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Introduction
There are polarization techniques for phase-shifting that introduce a phase-shift that depends little on the wavelength
of the light. These phase-shifters are often called geometric phase shifters.  In these notes we will discuss two geomet-
ric phase shifters:
1. A rotating half-wave plate in a circularly polarized beam and

2. A rotating polarizer in a circularly polarized beam.
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First Geometric Phase Shifter - Rotating half-wave plate in a circularly 
polarized beam

The phase of a circularly polarized beam passing through a half-wave plate is  changed by an amount 2q  as  the half-
wave  plate  is  rotated  an  angle  q.   This  phase  shifting  technique  is  especially  useful  in  phase-shifting  interferometry
because the phase shift changes little as the retardation of the half-wave plate changes.  For this reason the phase shift
depends little  on the  wavelength of  the  light.   Furthermore,  if  quarter  wave plates  are  used to  produce the  circularly
polarized  beams  from  linearly  polarized  beams,  the  phase  shift  changes  little  as  the  retardation  of  the  quarter-wave
plate changes.
The figure below shows a diagram of the phase shifter as it could be used in the output of an interferometer where the
reference  and  test  beams  have  orthogonal  linear  polarization.   The  first  quarter-wave  plate  converts  one  of  the  two
interfering  beams  into  right-handed  circularly  polarized  beam  and  the  second  interfering  beam  into  a  left-handed
circularly polarized beam.  The half-wave plate converts the right-handed state to left-handed and the left-handed state
to  right-handed  and  as  the  plate  is  rotated  an  angle  q  the  phase  difference  between  the  test  and  reference  beams
changes  by  4q  (see  below).   The  second  quarter-wave  plate,  which  is  not  necessary  for  the  phase  shifter  to  work,
converts the two beams back to linear polarization.  The polarizer makes it possible for the two beams to interfere.
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ü Proof that the system works as a phase shifter

If all the components are perfect the following is transmitted thru the 45-degree polarizer: a ‰Â f  is the amplitude of
the test beam and b is the amplitude of the reference beam.

inputPolarization =
a ‰Â f

b
;

perfectOutputAmplitude = lpp45.rrotB
p

2
,

-p

4
F.rrot@p, qD.rrotB

p

2
,

p

4
F.inputPolarization;

intensity = Extract@
Total@perfectOutputAmplitude Conjugate@perfectOutputAmplitudeDD êê FullSimplify, 1D

1

2
Ia2 + b2 - 2 a b Cos@4 q - fDM

This shows that as the half-wave plate is rotated an angle q the phase difference between the reference and test beams
changes by 4q.
Another way to see this is to look at the amplitudes of the two polarizations incident upon the polarizer where the
reference and test beams (input beams) have an amplitude of 1.
perfectOutput =

rrot@90 Degree, -45 DegreeD.rrot@180 Degree, qD.rrot@90 Degree, 45 DegreeD.K
1
1
O;

TrigToExp@FullSimplify@perfectOutputDD êê MatrixForm

-‰2 Â q

‰-2 Â q

Again we see that as the half-wave plate is rotated an angle q the phase difference between the reference and test
beams changes by 4q.
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ü Error in the phase shift introduced by errors in the waveplates

We will now define the design wavelength for the quarter-wave plate and the half-wave plate and the wavelength
being used.  For our example we will let the design wavelength be 550 nm and the wavelength of use be 500nm.

designWavelength = 550; wavelength = 500; ratio =
designWavelength

wavelength
;

output = rrot@ratio 90 Degree, -45 DegreeD.

rrot@ratio 180 Degree, qD.rrot@ratio 90 Degree, 45 DegreeD.K
1
1
O;

out = renormalize@Table@Arg@outputD, 8q, -p, p, .1<DD; len = Length@outD;

perfectOut = renormalize@Table@Arg@perfectOutputD, 8q, -p, p, .1<DD;
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dataset =
1

2 p
Flatten@Hout@@All, 1DD - out@@All, 2DDL - HperfectOut@@All, 1DD - perfectOut@@All, 2DDLD;

GraphicsRow@8ListPlot@dataset - Mean@datasetD, plotOption1, ImageSize Ø 400D,
Graphics@8Text@Style@"P-V HWavesL", 16D, Scaled@8-.5, 0.8<DD,

Text@Style@Max@Chop@datasetDD - Min@Chop@datasetDD, 16D, Scaled@8-.5, 0.7<DD,
Text@Style@"RMS HWavesL", 16D, Scaled@8-.5, 0.4<DD,
Text@Style@StandardDeviation@Chop@datasetDD, 16D, Scaled@8-.5, 0.3<DD<D<D
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ü Measurement error in phase-shift measurement introduced by errors in waveplates

The error  in  the  phase  shift  is  interesting,  but  the  real  quantity  of  concern  is  the  error  in  the  actual  phase  shift
measurement.

designWavelength = 550; wavelength = 500; ratio =
designWavelength

wavelength
;

output = lpp45.rrotBratio
p

2
,

-p

4
F.rrot@ratio p, qD.rrotBratio

p

2
,

p

4
F.inputPolarization;

intensity = Extract@Total@output Conjugate@outputDD, 1D;

a1 = intensity ê. 8q -> 0<; a2 = intensity ê. 8q -> p ê 8<;

a3 = intensity ê. 8q -> p ê 4<; a4 = intensity ê. 8q -> 3 p ê 8<;

phaseOut := renormalize@Table@ArcTan@Ha3 - a1L, Ha4 - a2LD - f, 8f, -p, p, .1<DD;

len = Length@phaseOutD; 8a, b< = 81, 1<;

ListPlotB
Chop@phaseOutD

2 p
- MeanB

Chop@phaseOutD

2 p
F, plotOption2F
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8a, b< = 881, .33, .5, 1, 1<, 81, 1, 1, .33, .5<<;

pvrms := TableB:a@@iDD, b@@iDD, NumberFormB
a@@iDD

b@@iDD

2

, 84, 2<F,

NumberFormBMaxBChopB
phaseOut@@All, iDD

2 p
FF - MinBChopB

phaseOut@@All, iDD

2 p
FF, 84, 2<F,

NumberFormBStandardDeviationBChopB
phaseOut@@All, iDD

2 p
FF, 84, 2<F>, 8i, 1, Length@aD<F;

TableForm@pvrms,
TableHeadings -> 88<, 8"a", "b", "beam balance", "PV HwavesL", "RMS HwavesL"<<D

a b beam balance PV HwavesL RMS HwavesL
1 1 1.00 0.01 0.00
0.33 1 0.11 0.20 0.07
0.5 1 0.25 0.11 0.04
1 0.33 9.18 0.20 0.07
1 0.5 4.00 0.11 0.04

ü Conclusions
The rotating half-wave plate in a circularly polarized beam works well as a phase shifter over a broad wavelength.
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Second Geometric Phase Shifter - Rotating polarizer in circularly 
polarized beam

The figure below shows a diagram of the phase shifter as it could be used in the output of an interferometer where the
reference and test beams have orthogonal linear polarization.  A quarter-wave plate converts one of the two interfering
beams  into  right-handed  circularly  polarized  beam  and  the  second  interfering  beam  into  a  left-handed  circularly
polarized  beam.   As  a  polarizer  is  rotated   an  angle  q  the  phase  difference  between  the  test  and  reference  beams
changes by 2q (see below).  The polarizer also makes it possible for the two beams to interfere.
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ü Proof that the system works as a phase shifter

We will first use a perfect quarter-wave plate.

a =.; b =.; inputPolarization =
a ‰Â f

b
;

perfectOutput1 = rot@-qD.hlp.rot@qD.rrotB
p

2
,

p

4
F.inputPolarization;

intensity = Extract@Total@perfectOutput1 Conjugate@perfectOutput1DD, 1D êê FullSimplify

1

2
Ia2 + b2 + 2 a b Sin@2 q - fDM

We see that as the polarizer is rotated an angle q the phase difference between the test and reference beams changes by
2q.
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ü Measurement error due to error in angle of quarter-waveplate

Let e be the error in the 45° angle.

e = 5; a =.; b =.; output = rot@-qD.hlp.rot@qD.rrotB
p

2
,

p

4
+ e

p

180
F.inputPolarization;

intensity = Extract@Total@output Conjugate@outputDD, 1D;

a1 = intensity ê. 8q -> 0<; a2 = intensity ê. 8q -> p ê 4<;

a3 = intensity ê. 8q -> p ê 2<; a4 = intensity ê. 8q -> 3 p ê 4<;

phaseOut := renormalize@Table@ArcTan@Ha2 - a4L, Ha3 - a1LD - f, 8f, -p, p, .1<DD;
len = Length@phaseOutD;

8a, b< = 81, 1<; ListPlotBChopB
phaseOut

2 p
F - MeanBChopB

phaseOut

2 p
FF, plotOption4F
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Slide 11 of 16ü Measurement error due to error in angle of quarter-waveplate depends upon the beam balance ratio
8a, b< = 881, .33, .5, 1, 1<, 81, 1, 1, .33, .5<<;

pvrms := TableB:a@@iDD, b@@iDD, NumberFormB
a@@iDD

b@@iDD

2

, 84, 2<F,

NumberFormBMaxBChopB
phaseOut@@All, iDD

2 p
FF - MinBChopB

phaseOut@@All, iDD

2 p
FF, 84, 2<F,

NumberFormBStandardDeviationBChopB
phaseOut@@All, iDD

2 p
FF, 84, 2<F>, 8i, 1, Length@aD<F;

TableForm@pvrms,
TableHeadings -> 88<, 8"a", "b", "beam balance", "PV HwavesL", "RMS HwavesL"<<D

a b beam balance PV HwavesL RMS HwavesL
1 1 1.00 0.00 0.00
0.33 1 0.11 0.08 0.03
0.5 1 0.25 0.04 0.01
1 0.33 9.18 0.08 0.03
1 0.5 4.00 0.04 0.01

ü Conclusions
The orientation of the quarter-wave plate is not super critical.
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ü Measurement error due to error in angle of polarizer
a =.; b =.; output = rot@-qD.hlp.rot@qD.rrot@90 Degree, 45 DegreeD.inputPolarization;

intensity = Extract@Total@output Conjugate@outputDD, 1D;

a1 = intensity ê. 8q -> 0<; a2 = intensity ê. :q -> 1.1
p

4
>;

a3 = intensity ê. :q -> 1.05
p

2
>; a4 = intensity ê. :q -> .98

3 p

4
>;

8a, b< = 81, 1<; GraphicsRowB

:ListPlotBChopB
phaseOut

2 p
F - MeanBChopB

phaseOut

2 p
FF, plotOption5, ImageSize Ø 400F,

GraphicsB:Text@Style@"P-V HWavesL", 16D, Scaled@8-.5, 0.8<DD,

TextBStyleBMaxBChopB
phaseOut

2 p
FF - MinBChopB

phaseOut

2 p
FF, 16F, Scaled@8-.5, 0.7<DF,

Text@Style@"RMS HWavesL", 16D, Scaled@8-.5, 0.4<DD,

TextBStyleBStandardDeviationBChopB
phaseOut

2 p
FF, 16F, Scaled@8-.5, 0.3<DF>F>F
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Slide 13 of 16ü Measurement error due to angle of polarizer is independent of beam balance ratio
a =.; b =.

It is interesting to note that

a3 - a1

a2 - a4
êê Simplify êê Chop

H-0.0782172 + 0.993844 ÂL - H0.0782172 + 0.993844 ÂL ‰2 Â f

H0.991625 + 0.0311631 ÂL + H0.991625 - 0.0311631 ÂL ‰2 Â f

is independent of beam balance ratio.

ü Conclusions
The orientation of the polarizer is not super critical.
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ü Measurement error due to errors in the quarter-waveplate

a =.; b =.; designWavelength = 550; wavelength = 500; ratio =
designWavelength

wavelength
;

output = rot@-qD.hlp.rot@qD.rrot@ratio 90 Degree, 45 DegreeD.inputPolarization;

intensity = Extract@Total@output Conjugate@outputDD, 1D;

a1 = intensity ê. 8q -> 0<; a2 = intensity ê. 8q -> p ê 4<;

a3 = intensity ê. 8q -> p ê 2<; a4 = intensity ê. 8q -> 3 p ê 4<;

8a, b< = 81, 1<; ListPlotBChopB
phaseOut

2 p
F, plotOption5F
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8a, b< = 881, .33, .5, 1, 1<, 81, 1, 1, .33, .5<<;

pvrms := TableB:a@@iDD, b@@iDD, NumberFormB
a@@iDD

b@@iDD

2

, 84, 2<F,

NumberFormBMaxBChopB
phaseOut@@All, iDD

2 p
FF - MinBChopB

phaseOut@@All, iDD

2 p
FF, 84, 2<F,

NumberFormBStandardDeviationBChopB
phaseOut@@All, iDD

2 p
FF, 84, 2<F>, 8i, 1, Length@aD<F;

TableForm@pvrms,
TableHeadings -> 88<, 8"a", "b", "beam balance", "PV HwavesL", "RMS HwavesL"<<D

a b beam balance PV HwavesL RMS HwavesL
1 1 1.00 0.00 0.00
0.33 1 0.11 0.07 0.02
0.5 1 0.25 0.04 0.01
1 0.33 9.18 0.07 0.02
1 0.5 4.00 0.04 0.01

ü Conclusions
The  rotating  polarizer  in  a  circularly  polarized  beam  works  well  as  a  phase  shifter  over  a  broad  wavelength.   It  is
somewhat better than a rotating half-wave plate in a circularly polarized beam.
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