for the two Foeal Points, F, F', we have: =

F=F-f =H° - £° (f'-0)
£f° + ft-¢

Fi= E' + £ = N* + £°(f°~c)
feaf1-0

<
]

-
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For the point of intecrseoction of tho path of the principcl

-

ray with the axis, we find:

N® 4+ nof® = ' - nef!
£O+LF fo+rt

i

X

This polnt, which is indepondent »f the Inclination of ths
principal ray, is called by some writers the "Optical Conter™
of ths lens, a torm scarcely merited by this point (which
possceses no unusual propertiocs). This terminology seoms to
have led to the error of censldering the gimple rolations
occurring at sn infinltely thin lens as.&pplicable to thiek
ienses by moans of reference to tho optical center, This 
ancl.ogy we have shown to be invalid, sinco only by rcfcrring
the'object to tho Fivat Priﬁcipal Plono and the image to tho
Second Principal Plano can thick lous formulao be mads to
resembie thin lens equations; Aﬁyway, ve cannot spoak of the
6ptica1 conter as proviously described, in afsystom of soversl
lenses, as in an achromatic double objective, If it wore
desirable to retein tho term "Optical Center", then I would
consider it mors approprilate to apply it to the point lying
midway botwsen ths two prinecipsl polnts (thoreby also miduay
betwecn the two focal points)., If a lens is symmetrical,
then the former, common dcfinltion of "optical Centor" coin-
cides with mine. The midpoint of the two principal polnts
has ths useful property of boing caslly and accurately de-
toerminable by reversal of the lens, becauso 1t is.obviously
the point which rotains the same pogcltioen aftor revorsnl if

the locatlon of ths image 18 to be unchungod for a final object.
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It may be montionad that the distance of the two principal
points from csch other beoeomes

E' « B = o - o (£94£1) = (n-1) o = 6°

e )

foP4rfiwp ?B+f'—o

Therofore, Inasmuch ag e is usuzally very small in comparison
to fo4ftec, the separation E'-E is hardly sppreccisbly different
from (n=1)e, which is the some as the thickness of the lens

(Ed. note: [nd) multiplicd by n-!,
n

1ly,

——r——a——

In Article 2,'gcnora1 formulae were given by means of which
the path of the emergent ray is determined from fha path of
the incident ray. It is possidle, for the case of a system of
coaxlal 1§nacs to use more convenient equations by introducing
the focal lengths ofjthe individusl lenseg end the intervals
between the Second Principsl Point of one lens and the First
Principal Point of the noxt successive lens, instead of the
radiilpf curvaturo of the individual refracting surfaces and
their mutual separations. The new formulas now becoue vcrj
similar to thoso of Article 2, but contain only half as many
elomonts, Since their derivation from the provicus material
is quite simple,. it will be sufficlent to state thom here in
ponvenient form, We ¢all the focal lengths of tho individual,
successive lenses .£°, Y, £%, ote.; thely Princelpal Polnts

(aiffering from the previous notation), we wlll denols by two
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. sots of symbols: i.o., the succcessive First Principel Polnts

willl be E°, E!, E", etc., and thoc succossive Sccond Principal

Points will be 1I°, If, I", etc. To ebbreviaste, we write:

= ! -1

-] =u° -1
-f° T , T =", ete.
B! - I° = ! E" - It = gV E1tl o Ts = {110 ebe,

The last terms in these serles may be marked with an asterisk (%),

If wo write the equations for the incident ray in the form

y = 1% (x = E°) &+ b°

1

(
( |
(z=3° (x = E°) + ¢°

end the equations for tho emcrgent ray in the following form:

(y =43 (x - It) +
(
(

n

z e (x - Ix) 4+ e
end if ths fowr values g, h, k, and 1, as determined through the

formulae given in Article 2, cquation (5), are identical with:

b = gb® + hi® ¢t = ge® + hj°
i% = kb® + 11° % = ke® +13°

then, for the two Principal Points of the Resultant lens systen
3 , J »

we have: =

for tho FPivst Prinsipal Point, x =E° - | -1
) k
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~ for the Second Prinzipal Point, x = I% + l-g
k

In addition, we have, for the two Focal Points of the lens

éystem,
for the First Focal Point, x = E° + %
for the Second Focal Point, x = I - %
The focal length itself = - %

The formulae for the case where the system consists only

of two lenses deserve especially to be written here., In this

case,
g=£°-t'  h=t' k=-(£2+ 1 - 1) 1 =11 - ¢t
1o T N

The values of x for the two Principal Polints are:
/ R

E° + t'£° and It tIf!
Terv-¢! s
end the focal length =  f£Of! .
- TOFTEY

It is aﬁparent that thsse formulae are entirely analogous
to those glven in Article 13 for the determination of ths
principal points and the focal length of a simple lens, and that
t! is merely used in the place of e,

‘The separation of the 2 Principal Points from one another
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in tho case of 2 lenses = IV - E° = §1 (rexft), which can

also be written I° - E° + It -~ EY ~(t)
. FOIFt 4!

If t' is very small, as is always the case with achromatic

double lenscs as usually constructed, then the lasttsrm be-
comes. negligible, and hence the separatlion of the two principsl

points for such & doublet is approximately equal to the sum of

K1

the two separationg in the individual componont lenses.

Forthsr, it is self-cvidont that all those formulac appear-
’ .

don
ing in this article arc applicable without change whero, instead

-of simple lenges, systems of lonses are to be united into one

vwhole system.

- ‘ 15,
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The optical properties of & simple lens, as well as of a
system of seﬁeral coaxial lenses, deponds, as we havse shovn,
upon throe elcments, which ere firstly ths refractive index
(or the rofractive Indices if they are different for different
lenses), secondly the posgitions of ths vertices of the refract-
ing surfeces, and thirdly the radii of the refracting surfaces,

Since those values usually are not inmediately knownm,

mnention
may be made of the mothod by which, conversely, thess thres

elements may be determined by means of ths optical propsrties.

We will denote the various polnts on the axls as follows;




X an object
X' its imoge
P and P' the Firat and Second Focal Polnts

and finally D, & point that is physically in close connection to
tho iens (or lens sysﬁom). As 8lways, w2 will usc the same
letters to denots the coordinates of the points-in question,
Purthsrmore, ve seb ﬁha focal length = £, and tha distence of
the point D from the focal points p = D - Fand q - F' - D,

The thres valuves £, p, @ can bs regarded as the elements of

4

the lens, and for thelr dsternination threc in&ostigations
wlll always be noccssary, since the distances of object and
image from ths point D must be measuwed for throo different
positions, We wish to solve this problem at first In a very
goeneral vay.

Let the valuss of D = X and X' - D be denoted in the first
investigation by a, b; 4in tho sccond by a', b'; and in the
third by a", b", _ ' |

The gensrazl equation: (¥ -X) (X' -PF') = f2
then wlll give us
(a-p) (b=-q)=1
(a' - p) (bt = q ) = £°
(a" - p) (b" - q) = £°

2

whence, by eliminaticn,; we got

p=2a- (c'-a) (2" - a) (b! - b")
R

g = b '~ (b-bt) (b=d") (a" -~ a')
s L

#2 = (at-a) (a"-a) (a"=a!) (b-b') (b=b") (b1-b"),

RS -




vaorein the abbroviation i usod:

R = (a"~a) (b-b') - (a'-a) (b-d") .

R can also be put into the following form:

R = (a"-a') (b-b') =~ (a'~a) (b! -b")
= (a"=a') (b-b") =~ (a"en) (bt-bM)

Then p and q can &also be welitten as followsse

p =at - (a'-zn) (a"»a') (b=b")

R
= a" « (a"2) (a"-a!) (beb?)
q = b « (b=b?) (bifb") (2'-a)
= b" « (b=b") (bt-b") (a'-a)
R
16.

To the general solubion showﬁ in the ﬁrovious artiéie, a
few remarks must bs appended.

I. It is presupposed that in the 3 Investigations, the
object be on ono and the same side of the lens, Should it
be convenient to employ the lens In reversod position in ons
of the exeminations, than it is to be imagined that the image
is ths objest and vieco versa, Thus, this cass can bs related
to the provious.' »

II. If viewed by itself, the formula for f2 leaves 1t un-
~certain whothor T is to be taken as positivo or negative. This

is docided through tha ercet or inverted quelity of the image,
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vhenco (Xf-P') and f must have rospsctively opposite or liks
signs., It must also mot bo forgotton thst in splito of the
generallty of the gnalyticsl solution, the practical appli-
cation rcnains limited to the case of real imsges. Other-
wise, speseial auxliliszries must be used for the 1ocation of
virtual imagas.

III. Since ﬁho parformanbcs of' ths successive invosti-
gotlions permit only & limited degree of precision, it is by
no mesns uniuportant which ccmbinations are chosen, in
general,'it is a good rule that if two of th2 three oxaminations
are made under nTy slightly differing circunmztances, not sll

throe elements will be gecurately doterminable.

7.

In a s;mple lens as well as in one ccmposed of two or moro
placed close together (e.g. as in thse usual construction of &n
achvomatic objoctive), ths 2 Principal Points ars only a slight
distance from oqch other, TIf thls distance could be considersd
a known value E! « E = d, then tvo examinations woald bs suffiecient,
bocauso the cquation

p+qgq=21%f+4d
would take the plaéo‘of ths third examinvation. If we combine
vl th this the two others:
(a-p) (b-q) =
(at-p) (bl-q) =
and elininate p and q in order to dotérmins f, wo got:
2

2
(a'+b! - a - b) %49 (a+b+at +b! -2d) £~ (a+Db! - a)

Tav=a) (b=pT) ‘ , (at+b-d) = 0
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This quadratid'equétion chaenges into a linear one when
a' + b! - a -~ b =0, that ig, when both examinatlions arc so
arrenged that the dlstence from object to image 1s 1ldentical
snd the lens assumos two different positions in this Specce.
Let this distencc = ¢. Thon 8 = ¢ - b, and a' = ¢ = b! ,
Henco, U (e-d) £ = (c=d + bt'-b) (c-d-b'Db)
onr f =1 (¢-d) - (b'--b)2
L (e-dy

For each prescribed valus of ¢, F-X must satisfy the cquation

F-X +Af2 = F.¥ + X' - Ff = ¢ - 2f - 4, '

FL |

whose two roots,

| Bc~uf»d).(c»dﬂ %

. F=X =1 (c-2f-d) + 1
' 2 2

1
 PX =1 (c-27r-4d) - 1 Efuhf—d) (Caéﬁ 2
2 2 | |

are real and unequal as long as ¢ is greator than (4f + &), so
that there are always two difforent positions of the lens for
a fixed objoct Xlwhoso imgge is at the position X + ¢, Tho

product of these two values of P-X, i.e., (a-p) (at-p), equals

2 .,
7, whonce wo gec that

alp =b - ¢q and b ~g=a -p .
Consequently, p=1l (2f + ¢ +d~-Db - b')
2 o
q = % (2f = ¢ +d + b + b!t)

E=D+1(b+Dbdt ~-¢c)~-124a
2 P

Ef =D+ 1 (b + bt - c¢c) + % a

ny
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At that posifion ol ﬁh@ lens where F-¥ = £, then X'-X =
hf+d, or the imago is nearest to tho object; it recodcs from
1t as soon &s the lens 3s moved to one side or another of this
position, but only slowly at firgt., From this it follows that

if a value is plcked for ¢ which only slightly exceeds the

value of Lf+d, ths exemination for determination of tho two

necossary positions of the lens or the valuss of b and b!

- permit only a comparativoly low degres of preclsion. This

uncertiainty greatly affocts ths determination of E and EY,
Becouse of this, the wmethod cannot be practically applied
under such circumstances. However, If we aim to dotermine the

focal length, the accuracy 1s not diminished, due to the fact .

that only the square of b! - b appears in the exprossion for

f. PFurthermore, the executlon of the method is ﬁuch more con-
vonicnt in this case, because it is only necessary to measure
ths valud of the motion of translatlon of the long, b!' - b, in
addition to ¢ (i.e., ths scparate valuosg of b and b! are un-

necessary, )

19.

St rien

. _ | , 5
If @ is entirely ncglected, we may write £ = lc -(b'-b) ,
“Tie

according to the mothod which Bossel described and proposed

. (in Volume 17 of “astromomlsche Nachrichton"), and later applied

L] 1] ’, s
to the dotormination of ths focal length of the Konigsberg
Heliowater, The rigid forrmula shouws that 1f 4 is neglected,
the focal leongth is found tvo be too largo by & value of

2
' - . i
1d+a(b'-h) , whero under the glven-conditions the second

L e (e-a)
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term can bo cmsiderod as nagligiblé, To cttain tho degreo

of precleion allowed by the mothod; eppropriato resulte de-

rmand & consideration of the valuc of d, HO““Vbr there ero
several difficulties encountercd in aéquiring an exact know—‘
ledgo of thils value, For & singlo lens, it will be suffi ciently
accurate to calculate the approzimation for d (given at the end

of Article 13), from the measured thicknoss and the necessarlly

“known index of refraction. For the case of an achromatlo

doublet; we cean also compubte d 1f we c¢an exactly measure the
3

s

thicknesses of the Indivicdvel components and ascertaln the

valvos mentioned in Artlcle 1, In order to galn a conception

of the inflvence which the noglect of d may ﬁavo, wo shall
donsider, for example, an objootivelwheroin the crown glses
(of refruzctive index 1.,528) is 7 "lin@s"# thick,'and the

flint glass (of refractive index 1.618) is 3 "lines" thick,

Hence the distance of the two princlipal points from each other

becomes: |
Crown lens 2,42 "linos"
Flint Lens 1,15 "
Combired Lens 3.57 "

Therefore, the focal length becomes 0,89 "lines" too large., In

A

an objective of 8 "feot" focal longth, corresponding to the

presupposed dimensions, the error WOuld bs about 1 of 1Y,

# (Ed.‘noto: 1 Frussian Foot = 12 inc }cs = 1Ll; lines = ,3138535 nic
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-Torms: - d=a" + b" + rp a"-(p- a||)1/2 (a-p") /] .

20,

Tf 4t is not possidle to apply the method outlined in
ths previous article for the dotermination of 4, or if 1t
seems unsatisfactory, then direcct cxperimont scoms to be thé
nost aﬁpropriate means of detormining it, as in thu foliowin

We dotermine thz location, on tho axzis of the lens, of

4he imoge of & very distant cbjcct relative to the point D.

Inasmuch as the object distonce coen be consldercd as Infinitel;
large, tpis lmage falls st Ft, and the measured distance |
Ft-D immsdiately gives q. We ropsat the experiment by reversing
the lons, Vh nce the image falls at F, and its distance from D
gives tha value of p. For the third ezperiment, we bring the .
object (on tho side of F) quito closec, determinc ths distanco
(=X! - X) of the imege from this object, and also the distence
D - X =a", Setting X'-D = X' -X-a" = b", we haves

(p-2")  (g-d") = £2

a=p + [p~ 9 (g-om)?

If theso threo expe*imbnts have beon pePfOPuLd with great
accuracy, then all threc elements p, q, £ are adequately de-
termined, and no othof experiment is needed., However, 1f ﬁe
desire to caloulate f to a greater degree of precigion, all
those experiments must be considored a preparation to the
method of Article 18, which gives tho value of d.

In order more clearly to unaorstand how fho‘éccuraoy of

the so-gobten detorulnation of d de yLnds upon tho varioua

factors involved, we set tho ebove formu 12 in tho following

pa
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where p-a" —{gp a")(q- b“.\%/d ropresonts the distance
of the object from tho first principal point, (in ths third
experiment), end p-a" ropresents the distance of that object
from ths first focal point. It then becomss clear that under
the circumstances preveiling, the last part of tho formula for
d becoemes vory small., Hences small insccuracics in tho values
of p, g, 8", b" scarccly change the calculated value of d, and

the degreoo of precision attained in the determinatlion of ad

depends pr1m9r¢1v upon ths exactness of reauup“mont of XteX=a"4b",

21,
In reforence to the method ocutlined in the previous articlc,
a few remarks are worthy of scme spaco:

T. Tho techniguc employed in the third experiment become

inadequate for a virtual imago. However, the follow-
ing method, combining accuracy 9nd convenlence, is
suggested: A cirele is dravn upon a plane surfacec, hav-
ing a dizmeter as large as, or slightly larger than the
protruding edgevof the mounting of ths lens, The center
of this circle is marked by twe fine cross-lines, The
lens is placed on the plane surface so that the peri-
phery of the mounting end the drswm circle are concone
trric, Thon, a microscope is placed vertioally over it,
This miéroscope must be cquippcd with cross-hairs, and
15 assormbled and fastensd to 2 solid tripod stend. It
i1s rioved in its rack until the sharply focussod Inmag

of the cross-lines coincides with tho cross-~hairs of the
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microscopo.. ?inally, the lensg is removed ond the
microscopo 1is brought clescr to the surface by
racking it doun until the image of the cross-lines
agaln coincides with the cross-hnairs of the microscope,
Thé Gésily and preciscly mezsured value of this racklng
motion ig tho distance of ths object (tho cross-linss)
from its image as seen thru the glass, This distonce
is equul to X'mX.J The point on the axis of the lens
whicﬁ lies in the plane of the protruding odge of the
mounting which touchos ths plane surface can be con-
sideped as the fixed polnt D, in which case
e = o, b" = X1-X%, _
:If‘a different point D were chosen, thils could bs lo-
cated easily with referenco to the othor point jﬁst
mentions=d, in order to find a",
If in the first ana secend experiments the object distance
1s not great enovgh for the image to be consldered as co-
inciding with the focal point, then an approximation is
necessary. Tnls i1s obtainsd by dividing ths squafe of the
focal length by the objeet distance end subﬁracting this
value from the velue of the distance of the imege from D,
in order to obtain the values of ¢ and p. Obvicusly, only
en epproximate knowledge of the focal length and the object
distance is necessary, inasmuch as tho latter is very great,
However, wo may just as ¢asily use strictly rigid formuleo,

For the first experiment, & has the value of D-X, b has
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tho value of X'-D; for the sccond exporiment (whers ths
lons is reversed) the distence D-X = b' and X'-D = aft,
In thisg MANNoY , (vhich is identical with Article 16,
paragraph I), we obtain ths same equaticns as those fronm

vhich ws have proceeded in Article 15, viz.

(a-p) (b-g) = £°.
(bt~q) (atep) = f2
(a%-p) (biwq) = £°,

1

Tharcféra, tha fTorrvleac derived frow ths solution-of theas
long retain their value heare. - If, in ths perfornance
of the sccond expsriment, we prococd in such a wéy that
the ]oca onn of ths imzgo in space 1s in the same pl ne
.as in the first experiment (which ean easily occur without
apﬂreclable change in the object distance), the formulae
of Article 15 could bs furthzr simplified, beczuso then,
a +b=">b!"+ a', vhlch wo rcerrasent by ¢. Fromthe second
fornul for p aﬁd the szcend for ¢, wo would then have:

p=at - (a'-a") (b-b")
c-’.a!l - b}(

i1

b - (a'-a") (b-b")

c - a" = b

q

I1I, If tho method of Article 20 is not dssirable for ths com-
plete determination of the elements, we may usc the highly
accurate method of deternining the focal length as given

in Article 17. Then, the procedure mentionsd in Article 20

H

remainsg the most eppropriaste for ths location of the

prircinpsl point These are then given by:
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22.

For a simple lens, and elso, generally specaking, for a
system of 1onQﬂ¢, a definito valuez can be allotted to ths focal
length and to tho positicns of tha principal and fOCﬂl points,
only in ofar as wo conslder light rays of a dcefinite refrangl-

11ity (Bd, netzs  glven wave-longth); for rays of diffvront

rofrangibllicy, thesc cardinal points will have’ ffcrcnu

_positions»aﬁd ths foecal length will recolive & different value,

Hensa the hetevogensous light Trem an cbjeet sulfers chromatic

...!

dlSye sion by passing through gless, By wmeans of a comblnaiicn
of two or more kinds of glaszs, this color dispersion can te
nuilified. .For the complete fulfillment of an achromatic cb-
jective, it is necsssary that rarallel beems converge to cns

point, independent of color. This includes not only such rays

as arc parallel to the axis, but alsc those which arc inclinzd

to the axis, In othar words, ths differently colered images

[

of an infinitely distant extondad oojecu must net only fall in
one planc, but they must be of the same size, The first con=-
dition rcsts upon ths 1dentity el the Second Focal Polnt for
differcntly colored rays; tha'.esond is bzased ugon the 1dsntity
of the fovhl Tenzth, Slince the foeal length is the distancse

of tin Sccond FocalvPoint Trom the Sscond Princlipal Point, we

may rephrase the two conditions as equivalent to the statoment




RIS

[

e

that both points ﬁuqt be identicual for rod and for violct rayz.
If the Lirst conditlion alons is fulfilled, then the rays in-

clincd to thes axis do not give a pure, colorfree image, How-
>

ever, a very 3light diffsrence In the focsl lengths for different

rays may a 1wa ’s be deemed harmless, In the theory of achromatic
objectivos, the first cond’tion only is usually considercd. How-
evor, in the usual construction of those objectives, where the
two lsnsseas olther are in contzct or are only slightly separated,
ipal points ig so slightly affacted’
»illty that thv second condition is
sutomatically satisfied guite "ownovlwﬂtnly If it is worth

. -

ths effort, it is slso possiblec to obtuin an exsoet ldentity

of tha S8cond Principal Point for dissiallarly colored rays,
x> Y

It i1s different, however, 1f theo convax eroun glass of

the lens is separatcd by & considesrabls distance from the con-

ay

cave flint glass. It is easy to show that after appropriate
arrangenents of ths separation and focal lengths of the in-
dividual lenses so that the Second Foczal Point of‘thv syslen
remains identical for differently colored rays, the focal
length of this system necessarlly becomss greater for violet
then for red; the differenco is of the same ordor as that
appoaring En simple lensas (bub in the opposite dircction).
The sams. epplisy also to othor constructions (such as oceours
in the so~c2lled Dialytical Telescope), whore Instead of tha
gsecond. lens, a combination of flint and crow fther alnost
or exactly in Eontact is ewmployed, It will always romaln 1n-

possible to producc & pursly coloved imags in this rmanner of




PR

. = lll} -

an extonded objoct, for the violet imags, if it is to lie
thoe semo disténco from the lens system as the red ons, nccozs-
arily becones lerger than the latier. ' .

By ﬁo means, howover, may vwe conclude that toloscopes of
ths last-named cong tvuction viust remaln more imperfect with
reference to achromatism than telegcopes with achronatic ob-
jectives constructed in the uveugl manner, We must, on the
contrary, admit that the te eécopo with objectives having in-
perfect achromatism mey stlll render a purely colored luage to

the eye by means of a well-calculated errangsment of the oculer,

O

Indeed, & color-pure imagc produced by the objective may,

becsuse of ths color-disparsion produced by ths ocular, eappoer

Jdmpure .to the eyo. Tno q0mwg11rd color fringe ¢ t the pc*ioac“y

can be avoldsd by wmeans of special ccnsﬁruC'ion of the oculzr,
buﬁ the length dovintion cannot thus be avoldsd, end thls 1s
eggravated by tho fact that the huzan eyo 1tself is not achro-
natic, The effect is that ths last images, rod or violst, have
the ssme apparent size, but not that they simultansously avpear
distinct and at equal distancoas,

naaual sizes of the first images (red and violet),

LN

walch are unavoldablo with thae Dialytic objoc

-The

o

tive, can neverthoe-
less bs compensated by appropriate construction of the ocular,

so that the colored edge vanlshed, as with telescepes of nanzl

bl

construction. Howsver, ths second, just mentlonad imporfection

¢

- 4
remains as long as the first red and violet images lle in the
same plano.,

It saoulm thorcelore be clear that in order to producs a

‘perfectly achromatic image in Lb~ eye, the first Image must
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have & cortain»1Engthwdoviation, depending ﬁnon the relations
betueen the ocular ond the non-~achromatism of thﬁ lhhwnan ey

The orotlc 1)1y considered, an objoctive of usuval construction

can also bs qaloulated go that the prescrlbed length-dcviation
tekes placs, but oven if we disregard the difficulty encountercd
in th2 technical construction necessary to deal preclsely with
such exall differcnces, this length-dsviation would enly fit a

J 2

particular ocular. Iun the D:elyuic congbruction, howsver, the

Ly L

meeng 1 providead, dus Lo the adjustobility of the second parst
- bl

te

'_:'o

of the objective, of obtaininrg the leongbh deviations rcquic
for eveory ocular, vhereas the ocular can be so constructed that
the colored periphory is mullified.

I rorrbt that T must confine mysslf to this bOLOf dissertse-
tion at prosent and postpons & more detailed deveolopment of this

interosting subject until enother tine.
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TRAWSLATOR!S APPIIDIX

At ths end of Article 2, in all of Article 3, and in

“suceosding articles, Gsuss makes use of an algorlthmic relation

introduced in 1762 by the groat Swiss mathematiclan, Leonhard

o
Fuler, BEulerts mabhematlceul sywmbolicem is basic to Gausa! genereal
treatmsnt of ths optical problem, but Gouss! briel exposition of

it would fall to clarify the situation to anyome bubt a profession-

ct

al mathsmatician., Therefore, I shall try to pressat an explan

nslation more

w
o
’nl
fae}

tion of EuWe“' Algoritim in order to rendsr th:

.

comprehonsible and nmove complcte,

The source to which Gauzg rofers nsar the end of Article

2 is "Hovi Commenterii Acadenmlac Sclcntlarun Imperislls

Petropolitanas," Tém IX, pro anais EDCCIXIL et MDOCLXIIT,

(pp. 53-69), and tho title of tho essay is "SPECIMEN ALGORITHII

SINGULARIS", AUCTORE L, EULERO. It can bo located in lavgo

reference libraries under the files of thz AXADEMITA NAUZL,

PETROGRAD, (LENINGRAD).

IX

Tn dcaling with conbtinucd fractionz of the forw

a + 1 , Euler discoverod several vory Interozting
b+ 1 ,
c +1
d+ . ...
[ 2

relotions., Lot us consider the total values at verious posliions




P

prevwes

.

of ths conbinuzd fraction. Thus, the value of tho continucd
fraction for %tho first symbol, a, is simply a2, Ths velue of

the continued fraction up to the second symbol, b, iz 2b 4 1
I 5 :

the valus of the continucd fraction up to the third symbol, e,

is abetedta 3 ths valus of the continued fractlion up to the
2

Toei A ,

fourth symbol, 4, 1s abedtcdtadtab+l 3 and so on., Perusal
bea+atb

of this scries indicates thy following relation: Any given

nunerator (e.g., abedeta) can bs formed by multiplying ths

rreceding ons (e.g.; ab+l) by tho last symbol involved (e.g.,

¢) end then adding the velue of the murerator just in advarncs

of the preccding onz {c.g., 8). Ths icdentical relation holds
[} ] i

true for the successive dencminators. If we extend ovr legical
rcasoning backwards, ws rust concluds that ths term preceding

& must be infinite, and must have the valus of 1. Vo nay now
= ' 5

place thsse values together in ordor to prescnt 2 clesarer
picturec:

1, a, ab+l , abcteta , abedted+adtabtl , ete,
U0 T B “be+I bodrd+o

wa apply the rule of

| ol
o s
o
o
ct
=
o)
(&)
o]

The recason for the 1 bscoues ev

0
forimation of any given mimerator or denominator in its converas

s¢nse,

ITI

- —

In order to siuplify workinz with continued fractionz,

P
i

tho muerateon

W

Euler deviscd a2 symbolism to represent ths valus o
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of ths continued fraction up to a given symbol. Thls con-
alsted in enclosing the required symbols, soparated by ccamas
in parontheses, Thusg, (a, b, c) represents ths value of the
numcrator abe+cta, Strictly spocklnf, wo should wrlte

(a,b, c) = (a% ) §b+l% (¢), This is truec also iﬁ
¢ .

( b+1)
( c)
general form:
(a,b,.0er) = (221 ) (41 ) (ol ) (.a) (x) .
(‘ ‘5'3‘0") ( C"'-'-) ( 6-2’...) .
( <) ) .)
( 1) 1) 1)
( r) | r) | r)

We may now ropeat tho original rule of formation in the new

symbolisme

() =1
(2) = a
(aib)'z ba+( )

(a,b,c) = c(a,b) + (a)
(a,b,¢,d) = d(a,b,c) + (a,b)

(a,b,c,d,e)= e(a,b,c,d) +.(a;b,c) ~ete,

In general,

(a,b,p,...n,c,r) = r(a,b,c,.;.p,q) + (a,b,¢,...D),

Wo shall now write down these values In expanded form:

() =1
(a) = a2
(a,b) = ab:l

(2,b,c) = sabctc+a
(a,h,c,d) = abed+ed+ad+ab+l

(a,b,c,d,c)

i}

abedetcdetadotabetabeteteta

Yy
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(2,b,c,d,c,T) = abecdelf+cdaf+adel+abelf+abedtef+efral+ed+ad+abil
(a,b,c,d,e,f,g) = abedefgrcdelgiadelgt abefgrabelgrabedgiebede:

geveral volinhs of intsrest may be noted with regard to thess
- - 3

expanslons:

1. If (;,,) has an odd number of symbols, Lthe last term in
the expansion is a.

2., If (,,,) haos an even number of ﬂ"ﬁbols, the last term in
the expension is 1 (unity).

3. “The first term in the erpansion is always equal fo'the
product of the sy rabols in (,,,).'

he If (,,,) has an odd number of syrbols, the terwms in the
expansion ench have an odd nunber of factors. (e.g.,
sbede, ade, ¢).

5. If the (,,,) has an evon number of symbols, the terwns In
the expansion each have an even number of factors (chc-ote
ing the last term, which ig always unlty). (e.g., abed,
ad, 1l). |

From ths “bOJO, thop sppears to be no obvious method of writl

dovin

-

ths expansion of any forn (z,b, c,.,.r) Jrmadiately, by

inspection, It 1s necessary to write succossively the expanslions

of &1l tho prcccdins forms, It would bo possible teo express the

ge

i

t

0

cral expansion in deterninent form, but wo shall not ineluds

h

2P0 . . -
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It s also possible to expross all the expznsions In a

fractional sorieg, &s follows

(a,b,c)
(a:b’c:d)

(&,b,c,d,e)

(a,b,c,d,e,T )

(a,b,c,d,o,f,g)

41+

!
s

U .
”~
Tt

1
0
o’
o
Q.A
=t
s.'—

ol
3=
=

+
!
+
§t

Ses®

= abede(2+1 1 +1 41 41 + 1 4+ 1
: ab b ¢d ds abed abde bede)

T sbedef (1 + 1+ )L 4+ ) 4+ 1 4+ 3

86 bec cd ds - ef

41+l +1 +1 - 4+ 1

BTN SN SVUP DL GO s S
I ands goel bede 'CEL

= gbedefg(241 + 1 + 1 +

1 +1 +3 +1 +1 +1

gbcd

F RN o
&

ebdc abel adlg bede Dbeel telg

+ 1 + 1 +1

41 + 1 +1 _
cdel Tcdig defg wbedoi eabedfy abdefy

Several points of interest ma

expansionse: =

1. The factor outside of par

equals the preduct of the

2. ‘Thz first term in the par

is always unity, =nd all

ontheces in the expanslon always

£y

enthatic portion of the expansion

ottar terms In ths expanslion are

fractions with unity in the numeratcers,
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3, The donominators of tho fractions always contain an even
nurber of factors., (e.g., 2b, abed, bedelg).

Ly, The denow*nstor° can be broken up Iinto pairs which are
successive ov contiguous, such as de, ab/cd ab/ef, be/de/Tg.
It should be noticed that there occurs no such denominator
&s &bdf, becauvse df is not a contiguous pair,

5. The pairs nover involve a cemmon symbol and 211 posaible
combinationg of pairs obeying the previous laws musﬁ be
exvlolited.

The ebove indicates tho possibility of writlng down the expans

gicn of any fgrm at once, by ingpecticn., We may write the

genoral expansion as follovise-

(2,b,¢,40.0,0,r) = (abe...pcor) (141 + 1l 4 0.4l

( 86 bY¢ Gr
2 N T ST S T S P R SO |
_ abcd zhdn abcy  beads car ovar
+1 +_:!_. _ +.o.' 1 ':'1 +¢.oj—: .
abcde? abcdig eocdqr end=sig ebdeqgr
+ototl0'+ 1 )

abcd,..par)

ps

\i

In Ardicle 3, Gauss recalls t"o relation° of Euler's
Algoritins which should not bs difficult to understand. The

first of these can be shown to be true, as follows: -

If (a,b) = b(a)+1
then (2)(b) - 1(2,b) = &b - b(a) - 1 = -1,
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If (b,c) = e(b)+1,
and (o,b,c) = c(a,b) +a, _
then (a,b) (b,¢) - bla,b,¢) = (a,b)e(b)+(a,b) - (b)ela,b) ~ (b)
But the first and third terms (wderlined) in fhs right hand
membor of this equation nullify each othzr, Hence (a,b)(b,ec)
(b)(2,b,¢) = (8,b) ~ (b)(a) = abtl - ab = -1, |
In simller mavner, we can extend this rélatio to bv'c eLs con-
taining lerger numbers of symbols, Collecting our results, we
nay write: -
(a)(b) ~1(a,b)
(2,b)(b,c) ~bla,b,e) = +1

(2,b,¢)(b,e,d) = (b,c) (a,b,c,q)

(2, b ¢, d) {(bye,d,e) - (b ¢, d) (z2,b9,¢ d,e)=

or, in gezs al,

(a)bycs-t-m)(b:cyco-m:n) -(b,c,...m)(a,b,c,...m,n) =t 13
wherso the positivs sign is used if the numbser of symbols in the

first bracket is evan.

The second of Euler's relations reviewed by Gauss is fairly ob;
vious:- :
(a) = (2)
(a,b) = 2b+) = (b,a)

(8,b,0) = QUC"'C‘," = (C b,c\) s etco

In general, reversing of the order of tho syrbols doeg nol alter

the valve of the expansion., Vo may therefors writes -

) ' ( bC,e.T) (”'6005‘!")




e
e
!

- Vv

TR sy

Prool of this reversibility followas frem a consideration of

.2

the method of expansion by mesns of fractlonnl sorics,

.4
[

Thus, (a,b,c) = abcél +1
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These cen bo seen to be identical,

and (¢c,b,2)
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Yith this knowledge of Fuler's ATFO”lth 1t bscomes esasy
to -follow Gauza' procecdurs in applyling it to the general nrob’am

of dstermining the optical constants of a coaxial systom of re-

fracting surfaces scparatsd by media of varying rofr Cetive

indices,

Gauss explains his procedure adequately, end 1t is therefors

Iy

not necessary to digress further on the subject, It should bo

noted, howsver, that thzs symbol, k, represents ths nsgative valus

of ths resultant roefracting powsr of the entire systsm. Hence,
3t 15 a simple matter to uss ths expression -k = (u°, t', ut,

t", u", ...ux), wisrein ths "u" symbols are the nsgative re-
fracting powsrs of ths individual surfaces, and ths "t" symbols

aro the "reduced distances" sevarating their vertices, to
- o 3

o

dotermine the refracting power of the entire system., This

mehOd compsres faveradbly with all the modern recurrsnt formula

<

or deberminant systems since derived.i
B. R.

## Sce bibliography on followlrg page.




