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2 JAMES C. WYANT AND KATHERINE CREATH

+Z

+y FiG. 1. Coordinate system.

The principal purpose of optical metrology is to determine the aberra-
tions present in an optical component or an optical system. To study optica
metrology, the forms of aberrations that might be present need to be
understood. The purpose of this chapter is to give a brief introduction to
aberrations in an optica system. The god is to provide enough information
to help the reader interpret test results and set up optical tests so that the
accessory optical components in the test system will introduce a minimum
amount of aberration. To obtain a more detailed description of aberrations,
the reader should see the references given at the end of the chapter.

I. SIGN CONVENTIONS

The coordinate system is defined as right-handed coordinate and shown
in Fig. 1. The z axis is the direction of propagation, the x axis is the
meridional or tangential direction, and the y axis is the sagittal direction. This
definition for the meridiona plane is not universally accepted. It is common
to use the y axis as the meridional plane; however, using the x axis as the
meridional plane makes the mathematics in this chapter more consistent.

The optical path difference (OPD) is defined as the difference between the
aberrated and the ideal unaberrated wavefronts. The OPD is positive if the
aberrated wavefront leads the ideal unaberrated wavefront as shown in Fig. 2.
Also, if the aberrated wavefront curves in more than the unaberrated
wavefront, the OPD is positive. Therefore, a negative foca shift will introduce
a positive aberration, so that a positive aberration will focus in front of the

= +OPD

K

| l +Z

Ideal Aberrated
Wavefront| | Wavefront

FiG. 2. Definition of OPD.
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Fic. 3. OPD for positive aberration.

Gaussian image plane, as shown in Fig. 3. In the case of interferometric
optical testing, this means that a bump on a test mirror (aberrated beam) will
be represented by a bump in the OPD.

Angles are defined to be positive if they correspond to a positive dope. In
the x-z or y-z plane, a postive angle is defined relative to the z axis in a
counterclockwise direction, as shown in Fig. 4a. In the pupil plane, angles are

+Z
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p/'
: [
p sinf / \
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y
o
p cosB o
/ I
N X Fic. 4. Angle conventions. (a) Angles in xz
sin6 (meridional plane). (b) Relationship between rectangular
(C) p and polar coordinates as used in this chapter.
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defined as shown in Fig. 4b. Polar coordinates are used for most of the
aberration formulas, because the Seidel aberrations and Zernike coefficients
are circularly symmetric. The relationship between rectangular and polar
coordinates as used in this chapter is shown in Fig. 4b. Angles increase in the
counterclockwise direction, -and the zero angle is along the x axis when
looking at the pupil plane from the image plane. This is the definition used for
interferogram analysis by many of the computer-aided lens design and
wavefront analysis programs. Another common definition that will not be
used in this chapter is shown in Fig. 4¢c. With this definition, the zero angle is
along the y axis rather than the x axis, and positive angles are in a clockwise
direction in the pupil plane. This definition is used in aberration theory (for
an example, see Welford's (1986) book), and is the convention most likely
used in the classroom. We have chosen the definition used in computer
programs for interferogram analysis (Fig. 4b) so that the expressions for the
different aberrations can be compared to those results.

Tilt in a wavefront affects the image by causing a shift of its center
location in the Gaussian image plane. A tilt causing a positive OPD change in
the +x direction will cause the image to shift in the -x direction, as shown in
Fig. 5.

[I. ABERRATION-FREE IMAGE

Before looking at aberrations, and the effect of aberrations on images, we
will look at the image (point spread function) that would be obtained of a
“point” object if no aberration were present. The image, which we will cal an
aberration-free image, is more commonly called a diffraction-limited image.
We will avoid the use of the term diffraction-limited image when referring to
an image formed in the absence of aberration because strictly speaking any
image is diffraction limited, regardless of how much aberration is present in
the optical system used to form the image.

Gaussian
Image Plane

+X

FiG. 5. Wavefront tilt causing an image shift.



1. BASIC WAVEFRONT ABERRATION THEORY 5

For a uniformly illuminated circular aperture the power per unit solid
angle in the image plane can be expressed in terms of the Bessel function of
the first order J;[.] as

I{a) =

E,(nd?/4)? |_2J1(1tdoc/,l):|2
2| nmdei |°

(1)

where

d = exit pupil diameter,

a = angle between observation point and center of diffraction pattern as
measured from the center of the circular aperture,

| = wavelength of radiation,

E, = irradiance (power/ared) incident upon the aperture, and

EAlp d2/4) = total power incident upon aperture.

Instead of expressing the distribution of the aberration-free diffraction
pattern in units of power per unit solid angle, it is often more convenient to
express the distribution in units of power per unit area. For a lens whose exit
pupil diameter is d and whose image plane is a distance L from the exit pupil,
the power per unit area (irradiance) of the diffraction pattern is given by

o _ EATd/4? | 2J1[ndr/(/1L)]}2
="z  zajop |’

(2)

where r is the radia distance from the center of the diffraction pattern to the
observation point.

The effective F-number of the lens f # can be defined as L/d. With this
definition, Eqg. (2) becomes

g = Eamd? J?-Jl[nr/uf#)]}{

16A2(f #)2 | mr/(Af#)

Figure 6 is a plot of the normalized irradiance for the diffraction pattern of a

3)

Airy Disk
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1.0 — poter
0.8 |- ; .
06| «——/—J\—rk
04 |—- ;, - —]
o R
0.0 : ‘ FiG. 6. Normalized irradiance of diffraction

3 2 1 0 1 2 3 pattern of uniformly illuminated circular
Airy Disk Radii aperture.
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uniformly illuminated circular aperture. This diffraction pattern is cdled an
Airy disk. The distance between the two zero intensity regions on each side of
the central maximum is called the Airy disk diameter. For a lens illuminated
with collimated light, this Airy disk diameter is given by 2.44 | f # . For visible
light, | is on the order of 0.5 pm and the Airy disk diameter 2.44 | f # is
approximately equal to the effective F-number expressed in micrometers. For
example, in visible light, the Airy disk diameter for an f/5 lens is approximate-
ly 5 pum.

Table | gives the distribution of energy in the diffraction pattern at the
focus of a perfect lens. Nearly 84% of the total energy is contained within the
centra ring. The fraction of the total energy contained in a circle of radius r
about the diffraction pattern center is given by @

if# Af #

J(.) is the Bessel function of zero order while J,(.) is the Bessel function of
first order. Equation (4) is plotted in Fig. 7.

Generally a mirror system will have a central obscuration. If e is the ratio
of the diameter of the central obscuration to the mirror diameter d, and if the
entire circular mirror of diameter d is uniformly illuminated, the power per
unit solid angle is given by

Ex(nd?/4) [27,(1227R)  , [2J,(1.22neR) )2 -
22 | 122zR 0 | T 122meR |

where R is given in units of the Airy disk radius for an unobstructed aperture
of equal diameter. The other quantities are the same as defined above.

Fraction of encircled energy = 1 - J%( il )—J%( o ) (4)

IR) =

TABLE |
DISTRIBUTION OF ENERGY IN THE DIFFRACTION PATTERN AT THE
Focus OF A PERFECT LENS

Peak Energy in Ring

Ring r/(l f#) Illumination (%)
Central max 0 1 83.9
1st dark ring 1.22 0
1st bright ring 1.64 0.017 7.1
2nd dark 2.24 0
2nd bright 2.66 0.0041 2.8
3rd dark 3.24 0
3rd bright 3.70 0.0016 15
4th dark 424 0
4th bright 4.72 0.00078 1.0

5th dark 5.24 0
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Fraction of Encircled Energy

1 2 7T
FractionOfEncircledEnergy = —— J J i[w] wdwdg¢
totalEnergy

1 Ey % d? 27 201 [tw/ (A FfH))
= - " J J wdwdo
EA% 16 A tw/ (X 1)
Let
JT
X = w
A fn

o J1[x]?

FractionOfEncircledEnergy = 2 ’ dx
0 X

Well known recurrence relation

d n+1 n+1l
— (¥" T [x]) = X" Ty[x] (1)
dx
or

d -n -n
— (¥ Talx]) = -x7" Tnu1 [¥] (2)
dx
Note
Jon[x] = (-1)" Jn[x]
From Eq. 1

1 d 1
(n+1) X" Tpo1 [X] + X" — Jpa1 [X] = X777 Jp[X]
dx
Let n=0
d
Ji1[X] +x— J1[X] = X Jp[X]
dx
J1? [x] d
=Jdo[x] J1[xX] -J1[x] — J1[x]
X dx

But from Eq. 2

d
— Jo[x] = -J1[X]
dx



Therefore

Jp 2 1 d
P 2 S w2
X 2 dx

Remembering that Jy[0] =1and J;[0] =0

EncircledEnergy.nb

Tr 42
FractionOfEncircledEnergy = 1 - Jp [ ]
Afr

nTr
- 1{

AfH

}
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Fic. 7. Encircled energy for aberration-free system.

Equatlon (5) shows that the peak intensity of the diffraction pattern goes
as (1 - e) and the diameter of the central maximum of the diffraction
pattern shrinks as the obscuration ratio e increases. If b is the distance to the
first zero in units of the Airy disk radius, b is obtained by solving the equation

eJ,(1.22mef) = J (1.227P). (6)

Figure 8 gives a plot of the distance to the first zero in the diffraction pattern
in units of the Airy disk radius as a function of obscuration ratio.

Asthe obscuration ratio increases, and the size of the central core of the
diffraction pattern decreases, less light is contained within the central core.
Figure 9 gives a plot of the encircled energy distribution as a function of
obscuration ratio. The curves are normalized so that for each case the same
total energy is transmitted through the aperture.

In modern optical metrology, it is common for the optical system under
test to be illuminated with a laser beam having a Gaussian intensity
distribution. If alens of diameter d and obscuration ratio e is illuminated with

Airy Disk Radii
1.0 ‘ :
e
Ng 08 |
Ba
T 06
v
o0 0.4
g2
§$ 0.2
o]
0.0

00 02 04 06 08 1.0
Central Obscuration Ratio, €

FIG. 8. Position of first zero of diffraction pattern as a function of obscuration ratio.
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Fic. 9. Encircled energy for aberration-free system and different obscuration ratios e.

a collimated Gaussian beam of total power P, the irradiance of the

diffraction pattern is given by
1 nr
—p%d[20)
L e o[</1f#>p]pdp , @

Prd?
2% A% (f #)*

where Jy[.] is a zero order Bessel function and w is the distance from the axis

to the I/€* intensity point.

For comparison purposes, the irradiance of the diffraction pattern of a
circular aperture illuminated with a uniform beam of total power P contained
within a circular aperture of diameter d can also be written in terms of Jy[.]

Er)=—5—=

as
1 nr
(] #) f Jo [(U_#> g ] pe

It follows from Egs. (7) and (8) that, for an unobscured aperture, the ratio
of the pesk irradiance of the diffraction pettern of the Gaussian beam to the

2
E(r) =

Pn 2

: ®

10 1 | Uniform Beam
08 |- - =t 20/d=1.0 -
] 2wvd=1.2
g 06 o < 20¥d=0.6
8
£ 04 T AR 20/d=2.0
2w/d=0.4
J
00 3 2 -1 0 1 2 3
Airy Disk Radii

Fic. 10. Diffraction pattern of a circular aperture for different Gaussian widths.
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11. Ratio of Gaussian and uniform pesk irradiances versus Gaussian width.

peak irradiance of the diffraction pattern of the uniform beam is given by

Eg 2[1—e @2or)2
E, (d)2w)?

Figure 10 shows plots of Eq. (7) for different Gaussian widths 2w /d as well as
a plot of Eq. (8) for e = 0. It is interesting to note that if the 1/e? intensity
point falls at the edge of the aperture (d/2 w = 1), the intensity of the
diffraction pattern drops to I/€® of its maximum value at a radius approx-
imately equal to 3/4 of the Airy disk radius. Figure 11 is a plot of Eq. (9) for
different values of 2w /d.

©)

1. SPHERICAL WAVEFRONT, DEFOCUS, AND LATERAL SHIFT

The action of a perfect lens is to produce in its exit pupil a spherica wave
whose center of curvature coincides with the origin of the (Xo, Yo, Zo)
coordinate system, as shown in Fig. 12. If R is the radius of curvature of the
spherical wavefront and the center of the exit pupil is a the origin of the
(X, Y, 2) coordinate system, then

X = Xoy
Y = Yo
and
z=172-R (10)
The equation of the spherical wavefront in the (X, y, z) system is thus
x* +y* + (z- R =R (11)

If x and y are small compared to R (i.e, if the size of the exit pupil is small
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. %

N

Yo Image
Plane

Fic. 12. Relation between image and exit pupil coordinates.

compared to the radius of curvature of the emergent wave), and z is
sufficiently small so that the term Z° can be neglected, the equation of the
spherical wavefront in the exit pupil can be approximated by a parabola

x2 + yZ
="S5R (12)
Therefore, a wavefront distribution (optical path difference) of
x2 + y2

in the exit pupil of a lens represents a spherica wavefront converging to a
point a distance R from the exit pupil.

Often in optical testing, we are given a wavefront distribution in the exit
pupil and must find the effect of such a distribution in a plane other than the
paraxial image plane. For example, Fig. 13 shows a situation where the

X 8 (xy2)

Observation  Image
Plane Plane

Fic. 13. Focus shift of a spherica wavefront.
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observation plane is a distance R from the exit pupil, but the wavefront in the
exit pupil has a radius of curvature R +¢,. That is,

x2+y?  xE 4y 1
W) =3k e)- 2R |1+eJR) (14)
If &,is much smdler than R, Eq. (14) can be written as
x4+ y2 X2 + y2
- - 15
W) =g~ & 32 (3

Therefore, if a defocus term with OPD of A(x* + y?) is added to a
spherical wave of radius of curvature R, a foca shift results, given by

g, = —2R*A. (16)
Note that for the sign convention chosen, increasing the OPD moves the
focus toward the exit pupil in the negative z direction.
From another viewpoint, if the image plane is shifted aong the optical
axis toward the lens an amount ¢, (¢,is negative), a change in the wavefront
relative to the origina spherica wavefront given by

x* +y?

AW(X’ y) = —¢& IR?

(17
is required to change the focus position by this amount. If U is the maximum
half-cone angle of the converging beam having an F-number f # , the defocus
changes the OPD at the edge of the pupil an amount

| 1
AVVdefocus = - 582 Slan = — 562 (NA)Z — (18)

&,
8(f#)*
where NA is the numerical aperture.
By use of the Rayleigh criterion, it is possible to establish a rough
allowance for a tolerable depth of focus. Setting the OPD, due to defocus, at
the edge of the pupil equa to | /4 yidds

AVVdefocus = i == g (19)

or
g, = £2Mf #)%

For visble light | @0.5 um. Hence, ¢, (in micrometers) @+ (f #)2.

Suppose that instead of being shifted aong the optica axis, the center of
the sphere is moved aong the x, axis an amount &, as shown in Fig. 14. The
equation of the spherica wavefront in the exit pupil can then be written as

¥y +(x—e) +(z—-R?*=R% (20)
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x (xy.z)

EX
/) ’
y 7 Exit Pupil Y,

Image
Plane

Fic. 14. Laterd shift of image position.

Assuming that ¢, is sufficiently small so that the term €2 can be neglected, and
if Z2 is neglected as before, the wavefront can be written as

x* + 3% xe,
2R R’ (21)

Wi(x, y) =

Thus, an OPD term B times x in the wavefront distribution in the exit pupil
represents a transverse shift in the position of the focus by an amount

e, = —RB. (22)

Likewise, a term C times y in the wavefront distribution in the exit pupil
represents a shift of the focus along the y, axis by an amount

g, = —RC. (23)

Combining the results of the preceding analyses, it is seen that a
wavefront distribution in the exit pupil of an optica system

X2+y2 x2+y2 x y
—e — e (24)

W —
>y =—p : T)R2 R >R

represents a spherical wave whose center of curvature is located at the point
(4, €5, ;) in an image plane coordinate system (Xo, Yo Z,) wWhose origin is
located a distance R from the vertex of the exit pupil.

IV. ANGULAR, TRANSV%S]E, AND LONGITUDINAL
ABERRATION

In general, the wavefront in the exit pupil is not a perfect sphere, but is an
aberrated sphere, so different parts of the wavefront come to focus in different
places. It is often desirable to know where these focus points are located; i.e.,
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Light Distribution Near Focus

Diagram showing notation for diffraction of a converging wave at a
circular aperture

/"

r >
Ll z

[

B
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-

Fresnel diffraction equation

The amplitude can be written as
Aeikf . o
ulx, y] = o' 17 () ffm (utg, ) el ie (57 et TEREYM qeqp
iAf —od-o
If Pupil[€, 7] describes the pupil function where the phase is measured relative to a reference sphere of radius f, and C
is a constant, we can write the irradiance as

2
i(x, v] —CAbs fﬁ (Pupil[€, n]) e x £y ) dlgdm}

If the aperture is circular of radius a, the illumination is uniform across the pupil, and we normalize so for no aberra-
tion the peak irradiance is one, we can write

an 2
i[x, y] = Abs Fr (Pupil[&, n]) e “ox XV d1§d177]
. . - . §2+},]2 ole
Pupil[C, n] = Abs[Pupil[&, n]] et&M] :Cch[i] eteleml

a
®[Z, n] describes the phase distribution corresponding to the aberration, across the pupil.

If the only aberration is defocus and m is the number of waves of defocus across the aperture we can write

2

+r7 ) C2r
i[X, y} = AbS FJ‘DQCer } elm(Zﬂ) (§2+772)/a2 efjlﬁ (xC+yn) d1§d1r]

or using Hankel transforms we can write
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i[p] :Abs{f BesselJ[0, nrp ] ™M " 2pdp
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Geometrical light cone

We next want to draw the geometrical light cone on the plots.

= Defocus

2
=mA

1
AWgefocus = —E €z

a

f

Neglecting the minus sign we get

2
mA

f

a

€, =2

= Tilt

y
AWeiip =2a— =n A

f

a

A
n—
2

y:

where n is the number of waves of tilt introduced across the pupil diameter for a lateral displacement of y.

= Drawing geometrical cone angle on light distribution plot

Remembering that y is the lateral distance in the diffraction pattern corresponding to a tilt of n waves over the pupil
diameter and €, is the longitudinal displacement corresponding to m wave of defocus we see that the ratio of y to €, is

y ay n 1l
— =|—| —— or
€, f/ m 4

a m y

| -4 - =

f n e,

?is a measure of one-half the cone angle of the converging light. Thus we can draw the geometrical cone angle of the

light as long as the lines satisfy the above equation.
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Plots showing geometrical light cone
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AW(xy)

~

kY
Aberrated\\_ Reference

Fic. 15. Transverse and longitudina aberrations. D W(x, y) = distance between reference
wavefront and aberrated wavefront, &, = transverse or lateral aberration,  &,= longitudinal
aberration.

find (e, ¢,, €;) @ a function of (x, y) given some W(x, y) that is not necessarily
a spherical wavefront. This is depicted in Fig. 15. The figure shows a spherical
reference wavefront having a focus a the origin of the coordinate system
(X0, Yo» Zg) and an aberrated wavefront that may not have a unique focus, but
that has rays in the area enclosed by the small circle that intersects the
paraxial image plane at the point x, = —é&,. We assume that the angle these
rays make with the optical axis is sufficiently small so that we can
approximate its sine by the angle itself, and the cosine of the angle by unity.
The OPD D W(X, y) is the distance between the reference wavefront and the
aberrated wavefront. It is assumed that D W(x, y) is sufficiently small so that
the angle o, between the aberrated wavefront and the reference wavefront is
aso smdl, in which casea,, caled the angular aberration of the ray, is given

by

_ —0AW(x,y)

oy = n ax (25)

In air, the refractive index n can be set equa to 1. The distance &, called the

transverse aberration of the ray, is given by

g AW, y)’
Ox

& = Roa, = — (26)

where the refractive index has been set equal to 1. Similar formulas hold for
the y components of the angular and transverse aberrations.
Sometimes it is useful to know where an aberrated ray intersects the
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optical axis. Referring to Fig. 15, which is an exaggerated drawing, it is seen
that

& _ R
& X —&, 27)
Since g, << X, the longitudinal aberration can be written as
R R? 0 AW(x, y)
6N —g, = — — ———2
x 0x (28)

The quantity ¢, is caled the longitudinal aberration of the ray.

Sometimes in writing the wavefront aberration, the exit pupil coordinates
are expressed in normalized coordinates such that (x* + yA)"? = 1 at the
edge of the exit pupil. In this case, the transverse and longitudina aberrations
become

. R 0AW
T h ox

and (29)
. R? AW
2T xh? ox

where h is the geometrical pupil radius.

In practice, the transverse aberrations for individual rays through an
optical system are often determined by tracing the individua rays through
the system and finding the intersection of the rays with the image plane. The
result is a spot diagram that gives a useful impression of the geometrical
image quality.

In many testing systems, either the transverse or the longitudinal
aberration is measured, and from this measurement the wavefront aberration
is to be determined. In the case where the aberration is symmetric about the
optical axis, only rays in the x-z meridional plane need be determined, and
D W = D W(x). Hence, in normalized coordinates,

AW = AW(x') = _%r 6, dx,

0o

or (30)

h? (*
AW =— — xe, dx.
&),

A convenient unit for wavefront tilt is waves/radius. Consider the
wavefront shown in Fig. 16. A tangent drawn to the curve a a radius of 0.75
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10.0

Waves

Tangent at Radius=0.75

-20.0
0 0.25 0.5 0.75 1

Radius

Fic. 16. Wavefront with tangent drawn parallel to 0.75 radius point.

goes from an OPD of - 11.5 waves to 0 waves. Thus, if the wavefront had this
same slope across the entire radius, the OPD would be 11.5 waves and
therefore the wavefront dope at this point is 11.5 waves/radius. Figure 17
shows a plot of both a wavefront in terms of OPD and its slope in terms of
waves/radius.

V. SEIDEL ABERRATIONS

The particular form of the wavefront emerging from a rea lens can be
exceedingly complex, since it is generadly the result of a number of random
errors in the design, fabrication, and assembly of the lens. Nevertheless, lenses
that are well made and carefully assembled do possess certain aberrations
that are inherent in their design. These aberrations give rise to well defined
test patterns, and it is conventional to refer to such test patterns as evidence of
the existence of a certain aberration, regardless of whether the particular
pattern was caused by an inherent defect of the lens or a circumstantial

50.0

OPD (Waves)

25.0

0.0

250 Slope (Waves per Radius)

-50.0

o 0.25 0.5 075 1
Radius
Fic. 17. OPD and slope of a general wavefront
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combination of manufacturing errors. The test patterns caused by the basic
aberrations of lenses are thus of considerable importance. In this section, the
general characteristics of the primary monochromatic aberrations of rotat-
ionally symmetrical optical systems are reviewed. To describe the aberrations
of such a system, we specify the shape of the wavefront emerging from the exit
pupil. For each object point, there will be a quasi-spherica wavefront
converging toward the paraxial image point. A particular image point is
specified by giving the paraxial image coordinates (xg, Y,), a shown in
Fig. 12. The wavefront can be expanded as a power series in the four variables
(X, y) (the exit pupil coordinates) and (Xo, Yo) (the coordinates of the image
point). Due to rotational symmetry, the wavefront distribution W must not
change if there is a rigid rotation of the x,, Y, and x, y axes about the z axis. It
is possible to select the coordinate system such that the image point lies in the
plane containing the x and z axes so vy, is identicaly equal to zero. Hence, W
can be expanded as

W(X, Y, Xo) = W(x* + y?, xx¢, x3)

= a,(x* + y?) + azxxo + a3x2 + b,(x% + y?)?
+b,xx0(x% + y2) + b3x2x2 + byx3(x* + y?)
+ bsxxd + bexd + -+
+ fifth and higher order terms. (31)

(See Welford (1974), p. 87, or Welford (1986), p. 107 for more details of the
justification of writing W in the form given in Eqg. (31).)

As described in Section 111, the first term of Eq. (31) represents what is
commonly caled defocus, a longitudina shift of the center of the reference
sphere, while the second term represents a transverse shift of the center of the
reference sphere, commonly called tilt. The third term gives rise to a phase
shift that is constant across the exit pupil. It does not affect the shape of the
wavefront, and consequently has no effect on the image. When considering
monochromatic light, these three terms normaly have coefficients equa to
zero. However, these terms have nonzero coefficients for broadband illu-
mination, and give rise to the chromatic aberrations of Section X.

The six terms with coefficients b, to bg are of fourth degree in variables x,
y, and X, when expressed as wavefront aberrations, and are of third degree
when expressed as transverse ray aberrations. Because of this, these terms are
either known as fourth-order or third-order aberrations. Since they are most
commonly known as third-order aberrations, we will be referring to them as
third-order aberrations. Succeeding groups of higher order terms are fifth-
and seventh-order aberrations. The first five third-order aberrations are often
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caled Seidd aberrations after L. Seidel, who in 1856 gave explicit formulae
for calculaing them.

In discussing the Seidel aberrations, the exit pupil coordinates will be
expressed in polar coordinates (see Fig. 4b), so that

[x =pcosf and = psind.| (32)

The radia coordinate r is usualy normalized so that it is equal to 1 at the
edge of the exit pupil. The field coordinate X, is aso usually normalized to be
equa to 1 a the maximum field position. Normalized coordinates will be
used throughout the remainder of this chapter. Using polar coordinates, the
wavefront expansion of Eq. (31) can be written either in terms of wavefront

aberration coefficients W,,:

W(xg, p, ) = >, Wigmxopl cos™0, withk=2j + m, 1=2n+ m,

Jsm,n

Wa00X3 + Wi11x0p c0s 8 + Wyy0p?

+ Wyaop* + Wi31x0p> cos 0 + W,,,x2p? cos?6
+ Waa0x3p? + Wiy 1x3p cos 6; (33)
or Seidel aberration coefficients S;:
Wi(xo, p, 0) = §51p* + $Suxop” c0s 8 + §Syx3 p? cos?6
+2(Sm + Sw)xgp® + 3Syx3pcos 6. (34)

The names of the wavefront aberration coefficients and their relationship to
the Seidel aberration terms are given in Table |l. Note that piston, tilt, and

TABLE Il
WAVEFRONT ABERRATION COEFFICIENTS AND RELATIONSHIP TO
SEIDEL ABERRATIONS

Wavefront Seidel
Aberration Aberration
Coefficient Coefficient Functional Form Name
W00 x3 piston
Wi Xop cos tilt
Woao p? focus
Woso =35 o spherical
Wis =185, Xop° cos 0 coma
Wizz =3Sm x3p*cos? 0 astigmatism
Wizo =3Sm + Sw)  x3p? field curvature

Wi =18y x3pcosf distortion
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focus are first-order properties of the wavefront and are not Seidel
aberrations.

Figure 18 shows the departure of the wavefront D W from an ideal
spherical wavefront form for the five Seidel aberrations.

A. SPHERICAL ABERRATION (AW = Wy, op* = VVo40(x2 + yz)z)

Since the field variable x,, does not appear in this term, the effect is
constant over the field of the system. Figure 19 shows the contours of
constant primary spherical aberration.

The rays from an axial object point that make an appreciable angle with
the axis will intersect the axis in front of or behind the Gaussian focus. The
point a which the rays from the edge of the aperture (margind rays) intersect

_ 3
" AW = meop cosi

Spherical Aberration Coma

AW

Astigmatism

3
AW = Wm x'p cos@
Distortion
Fi G 18. Seide aberrations.
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Fic. 19. Levels or contours of constant primary spherical aberration.

the axis is called the marginal focus, as shown in Fig. 20. The point at which
the rays from the region near the center of the aperture (paraxia rays)
intersect the axis is called the paraxia or Gaussian focus.

If we now go to the transverse ray aberration representation, we find from
Eqg. (29) that in normalized coordinates the aberration components are

4RWoso  , R AW
b= =X+ )Y ey = - —
h ** n ox
and (35)
4RW,
8y=_%)’(x2+y2)’

where h is again the geometrical pupil radius. Since the aberration is

Marginal Focus

|-— &,

Circle of Least

Confusion Paraxial

Focal Plane

Fic. 20. Circle of least confusion for spherica aberration.
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symmetrical about the principa ray, the transverse aberration due to third-
order spherical aberration can be written as
4RW,

gy =g, = — —20 p3, (36)

h

A foca shift changes the size of the image patch. It follows from Eq. (17)

that if the observation plane is shifted a distancee,, the wavefront aberration

with respect to the new reference sphere is

e, h?

2r? P

where ¢, is positive if the shift is in the + z direction (i.e., away from the lens).
The effect of the foca shift on the size of the image patch is equivaent to
adding a linear term to Eqg. (36) for the transverse aberration:

_ 4RWouop® . e:hp
- h R

As the image plane is shifted, there is a position for which the circular
image is a minimum; this minimal image is called the circle of least confusion.
The foca shifte, for which the transverse aberration has equa positive and
negative excursion corresponds to the focal shift for the circle of least
confusion. As shown in Fig. 20, this image position corresponds to the
position where the ray from the rim of the pupil (margina ray) meets the
caustic. It can be shown that the image position for the circle of least
confusion occurs three-quarters of the way from the paraxia focus to the
marginal focus, and hence its radius, from Eq.(38), RW,,o/h, One-quarter
the radius of the image at the paraxial focus. The resulting wavefront
aberration is

AW = Wysop* +

2
s

(37)

=¢ (38)

AW = Wyu0(p* — 1.5p%). (39)

Figure 21 shows the contours of constant wavefront aberration for spherical
aberration with defocus.

The diffraction pattern for a rotationally symmetric aberration such as
spherical aberration can be caculated quite easily using the Hankel trans
form. That is, the irradiance of the diffraction pattern of a circular aperture
having a rotationally symmetric pupilfunction g(p), which is illuminated
with a uniform beam of total power P contained within the circular aperture,

can be written as
1 nr
J — d
L #(p) ol:(;tf#>/’:'/’ p

Pn 2

E(r) =

iz(f# )2 ) (40)
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Fic. 21. Contours of constant wavefront aberration for spherica aberration with defocus.

For spherical aberration,

. 2n
p(p) = exp(: 5l Wo4oﬂ4>- (41)
If defocus is included, then
. 2m 4 2
#(p) = exp 17 (Wosop™ + Wo200?) | (42)

Equation (40) is well fitted for computer calculations of the point spread
function. Figures 22 through 24 illustrate the normalized point spread
function for different amounts of third-order spherical aberration and
defocus.

Irradiance

] _— = Fic. 22. Diffraction pattern of circular pupil
3 2 -1 0 1 2 3 for different values of defocus, Wys0/4. (NO
Airy Disk Radii spherical aberration present.)
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1.0
0.8
0.6
0.4

Irradiance

0.2

0.0

3 2 1 0 1 2 3
Airy Disk Radii
Fic. 23. Diffraction pattern of circular pupil for different values of third-order spherical
aberration, W, ,0/4. (No defocus present.)

B. ComA (AW= Wlsleps COSQ = Wl31x0x(x2 + yZ))

Coma is absent on the axis and increases with field angle or distance.
Figure 25 shows contours of wavefront aberration for primary coma. The
transverse aberration components are

2R R .
& =" Wisi1xoxy = — i Wi31Xop” sin 26, @
R 2 2 R 2
&=~ W,31x03x% + yH) = -5 Wi31%0p%(2 + cos20).| (43)

If X, is fixed and r is kept constant, the image point describes a circle twice
over as ¢ runs through the range from 0 to 2 p. The radius of the circle is
RW,3,x0p%/h and the center is a distance 2RW, 3;x,p*/h from the Gaussian
image, as shown in Fig. 26. The circle therefore touches two straight lines that
pass through the Gaussian image and are inclined to the x axis at an angle of
30°.

1.0 ;
0.25° 0.00
0.8 0.75 0.50
1.00
0.6
0.4
0.2
0.0 —"_ .
3 -2 A 0 1 2 3

Airy Disk Radii

Fic. 24. Diffraction pattern of circular pupil for equal and opposite values of third-order
spherical aberration W),,,/Aand defocus W, /4.
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Coma - Transverse Ray Aberration

R OAW R OAW _
€x=-——; €y=-——; x=pCos[O]; y=pSin[6]
h ox h ody

COMA
AW = Wi3; Xo X (x2 + Yz)
2R 2R ) ,
ey = - T W131 Xo XY = - T W131 Xo P Cos [9] Sln[e] =

R 2
- — Wi31 X, p° Sin[2 O]
h

R R
= —;W131 Xo (3X2 +Y2) = —;W131 xopz (3Cos[6]2+Sin[6]2) =

m
b
1

R
- — Wi31 X0 02 (2 + Cos[26])
h
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%4

N =
w-l
A

Fic. 25. Contours of wavefront aberration for primary coma

R
%o Radius = {mey % P

~

Center = Z%Wm x, p?

2

30°
-— Gaussian Image
Image Plane
Tangential
Coma
Sagittal
Coma

[}

Pupil Plane Y,

image Plane

Fi1G. 26. Transverse ray aberration for coma.
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A shift of focus does not improve a comatic image. A latera shift (tilt)
decreases the general departure of the wavefront from the reference sphere as
illustrated by Fig. 27, which shows the contour of a coma wavefront with a
linear term added. However, this does not really improve the image; it is
simply sdlecting a point other than the Gaussian image point to represent the
best center of light concentration in the point image.

In testing an optical system, coma may appear on axis, where coma
should be zero. This on-axis aberration is not dependent upon field position,
and is additive. It can result from tilted and/or decentered optical com-
ponents in the system due to misalignment.

C.ASTIGMATISM (AW= W,,,x3p?cos?0 = W,,,x¢x?)

In an optical system, a plane containing the optica axis is caled the
meridional or tangential plane. While the tangential plane can be any plane
through the optical axis, the tangential plane for any off-axis object point
contains the object point. Rays that lie in this tangentia plane are called
meridional or tangential rays. The meridional ray through the center of the
entrance pupil is called the principal or chief ray (see Fig. 28). The sagittal
plane contains the chief ray and is perpendicular to the tangential plane. Rays
that do not lie in either the tangential or sagittal planes are called skew rays.
For astigmatism, there is no wavefront aberration in the sagittal plane, but in
the meridiona or tangentia plane there is an increment of curvature since the

<

2

—

[N
"

Fic. 27. Contours of comatic wavefront with linear term.
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Tangential Image
(Focal Line)

Optical System

. Sagittal Image
Tangential ~ - ;
Fan of Rays — (Focd Lme?

Optical Axis
Principal Ray

Sagittal
\ Fan of Rays

Obiject Point
Fie. 28. Sagittal and tangential foci.

aberration depends quadratically on x, as shown in Fig. 29. For conventiona
astigmatism, the increment in curvature in the x section depends upon the
square of the field angle. A common error in the manufacturing of optica
surfaces is for a surface to be dightly cylindrical, instead of perfectly spherical,
in which case the wavefront leaving the surface will have a different radius of
curvature in two orthogonal directions, and the wavefront is said to be
astigmatic, even though the curvature difference may not depend upon the
square of the field angle.
For astigmatism, the components of transverse aberration are

2R 2R
Be= = Wy,ax3x = — . W,,,x5p cos 6. (44)

>

N\//

Fie. 29. Contours of astigmatic wavefront.
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Thus, a line image of length 4RW,,,x2/h is formed in the meridional plane.
For many applications, a focal shift improves the image. Given a wavefront
aberration

h2
AW = W,,,x3x% + ZZRZ (x2 + y?), (45)
the transverse aberration becomes
& h
8y = - R ¥y,
2R gh
&y = _<7 W,5,x% + ?> X. (46)

If the foca shift is chosen so that
g, 2RW,,,x32

R B
a line image of length4RW,,,x3/his formed in the sagittal plane. Thus, the

three-dimensional distribution of rays in the image region is such that they all
pass through two orthogona lines, as shown in Fig. 28. The vertica line in
Fig. 28 can be regarded as the focus for rays from the y section of the pupil

since ¢, is zero a this focus, and the horizontal line is the focus for the x

section. The vertical line is caled the sagittal astigmatic foca line and the
horizontal line is caled the meridiona or tangential foca line. It should be
remembered that the sagittal focal line is in the meridiona plane and vice
versa.

The best image is generally taken to be halfway between the astigmatic
foci. At this focal position, al the rays pass through a circular patch of
diameter 2RW,,,x3/h, hdf the length of a foca line, and this is called the
circle of least confusion. Figure 30 shows the contours of the wavefront
defocused to give the circle of least confusion. For an object such as a spoked
wheel, the image of the rim is sharp on the tangential focal plane and the
image of the spokes is sharp on the sagittal focal plane as shown in Fig. 31

(47)

D. FIELD CURVATURE (AW = W,,0x3p? = Wyaox3(x* + ¥%)

The fourth Seidel aberration has the same pupil dependence as a foca
shift, but it depends upon the square of the field height. If no other
aberrations are present, the images are true point images on a curved image
surface, caled the Petzval surface, of curvature 4R%(Wyy/h?), as shown in
Fig. 32. Thus, this aberration is caled field curvature. Astigmatism and field
curvature are often grouped together since they both depend upon the square
of the field height.
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y

FiG. 30. Contours of astigmatic wavefront defocused to give circle of least confusion

Tangential Sagittal

Fic. 31. Adtigmatic images of a spoked whesl.

Petzval
Surface

Pupil

— .

l«— Gaussian
tmage Plane

Fic. 32. Field curvature.
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If no astigmatism is present, the sagitta and tangential image surfaces
coincide and lie on the Petzval surface. When primary astigmatism is present,
both the tangential and the sagittal image surfaces are on the same side of the
Petzval surface with the tangential image surface three times as far from the
Petzval surface as the sagittal image surface, as shown in Fig. 33. The
curvature of the sagittal image surface is 4R?(W,,o/h?), the curvature of the
tangential image surface is 4R2(W220+ W222)/h2, and the curvature of the
Petzval surface is 4R (W - Wano/2)/hP.

E. DI STORTION (AW = W, ;x3pcosf = Wy, x3x)

The last Seidel aberration, distortion, has the effect of shifting the image
position a distance

R 3
& = — M W31 1Xo. (48)

This is not simply a change in magnification, since the shift is proportional to
the cube of the Gaussian image height. The effect is that the shape of the
image is distorted, and consequently this aberration is known as distortion.
The image of any straight line that meets the origin is a straight line, but the
image of any other straight line is curved. We can see the generd effect by
taking a square placed symmetrically with respect to the optica axis and
shifting each point radially an amount proportiona to the cube of its distance
from the center, as shown in Fig. 34.

VI. ZERNIKE POLYNOMIALS

Often, to aid in the interpretation of optical test results it is convenient to
express wavefront data in polynomial form. Zernike polynomials are often

SagittalFocalSurface
g u Petzval Surface

TangentialFocalSurface

Gaussian
Image Plane

R

Fi e 33. Foca surfaces in presence of field curvature and astigmatism.
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WJH >0 w:m <0
No Distortion Barrel Distortion Pincushion Distortion

FiG. 34. Distortion,

used for this purpose since they are made up of terms that are of the same
form as the types of aberrations often observed in optical tests (Zernike,
1934). This is not to say that Zernike polynomias are the best polynomials
for fitting test data. Sometimes Zernike polynomias give a terrible represen-
tation of the wavefront data. For example, Zernikes have little value when air
turbulence is present. Likewise, fabrication errors present in the single-point
diamond turning process cannot be represented using a reasonable number
of terms in the Zernike polynomial. In the testing of conical optical elements,
additional terms must be added to Zernike polynomials to accurately
represent alignment errors. Thus, the reader should be warned that the blind
use of Zernike polynomials to represent test results can lead to disastrous
results.

Zernike polynomials have severa interesting properties. First, they are
one of an infinite number of complete sets of polynomias in two real
variables, r and q¢ that are orthogonal in a continuous fashion over the
interior of a unit circle. It is important to note that the Zernikes are
orthogonal only in a continuous fashion over the interior of a unit circle, and
in genera they will not be orthogonal over a discrete set of data points within
a unit circle.

Zernike polynomials have three properties that distinguish them from
other sets of orthogonal polynomials. First, they have simple rotational
symmetry properties that lead to a polynomia product of the form

R(p)G(0), (49)

where G (g9 is a continuous function that repeats itself every 2 p radians and
satisfies the requirement that rotating the coordinate system by an angle a
does not change the form of the polynomida. That is,

G(0' + o) = G()G(a). (50
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The set of trigonometric functions
G(O) = e*™, (51)

where m is any positive integer or zero, meets these requirements.

The second property of Zernike polynomials is that the radia function
must be a polynomia in r of degree n and contain no power of r less than m.
The third property is that R(p) must be even if mis even, and odd if m is odd.

The radial polynomials can be derived as a special case of Jacobi
polynomials, and tabulated as R}(p). Their orthogonality and normalization
properties are given by

1 " _ 1
Jl) Rn (p)Rn'(p)p dp - 2(” + 1) 5nn’ (52)

and
Rr(1) = 1. (53)

It is convenient to factor the radia polynomia into
RZ,—m(p) = Q7 (p)p™, (54)

where Q7' (p)is a polynomial of order 2(n - m).Q™(p) can be written generally
as

" nom . 2n—m—s)! ems
0n'lp) = sZ‘o =D sl(n — s)i(n — m — s)! B " (55)

In practice, the radial polynomials are combined with sines and cosines
rather than with a complex exponential. The fina Zernike polynomia series
for the wavefront OPD D W can be written as

W=aW + ¥ [AHQS(p) + Y QUP)P"(Bomcosmb’ + Cypsin ’"8')]’ (56)
n=1 m=1

where AW is the mean wavefront OPD, and A, B, and C,, are individua
polynomial coefficients. For a symmetrical optical system, the wave aberra-
tions are symmetrical about the tangentia plane and only even functions of q¢
are allowed. In general, however, the wavefront is not symmetric, and both
sets of trigonometric terms are included.

Table Il gives a list of 36 Zernike polynomias, plus the constant term.
(Note that the ordering of the polynomials in the list is not universally
accepted, and different organizations may use a different ordering.) Figures 35
through 39 show contour maps of the 36 terms. Term #0 is a constant or
piston term, while terms # 1 and # 2 are tilt terms. Term # 3 represents focus.
Thus, terms # 1 through # 3 represent the Gaussian or paraxia properties of
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TABLE HI
ZERNIKE RADIAL POLYNOMIALS

m No. Polynomial
0 0 1 —
1 1 pcos
2 psing
0 3 221
2 4 pZcos2f
5  p*sin20
1 6 (3p?—2)pcost
7 (3p?—2psin@
0 8 6p* —6p% + 1 R
3 9  picos3f
10 p3sin 3¢
2 11 (4p* — 3)p>cos20’
12 (49> — 3)p>sin 20/
1 13 (10p* — 12p> + 3)pcos ¢
14 (10p* — 12p% + 3)psin &
0 15 20p° — 30p* + 12p> — 1
4 16  p*cosdd
17 p*sin4¢’
3 18 (5p% — d)p®cos 36/
19 (5p% — 4)p®sin 360’
2 20 (15p% — 20p + 6)p> cos 20
21 (15p* — 20p* + 6)p?sin 20’
1 22 (35p% — 60p* + 30p — 4)pcos @
23 (35p% — 60p* + 30p% — 4)psin &’
0 24 70p® — 140p% + 90p* — 20p2 + 1
5 25 pScos 50
26 pisin 50
4 27 (6p* — S)p*cosdl
28 (6p* — S)p*sin4
3 29 (21p* — 30p% 4 10)p3cos 30"
) 30 @1p* — 300" + 10p7sin30
2 31 (56p° — 105p* + 60p> — 10)p2 cos 20/
32 (56p° — 105p* + 60p? — 10)p? sin 20’
1 33 (126p® — 280p° + 210p* — 60p2 + S)pcos &
34 (126p% — 280p° + 210p* — 60p + S)psin &
0 35 252p% — 630p® + 560p° — 210p* + 30p% — 1
0 36 924p'2 —2772p"0 + 3150p° — 168005 + 420p* — 42p% + 1

31
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n=5,6 NINTH- & ELEVENTH-ORDER ABERRATIONS

)
By

e

Fic. 39. Two- and three-dimensiona plots of Zernike polynomials # 25 to # 36.

the wavefront. Terms # 4 and # 5 are astigmatism plus defocus. Terms # 6
and #7 represent coma and tilt, while term #8 represents third-order
spherical and focus. Likewise, terms # 9 through # 15 represent fifth-order
aberration, # 16 through # 24 represent seventh-order aberrations, and # 25
through # 35 represent ninth-order aberrations. Each term contains the
appropriate amount of each lower order term to make it orthogonal to each
lower order term. Also, each term of the Zernikes minimizes the rms
wavefront error to the order of that term. Adding other aberrations of lower
order can only increase the rms error. Furthermore, the average value of each
term over the unit circle is zero.
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VII. RELATIONSHIP BETWEEN ZERNIKE POLYNOMIALS AND
THIRD-ORDER ABERRATIONS

First-order wavefront properties and third-order wavefront aberration
coefficients can be obtained from the Zernike polynomias coefficients. Using
the first nine Zernike terms Z, to Zg, shown in Table Ill, the wavefront can
be written as

W(p, &)= Zy+ Zpcost + Z,psin@ + Z3(2p> — 1)
+Z,p?c0s20 + Zsp?sin 20’
+Z(3p* — 2)pcos @ + Z,(3p* — 2)psin6
+ Zg(6p* — 6p* + 1). (57)

The aberrations and properties corresponding to these Zernike terms are
shown in Table I1V. Writing the wavefront expansion in terms of field-
independent wavefront aberration coefficients, we obtain

W(p, 0) = Wy ,pcos @ + Wyop®
+ Woop* + Wy, p3cos 8 + W, ,p% cos?0. (58)

Because there is no field dependence in these terms, they are not true Seidel
aberrations. Wavefront measurement using an interferometer only provides
data at a single field point. This causes field curvature to look like focus, and
distortion to look like tilt. Therefore, a number of field points must be
measured to determine the Seidel aberrations.

Rewriting the Zernike expansion of Eq. (57), first- and third-order field-
independent wavefront aberration terms are obtained. This is done by

TABLE IV
ABERRATIONS CORRESPONDING TO THE FIRST NINE ZERNIKE
TERMS
Z, piston
Z, x-tilt
Z, y-tilt
Z, focus
Zs astigmatism @ 0° & focus
Zs astigmatism @ 45° & focus
Zg coma & x-tilt
Z, coma & y-tilt

Zg spherical & focus
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grouping like terms, and equating them with the wavefront aberration
coefficients:

W, 0)=2Z,—Z;+ Z4 piston
+(Z, —2Zg)pcos O + (Z, — 2Z,)psin & tilt
+(2Z3 — 6Zg + Z,c0820' + Z5sin 28)p? focus + astigmatism
+3(ZgcosO + Z,sin@)p3 coma
+6Zgp*. spherical
(59)
Equation (59) can be rearranged using the identity

acoso + bsina = . /a? + b? cos[a — tan ! [(é)], (60)
a

yielding terms corresponding to field-independent wavefront aberration
coefficients:

W(p, 0’) = ZO _ Z3 + ZS plS’[Oﬂ
+pZy — 226 + (2, - 2Z,)
Z,—27Z .
' —tan {227 tilt
X COS |:0 tan <Z1 — 2ZG>:|
+p2RZy—6Zg+ \/Z5 + Z2%) focus

Z . .

+2p%. /Z% + Z% cos [0’ (—5>] astigmatism @
Z

+3p3/Zt + 73 cosI:B’ — tan <—7>:| coma

6

+6p*Z,. spherical

(61)

The magnitude, sign, and angle of these field-independent aberration terms
are listed in Table V. Note that focus has the sign chosen to minimize the
magnitude of the coefficient, and astigmatism uses the sign opposite that
chosen for focus.

VIIl. PEAK-TO-VALLEY AND RMS WAVEFRONT ABERRATION

If the wavefront aberration can be described in terms of third-order
aberrations, it is convenient to specify the wavefront aberration by stating the
number of waves of each of the third-order aberrations present. This method

If minus sign

1 z bid
e'- (— tan! (—5] + —]
2 Za 2


jwyant
Note
Note that if we use the minus sign for astigmatism we must add a -Pi/2 to the phase.  That is, not only are we changing the sign of the astigmatism term, but we are also rotating it 90°.
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TABLE V
TH RD- ORDER ABERRATIONS IN TERMB OF ZERNIKE COEFFICIENTS

Term Description Magnitude Angle
_ - (Z,-22Z,
W, tilt JZ, =22 + (2, -2Z,) tan '<Z1 — 226)
Wso focus 2Z5—6Zy +\/Z5+ 273 If minus sign

sign chosen to minimize absolute value

i 1
of magnitude @ [E e (

1 Z
W, astigmatism +2./22 4+ 72 itan’1 <75>
sign opposite that' chosen in focus term 4
Z
W, coma 3/z2 + 22 tan“(z—7>
6
W.o spherica 6Z4

for specifying a wavefront is of particular convenience if only a single third-
order aberration is present. For more complicated wavefront aberrations it is
convenient to state the pesk-to-valley (P-V) sometimes called peak-to-peak
(P-P) wavefront aberration. This is simply the maximum departure of the
actual wavefront from the desired wavefront in both positive and negative
directions. For example, if the maximum departure in the positive direction is
+0.2 waves and the maximum departure in the negative direction is -0.1
waves, then the P-V wavefront error is 0.3 waves.

While using P-V to specify wavefront error is convenient and simple, it
can be mideading. Stating P-V is smply sating the maximum wavefront
error, and it is telling nothing about the area over which this error is
occurring. An optical system having a large P-V error may actually perform
better than a system having a small P-V error. It is generally more
meaningful to specify wavefront quality using the rms wavefront error.

Equation (62) defines the rms wavefront error s for a circular pupil, as
well as the variance s%. D W (r, q) is measured relative to the best fit spherical

wave, and it generaly has the units of waves. D W is the mean wavefront
OPD.

o? = % r" JI (AW (o, 0) — AW pdp do = AW — (aw):
0 0

1 (2= (1 s 1 2n 1 92
=|:; L L AW?(p, 9)pdde:|——1—[7[J0 L AW(p, )pdpd il 1 62

If the wavefront aberration can be expressed in terms of Zernike polynomials,

Z5
Zg

E

T
2

)


jwyant
Note
Note that if we use the minus sign for astigmatism we must add a -Pi/2 to the phase.  That is, not only are we changing the sign of the astigmatism term, but we are also rotating it 90°.

jwyant
Pencil

jcwyant
Pencil
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the wavefront variance can be calculated in a simple form by using the
orthogonality relations of the Zernike polynomias. The final result for the
entire unit circle is

o= 3

n=1

o[ _Ar 1§ Bt Cum
M+l 2. Al —m| (63)

Table VI gives the relationship between s and mean wavefront aberration for
the third-order aberrations of a circular pupil. While Eq. (62) could be used to
calculate the values of s given in Table VI, it is easier to use linear
combinations of the Zernike polynomias to express the third-order aberra-
tions, and then use Eg. (63).

IX. STREHL RATIO

While in the absence of aberrations, the intensity is a maximum at the
Gaussian image point. If aberrations are present this will in general no longer
be the case. The point of maximum intensity is called diffraction focus, and for
small aberrations is obtained by finding the appropriate amount of tilt and
defocus to be added to the wavefront so that the wavefront variance is a
minimum.

The ratio of the intensity at the Gaussian image point (the origin of the
reference sphere is the point of maximum intensity in the observation plane)
in the presence of aberration, divided by the intensity that would be obtained
if no aberration were present, is called the Strehl ratio, the Strehl definition,
or the Strehl intensity. The Strehl ratio is given by

2n 1 2
J;) J\O elZnAW(p,ﬂ)pdpdo , (64)

1
Strehl ratio = —
7

TABLE VI
RELATIONSHIPS BETWEEN WAVEFRONT ABERRATION MEAN AND RMS FOR
FIELD-INDEPENDENT ~THIRD-ORDER ABERRATIONS

Aberration DW AW S
Defocus Wiop?* 1W,y, 0.289W,,
Spherical W0 W, 0.298W,,
Spherical & Defocus Waolo® — p°] —1W,, 0.075W,,
Astigmatism W,,p% cos? 0 iw,, 0.250W,,
Adtigmatism & Defocus Wy,[p? cos? 8 — 1p?] 0 0.204W,,
=1W,,p?cos 20
Coma Wiyyp3 cos 0 0.354W;,

Coma & Tilt WiiLp® — 2p]cos 0 0 0.118W,,
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where D W in units of waves is the wavefront aberration relative to the
reference sphere for diffraction focus. Equation (64) may be expressed in the
form

2

Strehl ratio = i . (65)

7'C2

2n 1
J J [1+ 27 AW + Yi2n AW)? + --]pdp db
0 0

If the aberrations are so small that the third-order and higher-order powers of
2 pA W can be neglected, Eq. (65) may be written as
Strehl ratio ~ [1 + 22 AW — 42y AW
~ 1 — Qn[AW? — (AW)?]
~ 1 — (2no)?, (66)

where s is in units of waves.

Thus, when the aberrations are small, the Strehl ratio is independent of
the nature of the aberration and is smaller than the ideal value of unity by an
amount proportional to the variance of the wavefront deformation.

Equation (66) is valid for Strehl ratios as low as about 0.5. The Strehl ratio
is aways somewhat larger than would be predicted by Eq. (66). A better
approximation for most types of aberration is given by

Qo)

Strehl ratiox e~ 2™ x 1 — (2n6)? + (67)

which is good for Strehl ratios as small as 0.1.

Once the normdized intensity at diffraction focus has been determined,
the quality of the optical system may be ascertained using the Maréchal
criterion. The Maréchal criterion states that a system is regarded as well
corrected if the normalized intensity at diffraction focus is greater than or
equal to 0.8, which corresponds to an rms wavefront error £l /14.

As mentioned in Section VI, a useful feature of Zernike polynomials is that
each term of the Zernikes minimizes the rms wavefront error to the order of
that term. That is, each term is structured such that adding other aberrations
of lower orders can only increase the rms error. Removing the first-order
Zernike terms of tilt and defocus represents a shift in the focal point that
maximizes the intensity at that point. Likewise, higher order terms have built
into them the appropriate amount of tilt and defocus to minimize the rms
wavefront error to that order. For example, looking at Zernike term 8 in
Table Il shows that for each wave of third-order spherical aberration
present, one wave of defocus should be subtracted to minimize the rms
wavefront error and find diffraction focus.
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X. CHROMATIC ABERRATIONS

Because the index of refraction varies as a function of the wavelength of
light, the properties of optical elements also vary with wavelength. There are
two general types of chromatic aberration: (1) chromatic variations in
paraxial image-forming properties of a system, and (2) wavelength de-
pendence of monochromatic aberrations. It is generally the first type of
chromatic aberration that is of most interest.

The Gaussian optics properties of any image-forming system depend
solely on the location of principal planes and focal planes. Chromatic
aberrations result when the location of any of the planes is wavelength-
dependent. It is possible to discuss the results in terms of a variation in image
distance aong the axis and a variation in transverse magnification.

Longitudinal chromatic aberration is the variation of focus (or image
position) with wavelength. In genera, the refractive index of optical materias
is larger for short wavelengths than for long wavelengths. Hence, the short
wavelengths are more strongly refracted at each surface of a lens, as shown in
Fig. 40. The distance along the axis between the two foca points is caled the
axial or longitudinal chromatic aberration. When the short wavelength rays
are brought to focus nearer the lens than the long wavelength rays, the lens is
said to be undercorrected. Thus, for an undercorrected visua instrument, the
image has a yellowish dot (formed by the orange, yellow, and green rays) and
a purplish halo (due to the red and blue rays). If the viewing screen is moved
toward the lens, the central dot becomes blue; if it is moved away, the centra
dot becomes red. When a lens system forms images of different sizes for
different wavelengths or spreads the image of an off-axis point into a rainbow,
the difference between the image heights for different colors is called latera
color or chromatic difference of magnification, as shown in Fig. 41 for a
simple lens.

XI. ABERRATIONS INTRODUCED BY PLANE PARALLEL
PLATES

Often, in an optical test setup a spherical wavefront is transmitted
through a plane parallel plate. While a ray transmitted through a plane
pardlel plate has exactly the same dlope angle that it has before passing

Blue

Fic. 40. Longitudina  chromatic  aberration

Longitudinal
Chromatic (veriation of focus with wavelength).
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-+— Transverse
T Chromatic

Aperture

ImagePlane

Fic. 41. Lateral or transverse chromatic aberration (variation of magnification with
wavelength).

through the plate, the plate causes both longitudina and lateral displacement
of the focal point of a spherica beam, as well as aberrations. (For further
information, see Smith (1990), p. 96.) The longitudina displacement produced
by passage through a plate of thickness T and refractive index n is easily
found by use of Snell’s law for smal angle of incidence to be

(n—1

hn

longitudinal displacement =

T (68)

This longitudinal displacement shown in Fig. 42 is independent of the
position of the plate in the spherical beam. The effective thickness of the plate
compared to air (the equivalent air thickness) is less than the actua thickness
T by the amount of this shift. The eguivalent air thickness is thus equal to

m—=1 T )

n n

T —

If a collimated beam of light is incident upon a plane paralel plate at an

angle |, as shown in Fig. 43, the beam is laterally displaced an amount D
given by

D=Tcosl(tanl -tan ")

= TsinI{1 1 sin*1 70
N n? —sin?l / (70)
|

7 Z]

7 =

! = (1) T
ﬂ/L/_//_ ] ——

—| T |
Fie. 42. Longitudinal displacement of image produced by a plane paralel plate.
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Fic. 43. Lateral displacement of beam produced by plane parald plate.

For small angles, D can be approximated as

(71)

It is often convenient to remember that for n @1.5 and | @45°, D is
approximately T/3.

When used in collimated light, the plane parallel plate does not introduce
any aberration; however, when used with either converging or diverging light,
aberrations are introduced. The source of the aberration is that rays that have
a larger angle of incidence with respect to the normal to the plate are
displaced more than rays that have a smaller angle of incidence.

Let U be the dope angle of the ray to the axis and U be the tilt of the plate,
as shown in Fig. 44; then, the longitudina spherica aberration for a plate of
refractive index n in air is given by

T ncosU
L—r="|1—-—=

n /n? —sin*U
N TUXn* - 1)
= 2n3

] (exact)

(third-order), (72)

where L’ is the distance from the plate to the focus of the marginal rays, and 1'
is the distance from the plate to the focus for the paraxia rays.

Fic. 44. Spherical wavefront passing through tilted plane pardle plate.
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The third-order spherical wavefront aberration with r = 1 is given by

TU*n? — 1)
Aan = =g
_ T [(n*-1)
- (f#)4 128n3 4 (73)

where the effective F-number f# is equal to 1/2U. Note that the f# is
negative in a converging beam. Figure 45 gives two graphs of D W for third-
order spherica, in micrometers, as a function of f#, and the plate thickness T
in millimeters, for n = 1.5.

It is interesting to note from Eq. (73) that if T and f# are kept fixed, as n
increases from 1 to./3 the amount of third-order spherical aberration

increases, while as n increases beyond \/5 the amount of third-order spherical
aberration decreases, and in the limit as n— oo the amount of spherical
aberration goes to zero. While at first it may seem strange that as the
refractive index becomes very large the aberration becomes small, it becomes
less puzzling when we consider that as the index becomes very large, the rays

10.0
=2

8.0 |- : ,
’g 6.0 |- /
2 40 b . /
<

/ ]
0.0 e —] f#=4

0 10 20 30 40 50
T (mm)

0.10

//f#=5 4 #=6
0.08

€ 0.06 |- / /. o =7
= / /
3 0.04 / —

- ' f#=8
/ — #=9
0021/ ///1,4 t#-10

S
——

0.00

0 10 20 30 40 50
T (mm)
FIG. 45. Spherica aberration produced by plane parallel plate (n= 1.5).
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inside the plate travel nearly along the normals to the surface, and we have
very nearly an exact mapping of the wavefront (or rays) between the two
surfaces. That is, al rays are displaced approximately the same amount.

The sagittal coma, which is equa to
is given by

TU?U(n?

ittal coma =~
Sag 2n3

I/3 the tangential coma (see Fig. 26),

b)) (third-order). (74)

The corresponding third-order wavefront aberration for coma with r = 1

and xo = 1 is

3772
AW:oma = — M_(_ns_l)cose
2n
TO [(n* - 1)
- _ (f- #_)3 [716n3 :|cos 0. (75)

Coma will be positive in a converging beam. Figure 46 gives four plots of the

U (Radians)
0 0.006 0.012 0.018
=2

05

#=3
#H=4
0 20 40 60
U (Minutes)
U (Radians)
0.04 0 0.006 0.012 0.018
0.03 t#=5
0.02
—~ #=6
0.01 =7
f#=8
#=9
0.00 #=10
20 40 60
U (Minutes)

U (Radians)
0 0.175 0.349 0.524

0 10 20 30
U (Degrees)
U (Radians)
1.0 0 0.175 0.349 0.524

f#=6
#=7
#=8
#=9
t# =10
) 10 20 30
U (Degrees)

Fic. 46. Coma produced by 10 mm thick tilted plane paralel plate (n = 1.5).
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zero to peak value of coma for a plate of refractive index 1.5, 10 mm thick, and
severd values of f# and U.
The longitudina astigmatism is given by

1 - T n* cos*U 1 (exact)
4 t-\/m n? —sin2U
T2(pn2 __
~ w (third-order). (76)
n

The third-order wavefront aberration for astigmatism withr =1 and y, = 1
is

TU?U*n* — 1
AWoaig = — —-——2,(3 ) cos?

0

0 [(n* — 1
BT [(n & )}"Sz i 7

Figure 47 gives a plot of third-order astigmatism for a plate of index 1.5,
10 mm thick, for various values of U and f# .

10.0
€
210 L
g [
<
0.1
1 _ 10 100
U (Degrees)
| | |
0.017 0.175 1.745

U (Radians)
FiG. 47. Astigmatism produced by tilted plane paralel plate (n = 1.5)
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The lateral or transverse chromatic aberration is

o TUm - 1)
hy — b = ——ngdvd : (78)

where the Abbe V4 number is given by

ny, — 1

V,= .
4 e < he (79

Ny, Ng, and n; are the indices of refraction for the helium d line (587.6 nm), the
hydrogen F line (486.1 nm), and the hydrogen C line (656.3 nm), respectively.
The longitudina chromatic aberration is given by

T(n, — 1)

e — I = —
F niVa

(80)

X1l. ABERRATIONS OF SIMPLE THIN LENSES

Often, it is necessary to ray trace an optical test setup to determine
aberrations introduced by lenses or mirrors. In many instances, the aberra-
tion comes from a simple thin lens used at infinite conjugates with the stop at
the lens, in which case the third-order aberration can be calculated using the
equations given in this section. (For further information, see Welford (1986),
Chapter 12.))

The third-order spherical aberration produced by a thin lens is

@3 n V' n+2 2n2 -1y P n
= C - C2 H
AWopn 32n, {(n—l) +n(n— 1)? B+ n+2 n+2

(81)

where

h = semidiameter of pupil,

n, = refractive index of materiad surrounding lens,

n = refractive index of lens,

F = power = (n - ny)(C; - Cy),

C, and C, are curvatures of two surfaces (sign is + if center of curvature
is on opposite side of incident light),

B = shape factor = (C; + C)/(C; - C)),

C = conjugate variable = (U; + U'%)/(U; - U'), and

U; and U', are defined in Fig. 48.

The shape factor B is equal to zero for an equi-convex lens, equals 1 for a
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4 Fic. 48. Slope angles for ray incident on a
lens and after refracted by lens.

plano convex lens where the light is incident upon the convex surface, and
equals - 1 for a plano convex lens where the light is incident upon the plano
surface. For egua conjugates, the conjugate variable C equas zero. If the
object is a the first principa focus C = 1, and if the object is at infinity
c=_-1.
If the lens is bent for minimum spherical aberration,
2m* — 1)

= -——————"C.
n+2 (82)

If ng = 1, the minimum spherica is given by

h*®? n \? n
P— —_— C2
AI/Vsph-mm 32 |:<n _ 1> n4+ 2 jl

2
_ h / n _n 83)
256(f#)> \n— 1 n+2
If C=+1and n= 15, Eq. (83) reduces to
AW ~ 0.033h (@)
sph-min (f#)a .
The coma for a thin lens in air at infinite conjugates with the stop at the lens is
3R277 1
=h(I>U n+lB+2n+ cl. (85)
4 nn—1) n

where U is the field angle.
For minimum spherical aberration, the coma is

hU 1
AWeoma = T6(/#) (m) (86)

For infinite conjugates, the astigmatism for a thin lens in air is given by

1 (W02
AWas.ig=;,; 7% ) (87)
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XII1. CONICS

A. BAsIC PROPERTIES

Conics are aspherical surfaces of revolution with specia properties that
can be advantageous. (For further information, see Smith (1990) p. 445.) A
conic is defined by the equation

s -2rz + (K +1)Z =0, (88)

where the z axis is the axis of revolution, and r is the radius of curvature at the
vertex of the surface. In this equation, S = x* + y?, and is not normalized. s

is used in place of r because r is usualy normalized. When K = - 1,
s 89
z =,
2r (89)
Otherwise, solving for z yields
Z_r—,/rz—(K+ 1)s?
B K +1
s2/r
= > (90)
1+ /1 — (K + 1)s/r
where the conic constant K = —¢?and &is the eccentricity. Equation (90)
can be written as
z—£+(K + 1)s* 4 1-3(K + 1)%%  1-3-5K + 1)3®
S 2r 22213 23310 24417
1:3-5-7(K + 1)*s'°
2551 * o)
K=-2
K=-1
X '/’/ K>0 Oblate ellipsoid

(ellipsoid rotated
about minor axis)

K=0
\ K=0 Sphere
K

-1<K<O Prolate ellipsoid
(ellipsoid rotated
about major axis)

K= -1 Paraboloid

- 7 K< -1 Hyperboloid

FiG. 49. Types of conics.
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The type of conic is determined by K, as shown in Fig. 49.
The positions of the foci for the conic surfaces are functions of r and K as
given in Egs. (92)-(96) and illustrated in Fig. 50:

p
dy X+ (92)

r
=27 2/K), (93)

r
d3,d4=K+1(l-i_—~/——K), (94)

r

5=y (%)

r

'

(C) Paraboloid (K = -1) (D) Hyperboloid (K < -1)
F16.50. Foci for conic surfaces.
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The difference between a conic and a sphere (i.e., departure from a sphere) is
given by

Az = z(K) — z(0)

[(K+1)—1]s*  1-3[(K+1)>—1]s°  1-3-5[(K +1)* —1]s°
I PSR ' PERTTE ' 25417 +

(97)

Some properties of normals to the surface of a conic can be found from
Fig. 51. The angle a between the normal to the conic and the z axis is given by

o = tan7 1 ___.L
- r—(K+ Dz (%8)
. —X
sSina = .
VX2 +[r— (K + )z]? (©9)
The longitudinal aberration of the normal is
0z = —Kz (exact)
Ks*  K(K + 1)s* .
— 7 — T (thlrd-orde’), (100)
and the length of the normd R is given by
RO=1"-KS  (exact). (101)

B. SPHERI CAL ABERRATI ON

No spherical aberration is produced if a conic is used at proper
conjugates, i.e, its foci. For example, no spherical aberration is produced if a

FiG. 51. Properties of normal to conic surface.



1. BASIC WAVEFRONT ABERRATION THEORY 51

paraboloid is used with one conjugate at infinity, while spherical aberration
does result if a sphere is used at infinite conjugates. The amount of spherical
aberration is determined by finding the difference between the sphere and the
paraboloid, and multiplying this result by 2. The spherical aberration
obtained using a sphere at infinite conjugates is found from Eq. (97) to be

NS S A
256(/#)°  8192(f#)° = 2097152(f#) - (102)

AW (um) = s(cm) [

where A W has units of micrometers ifs has units of centimeters. ¥ # is defined
as r/2D, where D is the mirror diameter.

This technique for finding the spherical aberration wavefront error
introduced by using the mirror a the wrong conjugates can be extended to
other Conics. For example, for a prolate ellipsoid, Eq. (94) gives the distance
to the foci in terms of r and K:

r

ke EVK)

distance to foci =d,, d, =
Likewise, the distance to the foci for a hyperboloid given by Eq. (96) is the
negative of the right-hand side of Eqg. (94). Let's say we want to find K such
that the distance to the foci is Nr, where N may be positive or negative. From
Eqg. (94) or (96) then

r
Nr=K+1(1i,/—K). (103)
Solving Eg. (103) for the K of the prolate ellipsoid (- 1 < K < Q) yields
2N -1

Thus, if K, is the conic constant for the conic we have, and the conic is
being used at the conjugate Nr, the spherical aberration produced is given by

AWon = 2[2(K,) — 2(K)]
_ 4 . 2 27.6
—5 {[(Kc +1)— (K + )]s + 1-3[(K, + 1) (K + 1)*]s +

22213 23313
(105)
where K is obtained from Eq. (104).

C. Coma

The expression for third-order coma with the stop at the mirror is
independent of the conic constant. If the mirror is operated at infinite
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conjugates, the third-order coma is given by

sU
AW, . =————=cosf, 106
coma 16(f# )2 ( )

where as before Uis the field angle. If the mirror is used at 1: 1 conjugates, the
coma is zero.

D. ASTIGMATISM

If the stop is at the mirror, the third-order astigmatism is aso independ-
ent of the conic constant, and will be given by
72

AW, gio =
astig 4(f#)

cos? 0 (107)

for all conjugates.
The sagittal surface is always flat, and the tangential surface has a
curvature given by -4/r.

X1V. GENERAL ASPHERES

Many aspheric surfaces are not conic surfaces. For an even figure of

revolution about the optical axis, we can write
s2/r
ZzZ =

14+ /1 — (K + 1)s/r)?
where the first term is the conic surface. If the first term is nonzero, the A,
term is redundant; the A, term is required for aspheric surfaces having zero
power. To the level of third-order aberrations, al aspherics with power are
indistinguishable from Conics. The higher order wavefront departures (> 4)
from a conic affect only higher order aberrations.

There is an aspheric surface, commonly caled a “potato chip” surface,
which has bilateral symmetry in both x and y but not necessarily rotational
symmetry. The equation of such a surface is
_ xrX + y*/ry
T4 - (1 4+ KX)(x/rX)?2 — (1 + KY)Xy/rY)*]

+AR[(1 — AP)x*> + (1 + AP)y*]* + BR[(1 — BP)x* + (1 + BP)»*]®
+CR[(1 — CP)x* + (1 + CP)y*]* + DR[(1 — DP)x* + (1 + DP)y*]°.
(109)

+ Ays* + Ags® + -, (108)

z
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j— b= FiG. 52. Axicon surface is shown with dotted
line. Hyperbolic approximation given by solid
line.

rX and rY are the radii of curvature in the x and y planes, respectively, while
KX and KY are the conic constants in the x and y planes.

Note that this equation reduces to Eq. (108), the equation for a standard
aspheric surface, if X =ry, KX =KY and AP = BP = CP = DP = 0. Als
note that if AP = BP = CP =DP = 1, the higher order aspherizing is
purely in y or x, respectively. The AP, BP, CP, and DP represent
nonrotational components, while the AR, BR, CR, and DR are the rotation-
ally symmetric portion of the higher order expressions.

Another surface of interest is the axicon. The axicon surface illustrated in
Fig. 52 (dotted line) has the shape of a cone that can be represented by
means of a hyperboloid with an extremely large curvature (solid line).
Following the notation of Fig. 52,

K =-(1+tn”a)<-1, (110)

and

r=(K + 1)b. (111)

For a nonlinear axicon, the profile would be that of a genera asphere or a
conic, often a paraboloid.
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