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3.0 Wave Equation

In deriving the wave equation we will first make use of the vector identity
Vx (VxE) =V (V - E) - V2E
However, from Maxwell's equations (v - E)=0s0
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Letting c = / H% yields the wave eguation
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In one dimension we can write
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3.1 Transverse waves
One solution to the one-dimensional wave equation is
By[X, t] =Eyj Cos[kXx-wt]

which represents a plane wave travelling in the +x direction.
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One way of showing thisisasolution isto substitute the solution into the wave equation to see if it checks.
2
~Eok?Cos[kXx -wt] + ((‘;—ZEO Cos[kx-wt] =0

Thisisasolution if

k=2
- C

Wewill letk = 2~.

3.2 Plane Wave

A solution to the three-dimensional wave equation

E(X, Yy, z;t] =E;Cos[K-r-wt]

where the position vector is

r=xi+yj+zKk

and the propagation vector which gives the direction of propagation is given by
K=kgi +kyj +kzK

Then

K-r -wt =kyx+kyy+k;z-wt =constant

represents planesin space of constant phase. Hence we call this solution a plane wave.

3.3 Complex Representation

The use of the complex representation, rather than only the real representation, sometimes makes algebraic
computations ssimpler. Thus, instead of using

E[X, VY, z;t] =E;Cos[K-r-wt]
to represent a plane wave it is often easier to use

E[X, y, z; t] =B et (KT vt
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While the complex expression is itself a solution to the wave equation, it needs to be understood that for physical
reasons the real part isthe actual quantity being represented.

3.4 Spherical Wave

Cos[? T-w t] and ¢ (<"1 have constant have constant values on a sphere at any given radiusr at agiven timet,
however they are not solutions to the wave eguation. It can be shown (see homework problems) that
L Codk-T-wt| and %e"(?"’"“t)are solutions to the wave equation and they represent spherica waves
propagating outward from the origin.

3.5 Linear Superposition

Since the electric field is a vector quantity a vector summation must be performed to find the electric field resulting
from the summation of several electric fields.

E=E1+E2+E3+---

This linear superposition is only approximately true in the presence of matter. Deviations from linearity are
observed at high intensities produced by lasers when the electric fields approach the electric fields comparable to

atomic fields (non-linear optics). In these notes we will consider only situations where linear superposition is
valid.

3.5.1 Sine waves having same frequency, but different amplitude and phase

= 3.5.1.1 Two Sine Waves (same polarization)
Ei[X, t] =A1Cos[kX — wt +p1] = Re[Ay e @1 et kKX-wl)]

Ex[X, t] =AyCos[kX - wt +pa] = Re[Ay el ®2 et (kKX-wl)]
From now on we will forget about taking the Real part until the end of the calculation.

Eo[x, t] =Ei[X, t]+Ex[X, 1]
— (Al(eli(]ﬁ1+A2(eJl¢2) <(eJ‘l(kX7(;Jt)>
_ A) (eil(]ﬁo (ell (kx-wt)

Superposition of two harmonic waves of given frequency produces a harmonic wave of same frequency with a
given amplitude and phase.
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Waves Having Same Frequency,
but Different Amplitude and Phase

Cos(x) + a Cos(x+a)

a Cos(x+a)

Now we will find the amplitude and phase.

AL el i Ay el = Ayel
AL Cos [¢1] + A Cos[d2] +1 (AL Sin[d1] +A2Sin[¢2]) = A Cos o] + 1A Sinldo]
Since thereal and imaginary parts must be equal it follows that the phase is given by

Ao Sin[¢o] ~ ALSIin[¢1] +A2SIin[¢z]

A, Cos[po] =~ AL Cos[op1] + Az Cos [¢2] =Tan [¢o]

Next we must calculate the amplitude.
Abs [A, cejld"’]z =A% =Abs[A e ® + A eid’z]z

Thisyields the basic equation of two-beam interference.

A% = A2+ A% + 2 A0 A Cos [ — ¢1]

If A= Ay

2

A2 =2MA2 (1+ Cos[¢p-¢1]) =4A2Cos| 5 (d2-¢1)]

N| -

Thus we can think of the linear combination giving a cosine intensity distribution, or equivaently a cosine squared
distribution.
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m 3.5.1.2 Combination of several sine waves

N
E(x, t] = ZA” el tn gl (Kx-wt) - A el®o i (kx-wt)
n-1

N
A) ejl(bo - ZAn e]i(bn
n=1

In the same manner as shown above for two sine waves

S 1 AnSin(¢n]
Tan[¢o] =
ol = SN AL CoS [6n]

Now we need to calculate the amplitude.

Thislast term is the interference term.

If N islarge and ¢ is random the sine waves are incoherent and the add with no apparent interference to yield
N
/\02 _ 251/\12
n=1

If al the Aare equal
AZ = NA?
For the in-phase coherent case
N N N 2
A? =" D Ay An= [ZN]
n=1 m:1l n=1
If al the Anare equal

AOZ _ N2 Ahz
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Note that for the coherent and incoherent cases the total energy does not change, but the distribution of the energy
does change.

Addition of 3 Waves of Given Fregquency
Gives Another Wave of Same Frequency

z/ Cos(x) + a Cos(x+a) + b Cos(x+B)

a Cos(x+a) b Cos(x +B)

\ ' ' Cos(x)

4
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Resultant of Adding Waves Not
Always Larger Than Individual Waves

a Cos(x+a) Cos(x) + a Cos(x+a) + b Cos(x+B)
4

b Cos(x + )

Cos(x)

3.5.2 Beats
We will now combine waves having different frequencies, but the same amplitude.

Ex[X, t] =ACoS[Ki1 X — wit + 1]
E2[X, t] :ACDS[kzx - wy t +(D2]
Adding the two waves yields

E=A(Cos[kyiX — w1t +¢1] +Cos[kaX — wat +¢2])

But
1 1
Cos [a] + Cos [8] =ZCos[7 (a+8) ] (:os[7 (o -B) ]
0
E-=2ACoS[ 5 ((ky+Kz) X — (wn +u2) t + (d1+2))]

Cos[% (k1 -k2) X = (w1 —w2) t + (¢1 -~ ¢2)) |

Let
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then
E=2ACos[k X - @t +a] Cos[KmX - wmt + 3]
If w1 ~ wy then w >> wy, and the second term changes much more slowly than the first term.

E2-4A2Cos[K X - @t +a]° Cos [KmX - wmt +B]2
“2A2Cos[K X - @t +a]’ (1+Cos[2 (KmX — wmt +B)])

Let
27 . .
ki = ., - peri od of one si gnal and
1
27 . .
ko = —, - peri od of t he second si gnal
2
1 1
2Km= (k1 - ka) :2n(71772)

Let the period of the modulation signal be Ae;. Then

27?()%7%2))&65,:271

teq A1

111
2
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Waves Having Same Amplitude,
but Different Frequency (Beats)

Cos(k x-w,t+@,) Cos(k x-w,t+@,) Cos(kx-w,t+@,) + Cos(k,x-w,t+@,)

NI A o/a A
i

E = 2cos(kx — et + @) cos(kmX = it + )

B=3(@+wr), k=3(a+ke) a=3(+ @) @n=3(@-w2), kn=3(k-ke), B=3(a- )

Beats

cos(kmX — it + 3) cos(kx - @t + a)

B r

S / S/ V. V.
Km |/\1—/12|_)

Must resolve high frequency to see beats
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3.5.3 Standing Waves

If we have two waves of same amplitude and frequency travelling in the opposite directions
E[x, t] =ACos[kXx - wt +¢1] +ACos[kXx + wt + ¢2]

We will now make use of the trig identity

Cos[a+RB] =Cos[a] Cos[B] +Sin[a] Sin[B]

or

Cos[a-fB] +Cos[a+fB] =2Cos[a] Cos[f3]

We can let
0(:kx+7¢1+¢2 and B:wt+7¢2_¢l
2 2
E[X, t]=2A00s[kx + 2% ] cos[wt + #2_%1]

Thefirst term is space dependent and the second term is time dependent.

Standing Waves

E = Acos(kx — at + @) + Acos(kx + at + @
= 2Acos I<><+L2¢2 cos.(cut+¢1;2§”2




