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Lateral shearing interferometry is a simple and accurate method of measuring the shape of an optical wave
front. However, the complex mathematics required in reduction of the interferograms has limited the adoption
of this interferometric technique. A data reduction technique using Fourier analysis methods has been
developed which makes lateral shearing interferogram reduction more flexible. This technique is hypothetically
applied to the measurement of wave fronts propagating through a turbulent medium, and demonstrates the

simplicity and accuracy of this data reduction method.

INTRODUCTION

Wave-front shearing interferometry' provides a simple

and accurate means for testing the shape of wave fronts.

However, the complex mathematics required for data
reduction®® has limited the adoption of the technique.
One simple but accurate technique® has been devised,
but it is dependent on evaluation at shear distances.

A data reduction technique using Fourier analysis
methods has been developed which makes lateral shear-
ing interferometric data reduction more flexible. Re-
sults cannow be obtained by performing a Fourier trans-
formation of the sheared wave-front data, a proper fil-
tration in the frequency domain, and an inverse trans-
formation to obtain the shape of the wave front, The
result is an accurate determination of the wave~-front
deviations from a best fitting reference sphere. The
restriction of evaluation at only shear distances is not
required by this data reduction technique. However,
evaluation must be performed at equally spaced points
in the interferogram.

This technique is especially well suited for lateral
shearing interferometric measurements of stochastic
processes, such as wave-front deformations introduced
by random polishing errors of optical surfaces and/or
propagation through a turbulent atmosphere, The
Fourier analysis approach easily permits calculation of
the power spectrum or autocorrelation function of the
stochastic process as part of the data reduction tech-
nique and therefore can determine an important statis-
tical parameter of the process. Since the wave-front
shape is also reconstructed by this data reduction tech-
nique, the probability density function is also derivable
from the data.

BACKGROUND

The lateral shearing interferometer gives the dif-
ference in aberration at pairs of points separated by
the shear, When the shear is small, the resulting in-
terferogram is approximately the directional derivative
of the aberration. It has proven to be a most useful
instrument, but for some users it is unpopular, as it
does not give the wave aberration directly but only dif-
ferences.

The main disadvantages of this type of interferome-
ter are the following: no sensitivity to wave-front
shapes perpendicular to the shear direction; the inter-
ferogram covers only part of the aperture; no sensi-
tivity to periodic errors having a period equal to the
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shear in a direction parallel to it. However, if the
shear is small, periodic errors equal to the shear are
unlikely to be present, and interferograms can be re-
corded in which the shear is at right angles to its di-
rection in the first case.

The sheared interferograms are usually interpreted
by integration of the wave-front slope. If the shear is
in the x direction and the shear is Ax, the aberration
at x for one component meets the aberration at x + Ax
for the other, Hence, since the aberration of a wave
front is expressible as a function of x and y, Wix, y),
then by Taylor’s theorem,

2 a2
Wix+ Ax, y)= Wix, y)+ Ax %;Z + %’?—— aaxvg Foes
)

If the shear is small and the rate of change of 8 W/0x
is not large, the (Ax)? term in Eq. (1) is negligible in
comparison to Ax, and

Wi s ax) - Wi, )= ax 50 @
As the aberration difference grows, the vertical dis-
placement of the fringe tells us the retardation differ-
ence in so many wavelengths, x,, on the scale of the in-
terferogram. Hence the slope of the wave front is
given by

awW _ Wi+ Az, y)=Wix, 9) _ x,
ax Ax ~ shear

) ®)
and

%
X,
Wix, y)— Wixg, v)= j Z—;c dx , 4)
0
where Wi(xy, ¥) is the aberration at the reference point
(xg, v} selected for the interferogram.

The aberration of the wave front is therefore ob-
tained by an integration of the area under a curve show-
ing the number of fringes per unit distance in the di-
rection of shear, and this simplification is only possible
when the shear is small and the rate of change of 8 W/
8x is not large. More complex data reduction tech-
niques are required when these conditions are not
satisfied,

MEASUREMENT OF STOCHASTIC INPUTS

The effects of atmospheric turbulence on the propa-
gation of optical wave fronts have beeninterferometrical-
ly investigated by many authors. Specifically, Michel-
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FIG. 1. Wave-front shape, odd-impulse pair function, and re-
sultant lateral shearing aberraltion differences,

son, »® Mach- Zender, *!° reversing front, !'*? grating, *

differential, ** channel spectrum, '* correlation, ''" and
phase difference interferometers, **!° have been used
to measure the phase fluctuations of the stochastic pro~
cess.

Since the nature of the problem precludes the use of
a plane reference wave front, a lateral shearing inter-
ferometer is ideally suited for measurements of the ef-
fects of atmospheric turbulence on optical wave-front
propagation, Using this interferometric approach a
reference beam is provided by the propagating wave
front. The wave-~front shape can be reconstructed from
the interferogram using the Fourier data reduction
technique, and a complete statistical analysis, including
determination of the probability distribution of the ran-
dom process, is experimentally obtainable.

THEORETICAL CONSIDERATIONS OF FOURIER
DATA REDUCTION TECHNIQUE
A lateral shearing interferogram of a wave front of

infinite extent propagating through a turbulent medium
can be written as

Vi, v; s)=W(x+‘—;, y)—W( —g, ) (5)
= W(x, y)*jil;(%),

when the shear, s, is in the x direction. The “x” repre-
sents a convolution operation, and I,(x/s)=20[(x/s)+z]
—$6[(x/s) — %] is an odd-impulse pair function,

Equation (5) is a convolution integral of the x com-
ponent of the wave-front shape, W(x, y), shown in Fig.
1(a) for a section, y=y,=a constant in the interfero-
gram, with an odd-impulse pair function, shown in Fig.
1(b). This integral represents the difference in phase
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at pairs of points separated by the shear for an infinite
continuous record and is shown in Fig. 1(c) for the
wave front of Fig, 1(a). For small shears, this in-
tegral is approximately the directional derivative of
W(x, v,). Since this integral is a convolution integral,
its Fourier transform is, by the convolution theorem, %

V(& m; s)= W(E, n)2sin(rsé) , (®6)

where & and 7 are the x and y spatial frequencies, re-
spectively, the “~” denotes a functions Fourier trans-
form representation, and 2¢ sin(ws£) is the Fourier
transform of (2/s)I;(x/s).

Solving Eq. (6) for If/'(’;’, 1) we obtain

vf/(g, n)= V(& n; s)/2sin(nst) . 7)
Since
W(x, y)=8:-1[ﬁ,(§, 77)] 3 (8)

where ! is the inverse Fourier transform operation,

wu,m=s:[j:°wu,mdﬂ , (©)

where &' is the x inverse Fourier transform operation.
Substituting Eq. (7) into Eq. (9),

[*= V(& 15 s)dn }

2i sin(nsé&) (10)

Wix, 0)=51 {
i} g-.l{ff[V(x, o; S)]}

2i sin(wsé)
and we recover the wave-front shape, W(x, 0).

Although the above derivation was performed for the
section y=0 in the interferogram, it can be seen that
the same arguments hold for any section y=y, in the
interferogram,

For a lateral shearing interferogram of finite ex-
tent measured at intervals Ax along a section y=1y, in
the record, Eq. (5) is equivalent to a lattice of sam-
ples of the function, W(x+s/2, y,)— Wlx—s/2, v,).
Omitting in the notation the functional dependence on y,

V(x5 s)= {[rect (%) Vix; s)] Kl—x III({;)}* % III(%) ,

(11)
where X = NAx is the maximum length of the interfero-
metric data record, rect(x) is the rectangle function, 2°
and III{x) =3*= 6(x — n) is the sampling or replicating
function.?® The function (1/Ax)III(x/Ax) samples, and
the rectangle function truncates the infinite continuous
record, V(x; s). The function (1/X)III(x/X) produces
periodic replicas of the truncated, sampled interfero-
gram, which is necessary for application of the fast
Fourier transform algorithm,?

Substituting Eq. (5) into Eq. (11),

v fee ) [ 21 ()

w3 T (—j%) . (12)

Fourier transforming Eq. (12) we obtain
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V(& s)=X[(sinc (X&) x [ W(E) 2 sin(rs£)]}
* [(Ax§)) III(XE)] (13)

where sinc(x) =sin(mx)/mx, and a smoothed sampled
spectrum of W(x)« (2/s)I,(x/s) is erected about each
point z/Ax on the £ axis.

Now, from the sampling theorem, 22=2! if this spec-
trum is “band limited, ” we can multiply Eq, (13) by an
appropriate rectangle function, specifically, rect(Ax¢),
and if Ax has been chosen sufficiently small to prevent
aliasing in the frequency domain, the zero order of this
spectrum can be filtered out to obtain

V(& s)=rect(ax)[ (X sine (XE) [ W(£)2i sin(rs£)]}
* II(Ax £)) ITI(XE)] (14)

Equation (14) can be compared with the Fourier trans-
form of the sampled, replicated, and filtered infinite

J

continuous wave-front function forming the lateral
shearing interferogram,

W,(£) = rect (AxE)[ W(E) * III(Ax£)] III(XE) . (15)

If the sinc function of Eq. (14) is sufficiently narrow so
that appreciable smoothing does not occur when the con-
volution is performed, Ws(g) can be obtained from

173(5; s) by dividing the zero order of each sampled
value of V(; s) at spatial frequency ¢ by the appropriate
value of 2¢sin(rs£), This restriction requires a long
enough record length, represented by the rectangle
function of Eq. (12), so that the sinc function is nar-
row in its spatial frequency width compared to the fine
detail of the wave front’s Fourier transform. There-
fore, with this approximation,

W,(8)= V(& s)/2sin(nst) (16)
which in Dirac delta function notation becomes, by
substituting Eq. (14) into Eq. (16),

+oo

Ws(§)=rect(Ax5) ({Xsinc(X‘g’)* i W(g- _An_x) 27 sin [ws (5-— Z—x)]}z 1) (g- %)) /Zisin(wsé) . 17)

n==co

Inverse transforming Eq. (17),

Ws(x)= FW,(5)] =EF;"[rect(Axé)({Xsinc(Xg) * i vf/(g - %) 2 sin Ers <£ - Kn-x)]}

nN=mco

and recovery of the wave-front shape can be achieved
from an appropriately spaced lattice of the samples
values from the wave-front shearing interferogram,
The recovery is accomplished by appropriate filtering
in the spatial frequency domain and inverse transform-
ing of the filtered array.

HYPOTHETICAL DATA CASE

A hypothetical lateral shearing interferogram was
mathematically constructed so that the Fourier data
reduction technique could be evaluated. The case con-
sidered is applicable to the measurement of an optical
wave-front shape after propagation over a long path
through a turbulent medium, such as a A¢ record of the
type obtained from the experimental technique of
Shannon et al, *°

A random aberration function was constructed as
the initial step in the generation of the interferogram.
The statistical characteristics of the aberration func-
tion were appropriately chosen to approximate a pos-
sible atmospheric stochastic process. In order to pro-
vide a numerical example, an expression for the auto-
correlation function of the random process must be as-
sumed. In the case of phase variations, there is no
reason to assume that that the function does not fall off
monotonically, A Gaussian function could be used, but
this function falls off too quickly to be realistic., There-
fore, an array of uncorrelated normal deviates, g(J),
was convolved with a hyperbolic secant function sech(/
+n) for n=1, N, which is as easy to handle, but falls
off at a slower rate. The resulting array, w(r), was
adjusted for zero mean and a standard deviation of a
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Mm==co

i 6(5— %{n—)) 2isin(1rs£)] ,

M=wc

(18)

quarter wavelength, A portion of this aberration func-
tion, smoothed between the discrete data points, is
shown in Fig. 2 and its autocorrelation function is
shown in Fig, 3.

The lateral shearing interferogram was constructed
by calculating the inherent phase difference due to the
shear s at a distance y from a point source propagating
in a homogeneous medium, and adding in the phase dif-
ference due to the aberration function in a line x in the
record, as shown in Fig, 4.

With the refractive index of the homogeneous medium
approximated by one, the pathlength to the point X, =X
+ /2 is by the Pythagorean theorem,

Ry=y[1+ (x+ s/2)7/4%]H/2 (19)
For (v+s/2)/y<1, a binomial expansion of Eq. (19) re-

sults in

Ry=y <1+ '—2?—— (20)
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o4 FIG. 2. Input aberration func-
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Similarly, the pathlength for the point x,=x— s/2 is
2
R2=y<1+@—2;/rz—)—> . (21)
Therefore the phase difference A¢ due to propagation in
the homogeneous medium is

2r(R;—R,) _—2msx =—2is
A Ay A

Ap= tang . (22)

An array of A¢(rAx) was then combined with the
aberration function array, w(z). A quadratic interpola-
tion routine was used to calculate the value of the aber-
ration function at the positions x+ s/2 and x — s/2 for
all values, z=1,1024, of the array, Designating these
interpolated values of the aberration function as 6, /x
and 0,/2, the resulting lateral shearing interferogram
can be written as,

V,(x, v; s)= Wlrdx +s/2, y) - Whdx~s/2, y)
2
= TH Ry~ Ry+ 0y~ 03) , 23)

and approximates wave propagation in a turbulent media,
A portion of the sheared interferogram with a shear

s=1 cm, a sampling interval Ax=0.75 cm, a wave-
length A=5,0%10"° cm, at a distance y=1,5x10° cm
along a line from x =6000-5808 cm from the origin is
shown in Fig, 5. A computer program was used to
generate the interferogram.

w

ex £

<8

FIG. 4. Interferogram construction.
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A second computer program was used to recover the
wave-front aberrations from the lateral sheared inter-
ferogram, The initial step in this Fourier data reduc-
tion program is a straight line least square fit to the
lateral shearing interferometric data, V,(x, y; s), rep-
resented by Eq. (23), and a calculation of residuals,
Verlx, ; s), of the fit. This first-order fit of the data
is justified by the approximation given in Eq. (22) and
removes the phase difference in the interferogram due
to propagation in a homogeneous medium,

The residuals are then scaled by Ax to conform to the
similarity theorem.2® The real array AxV, 4(x, y; S)
is now used to form the complex array [AxV i (x, y; ),
0] for input into a fast Fourier transform subroutine,
and the array is transformed.

Since the original array is real, the resulting trans-
formed complex array 173,2(5, y; s) is Hermitian, 2 and
therefore its real part is even and its imaginary part is
odd. Consequenily, the nth member of this array,

(R, I), with spatial frequency, £,, is related to the

(N+ 2 —n)th member of the array, (R, -I), with spatial
frequency, - &,, if the complex arrayhas N components,
The (N/2+1)th member of the array has a spatial fre-
quency associated with it of £=x1/24x. The modulus
of the transformed array is shown in Fig. 6 and dem-
onstrates that Ax has been chosen sufficiently small in
order to prevent significant aliasing in the frequency
domain,

The transformed complex array f/sR(E, y; §) is then
filtered by multiplication with the complex array [0,
—1/2sin(wsé)] to obtain the equivalent of Eq, (17). This
imaginary filter function is shown in Fig. 7. Since the
filter is odd and imaginary, this filter operation re-
sults in an anti-Hermetian array, where the real-even
and imaginary-odd components of V (£, v; s) have been

100.00

—J

50.00

—

FIG. 6. Modulus of trans-
formed residuals.
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interchanged by the filtration. The filter operation at
zero frequency is explained in the Appendix, The re-
sult of this filtration is the Fourier transform of the
wave-front aberrations. In order to obtain the power
spectrum of the aberration function, the array is multi-
plied by its complex conjugate and scaled by the length
of the record. The resulting power spectrum is shown
in Fig. 8.

The filtered array is Fourier transformed and re-
sults in a complex array which has only a real com-
ponent, However, since the fast Fourier transform
subroutine only performs a transform and not an in-
verse transform, the recovered aberration function is
of the form W (~x, v), and a proper reordering of the
array is required, which results in the recoveredwave-
front aberration. The portion from x=6000 to 5808 cm,
corresponding to the part of the original wave-front
aberration function in Fig, 2, is shownin Fig, 9, and
shows that the recovery is excellent,

The autocorrelation function is then-obtained either
by Fourier transformation of the power spectrum or by. -
the equation

R
X, - lax]

(X,~laxl) /2
]

C(ax)=

W( - A_zx , y> W(x+ éz—x, y>dx

(24)
where X, is the length of the record, and is usually not.
used for lags, Ax, longer than 5%-10% of the length of
the record.? These two autocorrelation functions are
shown in Fig. 10, The agreement between original and
recovered autocorrelations is excellent, and the stan-
dard deviations differ by only 0.004 waves for the two
wave-front functions.

~(X,-lAxl)/2

An estimate of the smoothed (average-over fre-
quency) power spectrum® P, (£) of the true power spec-

[==]
@
)
o
) <
2o
© FIG. 8. Power spectrum of
a .
wave-front aberrations.
o
o
.00 0.30 0.80
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trum is shown in Fig, 11, This estimate was obtained
by Fourier transforming the apparent autocorrelation
function

C;(Ax) =D;(Ax) C(ax) , (25)

where C(Ax) is the autocorrelation function calculated
using Eq. (24) for approximately 5% of the record
length, and D,(Ax) is the lag window

= ) e (26)

2X,

n

Dy(Ax) =rect (

While the modified apparent autocorrelation functions,
which are obtained by multiplying C(Ax) by D;(Ax), are
far from being respectable estimates of the true auto-
correlation function, their transforms are very re-
spectable estimates of smoothed values of the true
spectral density.

CONCLUSIONS

The Fourier data reduction technique presented here
provides a unique new method for interpretation and.
analysis of lateral shearing interferograms, The meth-
od is especially useful since the requirement of evalua-
tion at only shear distances is not required by the tech-
nique,

This additional flexibility in data reduction permits
more flexibility in the parameters used during the re-
cording of the interferogram. The shear value can be
chosen to give optimum fringe spacing, and recording
of the sheared-aberration differences can be recorded
at any equally spaced intervals in the interferogram,
The only requirement on the interval spacing is that
appreciable aliasing does not occur for the Fourier
transform of the sheared wave front. A complete
recovery depends on the concept of a band-limited
Fourier transform. However, a more realistic re-
quirement is that the magnitude of the modulus at the

-
o
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—
—
a
o
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é,t_/_‘: FIG. 10. Output wave-front
8 autocorrelation functions.
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higher spatial frequencies is negligible comparedtoits
values at the lower spatial frequencies,

This concept can be useful in determining an optimum
recording interval for the sheared wave-front interfero-
gram, An interval can be chosen so that appreciable
aliasing is just avoided, and this recording interval is
then the minimum required for almost complete re-
covery, This requirement is similar to the concept of
efficient recovery in sampling theory.
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APPENDIX

In the derivation of the Fourier data reduction tech-
nique, a problem was encountered in dividing Eq. (14)
by zero at £=zxn/s, =0, 1, 2,.,.,N. The solution to
this difficulty is now considered.

The laterally sheared interferometric data, V{x, y;
s), is a real function, Therefore its Fourier transform
can be expressed as

Vit y; 8)= jm V(x, v; s)cos(2wéx)dx -1

X jm Vix, v; s)sin(2néx)dx . (A1)

Since any function can be split unambiguously into odd
and even parts, then

Vix, y; 8)=0(, v; s)+Elx, y; s), (A2)

and Eq, (Al) can be written as

17(5, y; §)= EM E(x, y; s)cos(@ntx)dx—1

400

X O(x, y; s)sin(@wéx)dx , (A3)

00

where the first integral is a real and evenandthesecond
integral is an imaginary and odd function of £,

Dividing Eq. (A3) by the filter function, 2¢sin(nsé),
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D S
2sin(rsé)

W(E, 9)= O(x, y; s) sin(@méx)dx

Z' L)
- Z5in0sd J-” E(x, y; s)cos(2néx)dx .

(A4)
Since the imaginary term of Eq. (A4) is now an odd
function of £, its value at the origin is zero as far as an
inverse transformation is concerned., Therefore taking
the limit as £—0 of Eq. (A4),

W(E, 9)eco

1
Y m

T2 .0 (sm(ﬂsij)

J Ofx, v; s)sm(Zﬂix)dx)

(A5)
and since the integral is not dependent on £ Eq. (A5)
can be rearranged to obtain

W(E, y)m:—-lz- JM O, v; s )11 (sin(ZnEx)) I

sin(nsé&)
(A6)
Invoking I,’Hospital’s rule, Eq. (A6) becomes

IX/'(!;', y)e=o=-§ '[:” x0(x, y; s)dx . (A7)

But by the moment theorem, ?° if f(x) has a Fourier
transform f(£), then the first moment of flx) is equal to
— (2mi)"! times the slope of f(£) at £=0; that is

j " xf@)dx=[ F0)/- 2] . (A8)

Therefore, using the relationship of Eq. (A8) in Eq.
(A7), we obtain

W(E, 9)e0=[0'(0)/27is] , (A9)

where 0’(0) is the slope of the Fourier transform of the
odd part of the wave-front difference function, O(£), at
£=0, The value of the right hand of Eq. (A9) is real
since the transform of a real and odd function is imagi-
nary and odd, and the 7 in the denominator will cancel,
Since the imaginary term of Eq. (A4) was shown to be
zero at the origin as far as any inverse transformation
is concerned, the evaluation of the indeterminate rela-
tionship in Eq. (A5) results in a determinate complex
number, [0’(0)/2xwis, 0].

Now, 5(5), at £=0, determines the d,c. value of the
wave-front aberration function, However, the absolute
value of phase is of no consequence in the evaluation of
the aberration function, Therefore, when filtration with
2i sin(nst) is performed at £=0, a proper value for
W,(0, y) in Eq. (18) is the complex number (0, 0),

This approach to the filtering operation at zero
spatial frequency was successfully used in the re-
covery of the wave-front aberration function for the
hypothetical data case presented here,

The above argument can not be used for £=xn/s,
n=1, 2, 3,..., N, Two alternatives are possible, how-
ever, A sampling interval, Ax, can be chosen so that
the cutoff of the fast Fourier transform subroutine,
£=£1/2Ax, is such that s/2Ax<1, and filter values are
with the first half cycle of the sine function, This is
what was done for the hypothetical data case presented
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here. Or, a Ax can be chosen, so that for all members
of the array, £#:n/s, n=1, 2,...,N. Therefore the
indeterminate, 0/0, is not encountered, and all divisions
in the array by filtration are possible.

*This research is based on a thesis submitted to the Optical
Sciences Center of the University of Arizona in partial ful -
fillment of the requirements for the M. S. degree.
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