
Mathematica items needed

System Evaluation

SE-1
We are using a lateral shear interferometer to measure the MTF of an f/4 optical system for a spatial 
frequency of 100 l/mm and a wavelength of 500 nm.  It can be shown that

MTF@nDactual

MTF@nDmax theoretical
= f@frmsD

where f @frms] is a function involving the rms of the wavefront difference function for a shear correspond-
ing to a spatial frequency of 100 l/mm.  What is f @frms]?  

Solution

PupilFunction = P@x, yD ‰Â f@x,yD

We will assume that over open portion of the aperture the intensity transmittance is unity.

MTF@nD

MTF@nDmax
=

AbsB‡ ‡ PAx + s
2
E PAx - s

2
E ‰Â fAx+

s

2
,yE ‰-Â fAx-

s

2
,yE „x „yF

AbsAŸ ŸPAx + s
2
E PAx - s

2
E „x „yE

=

AbsB‡ ŸAreaOfOverlap‰
Â fAx+

s

2
,yE ‰-Â fAx-

s

2
,yE „x „yF

AreaOfOverlap

Let fp = fBx +
s

2
, yF - fBx -

s

2
, yF = wavefront difference function for shear s.

If fp is small then

‰Â fp º 1 + Â fp +
1

2
IÂ fpM

2
+º⋯

MTF@nD

MTF@nDmax
= AbsB1 + Â fp -

1

2
fp

2F º 1 -
1

2
Jfp

2 - Hfp L
2N

= f@frmsD = 1 -
1

2
Ifp,rmsM

2

SE-2
a)  An  f/10  optical  system is  defocused  l/2.   Using  only  geometrical  optics,  calculate  the  MTF  at
spatial frequencies of 10, 30, and 50 lines/mm.  Assume the wavelength is 0.5 mm.
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a)  An  f/10  optical  system is  defocused  l/2.   Using  only  geometrical  optics,  calculate  the  MTF  at
spatial frequencies of 10, 30, and 50 lines/mm.  Assume the wavelength is 0.5 mm.

b) A target having an intensity distribution of the form 

b 1 +
15

23
‚
n=0

2 1

2 n + 1
Cos@2 p H2 n + 1L no xD

where  no  =  10  lines/mm  is  imaged  by  an  optical  system  which  over  the  spatial  frequency  region  of
interest has an OTF which can be approximated by the equation

H@nD = 1 -
n

noo

2

ExpBÂ 2 p 5
n

noo

2

Sign@nDF

where noo  = 100 lines/mm.  Give an analytical expression for the resulting image and give the physical
distance each frequency component is shifted.

c) What wavefront error is present in an optical system which has an OTF given by
H[n] = [Diffraction limited MTF] ‰Â 2 p HnênooL

where noo is a constant?

Solution

a)
The  MTF  is  the  modulus  of  the  Fourier  transform  of  the  point  spread  function.   Since  we  are  using
geometrical  optics  the  PSF  is  the  geometrical  spot  due  to  defocus.   If  D  is  the  spot  diameter  due  to
defocus, d is the longitudinal defocus, and fno is the f/number of the system

D =
d

fno

The OPD at the edge of the pupil due to defocus is

OPD =
d

8 HfnoL2

Therefore, the spot diameter is given by
D = 8 fno OPD

The MTF is thus given by

MTF =
2 J1@p H8 fno OPDL nD

p H8 fno OPDL n

or in Mathematica terms

MTF =
2 BesselJ@1, p H8 fno OPDL nD

p H8 fno OPDL n
; fno = 10; OPD = .25 I10-3 M mm;

MTF ê. n -> 10 ê mm

0.951457

MTF ê. n -> 30 ê mm

0.616962
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MTF ê. n -> 50 ê mm

0.181192

b)
The target is given by

o = b 1 +
15

23
‚

n=0

2 1

2 n + 1
Cos@2 p H2 n + 1L 10 xD

b 1 +
15

23
Cos@20 p xD +

1

3
Cos@60 p xD +

1

5
Cos@100 p xD

H@n_D := 1 -
n

100

2
ExpBÂ 2 p 5

n

100

2
Sign@nDF

Hmag@n_D := 1 -
n

100

2

Hphase@n_D := 2 p 5
n

100

2
Sign@nD

To find the image we multiply the amplitude of the individual frequency components by Hmag[n] and we
add Hphase[n] to the phase.  The resulting image is given by

i = b 1 +
15

23
‚

n=0

2 1

2 n + 1
Hmag@H2 n + 1L 10D Cos@2 p H2 n + 1L 10 x + Hphase@H2 n + 1L 10DD

b 1 +
15

23

99

100
CosB

p

10
+ 20 p xF +

91

300
CosB

9 p

10
+ 60 p xF -

3

20
Sin@100 p xD

The physical shift of the individual components is given by the phase of the OTF divided by 2p times the 
period.

TableForm@Table@8H2 n + 1L 10, N@1 ê HH2 n + 1L 10LD, Hmag@H2 n + 1L 10D,
Hphase@H2 n + 1L 10D, N@Hphase@H2 n + 1L 10D ê H2 p HH2 n + 1L 10LLD<, 8n, 0, 2<D,

TableHeadings -> 8None, 8"nHlêmmL", "PeriodHmmL", "MTF", "Phase", "ShiftHmmL"<<D

nHlêmmL PeriodHmmL MTF Phase ShiftHmmL

10 0.1 99
100

p

10
0.005

30 0.0333333 91
100

9 p

10
0.015

50 0.02 3
4

5 p

2
0.025

Note that for the 50 lines/mm case the shift is a period, plus a quarter of a period.  In this case the 
Cosine for the image distribution is replaced with a minus Sine.

c)
Tilt.

SE-3
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SE-3
An optical  system with  the square aperture shown below is  used to  image an incoherently  illuminated

object.  The pupil function has a 180o phase step as shown in the figure.

a) If  l  =  0.5  meter,  d  =  0.1  meter,  and  the  wavelength  is  500  nm,  what  is  the  cutoff  fre-
quency in units of lines/radian in the x and y directions?

b) Give equations for the MTF as a function of spatial frequency in the x and y directions.

c) Sketch the MTF in the x and y directions.

Solution

y direction aperture function

fy@y_D := If@0 <= y <= 1, 1, 0D

Plot@fy@yD, 8y, -1, 2<, Evaluate@plot2doptionsDD
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x direction aperture function

fx@x_D := If@0 <= x <= 0.8 , 1, If@0.8 < x <= 1, -1, 0DD

Plot@fx@xD, 8x, -1, 2<, Evaluate@plot2doptionsDD
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a)

cutoff =
l

l
=

0.5 m

0.5 µ 10-6 m
= 106 ë radians for both x and y

b)
Frequencies in y:

gy@s_D := ‡
0

1
fy@yD fy@y + sD „y

If y < l MTF = 1 -
y

l
;

If y > l MTF = 0

Frequencies in x:

gx@s_D := ‡
0

1
fx@xD fx@x + sD „x

If x § d MTF =
1

l
HHl - d - xL - x + Hd - xLL =

1

l
Hl - 3 xL

d < x < l - d MTF =
1

l
HHl - d - xL - dL =

1

l
Hl - 2 d - xL;

l - d < x < l MTF =
1

l
Hx - lL;

x > l MTF = 0;
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c)
Frequencies in y:

Plot@gy@sD, 8s, 0, 1<, Evaluate@plot2doptionsDD
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Frequencies in x:

Plot@gx@sD, 8s, 0, 1<, Evaluate@plot2doptionsDD
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SE-4
A lateral shear interferometer is used to measure the MTF of a lens having a 100 mm focal length 
operating at a wavelength of 500 nm.  The lens is used to image a target located at infinity.  How much 
shear should be introduced to measure the MTF for a frequency of 50 lines/mm if

a)  the lens has a 20 mm diameter?

b)  the lens has a 30 mm diameter?
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Solution

a)
For Young's two pinholes interference

D
x

L
= l

where D is the distance between the two pinholes, x is the fringe spacing, and L is the distance from the 
two pinholes to the fringes.  We need to find D.

D =
l L

x
= .5 µ 10-3 mm H100 mmL

50

mm
= 2.5 mm

b)
Same as part a) since result does not depend upon lens diameter.

SE-5
A 20 mm diameter lens having a 200 mm focal length operating at a wavelength of 500 nm is used to
image a target.  

a) What is the cutoff frequency of the modulation transfer function in image space for incoherent illumination 
if

i)  the target is at infinity?
ii)  the target is 400 mm from the lens?

b) A lateral shear interferometer is used to measure the MTF of the lens for a target at infinity.  How much
shear should be introduced to measure the MTF for a frequency of 50 lines/mm?

Solution

a)
i)

nc =
1

l f Ò
=

1

I.5 µ 10-3 mmM 10
=
200 lines

mm

ii)

nc =
1

l f Ò
=

1

I.5 µ 10-3 mmM 20
=
100 lines

mm

b)

We are measuring the MTF at 1/4 the cutoff frequency so the shear should be 1/4 the aperture 
diameter, or 5 mm.
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We are measuring the MTF at 1/4 the cutoff frequency so the shear should be 1/4 the aperture 
diameter, or 5 mm.
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