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Introduction

There are polarization techniques for phase-shifting that introduce a phase-shift that depends little on the wavelength
of the light. These phase-shifters are often called geometric phase shifters. In these notes we will discuss two geomet-
ric phase shifters:

1. A rotating half-wave plate in a circularly polarized beam and

2. A rotating polarizer in a circularly polarized beam.
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First Geometric Phase Shifter - Rotating half-wave plate in a circularly
polarized beam

The phase of a circularly polarized beam passing through a half-wave plate is changed by an amount 26 as the half-
wave plate is rotated an angle 6. This phase shifting technique is especially useful in phase-shifting interferometry
because the phase shift changes little as the retardation of the half-wave plate changes. For this reason the phase shift
depends little on the wavelength of the light. Furthermore, if quarter wave plates are used to produce the circularly
polarized beams from linearly polarized beams, the phase shift changes little as the retardation of the quarter-wave
plate changes.

The figure below shows a diagram of the phase shifter as it could be used in the output of an interferometer where the
reference and test beams have orthogonal linear polarization. The first quarter-wave plate converts one of the two
interfering beams into right-handed circularly polarized beam and the second interfering beam into a left-handed
circularly polarized beam. The half-wave plate converts the right-handed state to left-handed and the left-handed state
to right-handed and as the plate is rotated an angle 6 the phase difference between the test and reference beams
changes by 46 (see below). The second quarter-wave plate, which is not necessary for the phase shifter to work,
converts the two beams back to linear polarization. The polarizer makes it possible for the two beams to interfere.
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= Proof that the system works as a phase shifter

If all the components are perfect the following is transmitted thru the 45-degree polarizer: a e ® is the amplitude of
the test beam and b is the amplitude of the reference beam.

ig
inputPolarization = (a: ) ;

T -7 T T
perfectOutputAmplitude = 1pp45.rrot [— ’ —] .rrot[x, 6] .rrot [— ’ —] .inputPolarization;
2 4 2 4

intensity = Extract|[
Total [perfectOutputAmplitude Conjugate[perfectOutputAmplitude]] // FullSimplify, 1]
1
— (a®+b*-2abCos[46-¢])
2

This shows that as the half-wave plate is rotated an angle 6 the phase difference between the reference and test beams
changes by 46.

Another way to see this is to look at the amplitudes of the two polarizations incident upon the polarizer where the
reference and test beams (input beams) have an amplitude of 1.

perfectOutput =

1
rrot [90 Degree, -45 Degree] .rrot[180 Degree, 6] .rrot[90 Degree, 45 Degree]. (1 ) ;

TrigToExp [FullSimplify[perfectOutput]] // MatrixForm

_e216
-216

e

Again we see that as the half-wave plate is rotated an angle 6 the phase difference between the reference and test
beams changes by 46.
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= Error in the phase shift introduced by errors in the waveplates

We will now define the design wavelength for the quarter-wave plate and the half-wave plate and the wavelength
being used. For our example we will let the design wavelength be 550 nm and the wavelength of use be 500nm.

designWavelength

’

designWavelength = 550; wavelength = 500; ratio =
wavelength

output = rrot[ratio 90 Degree, -45 Degree].
1
rrot[ratio 180 Degree, 6] .rrot[ratio 90 Degree, 45 Degree]. (1 ) ;
out = renormalize[Table[Arg[output], {6, -x, 7w, .1}]]; len = Length[out];

perfectOut = renormalize[Table[Arg[perfectOutput], {6, -x, xwr, .1}]1];
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m Plot of error in the phase shift (in units of waves) versus the half-wave plate rotation

1

dataset = —
2

Flatten[ (out[[All, 1]] -out[[All, 2]]) - (perfectOut[[All, 1]] - perfectOut[[All, 2]])];
GraphicsRow|[{ListPlot [dataset - Mean[dataset], plotOptionl,

ImageSize -» 400],

Graphics[{Text[Style["P-V (Waves)", 16], Scaled[{-.5, 0.8}]],
Text [Style[Max[Chop[dataset]] - Min[Chop[dataset]], 16], Scaled[{-.5, 0.7}]1],

Text[Style["RMS (Waves)", 16], Scaled[{-.5, 0.4}]],

Text [Style[StandardDeviation[Chop[dataset]], 16], Scaled[{-.5, 0.3}]1}1}]

Phase Shift Error(Waves)

0.005
0.000

-0.005

Phase Shift Error vs Half—Wave Plate Rotation

A

N

il 0

Half—Waveplate Rotation (radians)

ol

P-V (Waves)
0.0163804

RMS (Waves)
0.0050048

|5



6 | GeometricPhaseShifter.nb

= Measurement error in phase-shift measurement introduced by errors in waveplates

The error in the phase shift is interesting, but the real quantity of concern is the error in the actual phase shift
measurement.

designWavelength
designWavelength = 550; wavelength = 500; ratio = ;

wavelength
T -7t T T
output = 1lpp45.rrot [ratio - —] .rrot[ratiox, 6] .rrot [ratio -, —] .inputPolarization;
2 4 2 4

intensity = Extract[Total [output Conjugate[output]], 1];

al = intensity /. {6 -> 0}; a2 = intensity /. {6 -> n/ 8};

a3 = intensity /. {6 -> w/4}; a4 = intensity /. {6 ->3 7/ 8};

phaseOut := renormalize[Table[ArcTan[ (a3 -al), (a4-a2)] -¢, {¢, -7, 7, .1}1];

len = Length[phaseOut]; {a, b} = {1, 1};

Chop [phaseOut] Chop [phaseOut]
ListPlot[ - Mean[ ] , plotOptionZ]
2 27
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m Measurement error due to errors in the waveplates depends upon the beam balance ratio.

{a, b} = {{1, .33, .5,1, 1}, {1, 1, 1, .33, .5}};

. . a[[i]])2
pvrms := Table[{a[[l]], b[[i]], NumberForm[ T (4, 2}],
1

phaseOut[[All, i]] phaseOut [ [All, i]]

NumberForm [Max [Chop[ - ] ] - Min [Chop[ - ] ] , {4, 2}] ’

phaseOut[[All, i]]

NumberForm[StandardDeviation [Chop[ ] ] , {4, 2}] }, {i, 1, Length[a] }] ;

27

TableForm[pvrms,
TableHeadings -> {{}, {"a", "b", "beam balance", "PV (waves)", "RMS (waves) "}}]

a b beam balance PV (waves) RMS (waves)
1 1.00 0.01 0.00
0.33 1 0.11 0.20 0.07
0.5 1 0.25 0.11 0.04
1 0.33 9.18 0.20 0.07
1 0.5 4.00 0.11 0.04

m Conclusions

The rotating half-wave plate in a circularly polarized beam works well as a phase shifter over a broad wavelength.
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Second Geometric Phase Shifter - Rotating polarizer in circularly
polarized beam

The figure below shows a diagram of the phase shifter as it could be used in the output of an interferometer where the
reference and test beams have orthogonal linear polarization. A quarter-wave plate converts one of the two interfering
beams into right-handed circularly polarized beam and the second interfering beam into a left-handed circularly
polarized beam. As a polarizer is rotated an angle 6 the phase difference between the test and reference beams
changes by 20 (see below). The polarizer also makes it possible for the two beams to interfere.

Input: Reference
and test beams
have orthogonal
linear polarization
at 0° and 90¢°.
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= Proof that the system works as a phase shifter

We will first use a perfect quarter-wave plate.

ael?
a=.; b=.; inputPolarization = ( b ) ;
T
perfectOutputl = rot[-6] .hlp.rot[6].rrot [— ’ —] .inputPolarization;
2 4

intensity = Extract[Total [perfectOutputl Conjugate[perfectOutputl]], 1] // FullSimplify

1

— (a®*+b*+2absin[26-¢])

2

We see that as the polarizer is rotated an angle 6 the phase difference between the test and reference beams changes by

26.
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= Measurement error due to error in angle of quarter-waveplate
Let € be the error in the 45° angle.

b 7 b
e=5;a=.; b=.; output = rot[-6].hlp.rot[6] .rrot[— ’ (— +€ [— ] )] .inputPolarization;
2 4 180

intensity = Extract[Total [output Conjugate[output]], 1];
al = intensity /. {6 -> 0}; a2 = intensity /. {6 -> n/ 4};
a3 = intensity /. {6 -> 7/ 2}; a4 = intensity /. {6 ->3n/4};

phaseOut := renormalize[Table[ArcTan[ (a2 -a4), (a3-al)] -¢, {¢, -7, 7, .1}1];
len = Length[phaseOut];

phaseOut phaseOut

{a, b} = {1, 1}; ListPlot[Chop[ ] —Mean[Chop[ ” ’ plotOption4]

27 27
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m Measurement error due to error in angle of quarter-waveplate depends upon the beam balance ratio
{a, b} = {{1, .33, .5,1, 1}, {1, 1,1, .33, .5}};

. . a[[i]])2
pvrms := Table[{a[[l]], b[[i]], NumberForm[ T (4, 2}],
1

phaseOut[[All, i]] phaseOut [ [All, i]]

NumberForm [Max [Chop[ - ] ] - Min [Chop[ - ] ] , {4, 2}] ’

phaseOut[[All, i]]

NumberForm[StandardDeviation [Chop[ ] ] , {4, 2}] }, {i, 1, Length[a] }] ;

27

TableForm[pvrms,
TableHeadings -> {{}, {"a", "b", "beam balance", "PV (waves)", "RMS (waves) "}}]

a b beam balance PV (waves) RMS (waves)
1 1.00 0.00 0.00
0.33 1 0.11 0.08 0.03
0.5 1 0.25 0.04 0.01
1 0.33 9.18 0.08 0.03
1 0.5 4.00 0.04 0.01

m Conclusions

The orientation of the quarter-wave plate is not super critical.
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= Measurement error due to error in angle of polarizer
a=.; b=.; output = rot[-6].hlp.rot[6].rrot[90 Degree, 45 Degree] .inputPolarization;

intensity = Extract[Total [output Conjugate[output]], 1];

7
al = intensity /. {6 -> 0}; a2 = intensity /. {6 ->1.1 —};
4

7t 3
intensity /. {6 ->1.05 —}; a4 = intensity /. {9 -> .98 —};
2 4

a3

{a, b} = {1, 1}; GraphicsRow[
phaseOut phaseOut

{ListPlot [Chop[ ] - Mean [Chop[ ] ] , plotOption5, ImageSize - 400] ,

27 27
Graphics [{Text [style["P-V (Waves)", 16], Scaled[{-.5, 0.8}]],
phaseOut phaseOut

Text[style [Max[chop[ ” —Min[Chop[ ]], 16] , Scaled[{-.5, 0.7}]],

27 27
Text [Style["RMS (Waves)", 16], Scaled[{-.5, 0.4}]]1,

phaseOut

Text [Style [StandardDeviation [Chop[ ] ] ’ 16] , Scaled[{-.5, 0.3}] ] }] }]

27

Phase Error vs Phase
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m Measurement error due to angle of polarizer is independent of beam balance ratio
a=.; b=.
It is interesting to note that
a3 -al

// Simplify // Chop
a2 - a4

(-0.0782172+0.993844 i) - (0.0782172 + 0.993844 i) e?1?

(0.991625 + 0.0311631 1) + (0.991625 - 0.0311631 1) e21?

is independent of beam balance ratio.
m Conclusions

The orientation of the polarizer is not super critical.
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= Measurement error due to errors in the quarter-waveplate

designWavelength

a=.; b=.; designWavelength = 550; wavelength = 500; ratio =
wavelength

output = rot[-6] .hlp.rot[6] .rrot[ratio 90 Degree, 45 Degree].inputPolarization;
intensity = Extract[Total [output Conjugate[output]], 1];

al = intensity /. {6 -> 0}; a2 = intensity /. {6 -> n/ 4};

a3 = intensity /. {6 -> 71/ 2}; a4 = intensity /. {6 ->3n/4};

phaseOut
{a, b} = {1, 1}; ListPlot[Chop[ ], plotOptionS]

2
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= The measurement error due to errors in the quarter-waveplate depends upon the beam balance ratio
{a, b} = {{1, .33, .5,1, 1}, {1, 1,1, .33, .5}};

. . a[[i]])2
pvrms := Table[{a[[l]], b[[i]], NumberForm[ T (4, 2}],
1

phaseOut[[All, i]] phaseOut [ [All, i]]

NumberForm [Max [Chop[ - ] ] - Min [Chop[ - ] ] , {4, 2}] ’

phaseOut[[All, i]]

NumberForm[StandardDeviation [Chop[ ] ] , {4, 2}] }, {i, 1, Length[a] }] ;

27

TableForm[pvrms,
TableHeadings -> {{}, {"a", "b", "beam balance", "PV (waves)", "RMS (waves) "}}]

a b beam balance PV (waves) RMS (waves)
1 1.00 0.00 0.00
0.33 1 0.11 0.07 0.02
0.5 1 0.25 0.04 0.01
1 0.33 9.18 0.07 0.02
1 0.5 4.00 0.04 0.01

m Conclusions

The rotating polarizer in a circularly polarized beam works well as a phase shifter over a broad wavelength. It is
somewhat better than a rotating half-wave plate in a circularly polarized beam.



16 | GeometricPhaseShifter.nb

References

1.R. Crane, "New developments in interferometry", Appl. Opt. 8, 538 (1969).
2.H.J. Okoomian, "A two-beam polarization technique to measure optical phase", Appl. Opt. 8, 2363 (1969).

3. O. Bryngdahl, "Polarization-type interference-fringe shifter", J. Opt. Soc. Am 62,462 (1972).

4. G. E. Sommargren, "Up-down frequency shifter for optical heterodyne interferometry", J. Opt. Soc. Am. 65, 960
(1975).

5. R. N. Shagam and J. C. Wyant, "Optical frequency shifter for heterodyne interferometers using multiple rotating
polarization retarders", Appl. Opt. 17, 3034 (1978).

6. P. Hariharan and P.E. Ciddor, "An achromatic phase-shifter operating on the geometric phase", Opt. Comm. 110, 13
(1994).

7. P. Hariharan and Maitreyee Roy., "White-light phase-stepping interferometry for surface profiling", J. Mod. Opt..
41,2197 (1994).

8. S. Suja Helen, M.P. Kothiyal, and R.S. Sirohi, "Achromatic phase-shifting by a rotating polarizer", Opt. Comm.
154,249 (1998).



