EROC Curves and Ideal EROC Observers
We are proposing a general framework, the Estimation ROC urve (EROC), for the evaluation of observers
on ombined dete tion and estimation tasks. We dene the EROC urve for the dete tion of a signal and
the estimation of a set of signal parameters. We show how the area under the EROC urve (AEROC) is
related to a 2AFC test. We also formulate the EROC ideal observer, whose EROC urve lies above those of
all other observers for the given task, and study its properties.
An observer for a ombined dete tion and estimation task is provided a data ve tor g that is drawn
from either a signal-absent probability distribution pr (g|H0 ) or a signal-present probability distribution
pr (g|θ, H1 ). The ve tor θ is a parameter ve tor asso iated with the signal. The observer must de ide
whether the signal is present or not. If we assume that the observer is not subje t to internal noise, then this
de ision an be redu ed to the omparison of a test statisti T (g) with a threshold T0 . When the observer
θ̂ (g) of the parameter θ must be produ ed. The utility
de ides that the signal is present, thenh an estimate
i
of the estimate θ̂ (g) is denoted by u θ̂ (g) , θ when the signal is a tually present and the true parameter
ve tor is θ.
For the EROC urve, we dene the false-positive fra tion in the usual way as
PF P (T0 ) =

Z

p (g|H0 ) step [T (g) − T0 ] dg.

This number is the abs issa of the point on the EROC urve orresponding to the threshold value T0 . For
the ordinate, we use the expe ted utility for those data ve tors where the utility fun tion is dened, i.e., the
true-positive fra tion. Using the prior distribution pr (θ) on the signal parameter, this expe ted utility is
UT P (T0 ) =

Z Z

h
i
pr (θ) pr (g|θ, H1 ) u θ̂ (g) , θ step [T (g) − T0 ] dθdg.

The plot of UT P (T0 ) versus PF P (T0 ) as the threshold is varied is the EROC urve.
The area under the EROC urve (AEROC) an be used as a gure of merit for the observer on the
ombined dete tion and estimation task. One useful property of the AEROC as a gure of merit is that it
an be omputed from a 2AFC test. For this test, the observer is shown many pairs of data ve tors, with
ea h pair onsisting of a signal-absent ase and a signal-present ase. The observer must de ide whi h of the
pair of data ve tors is from the signal-present ensemble, and estimate the parameter for that ve tor. The
average utility of the estimates for the pairs where the orre t data ve tor was hosen is then an estimate of
this observer's AEROC.
Another useful property of the EROC urve is that there is an ideal EROC observer, one whose EROC
urve lies above all others for the given probability distributions. To formulate this ideal observer, we rst
dene a onditional likelihood ratio as
Λ (g|θ) =

pr (g|θ, H1 )
.
pr (g|H0 )

The ideal EROC observer test statisti is given by the maximum of a likelihood-ratio-weighted average of
the utility fun tion:
Z

TI (g) = max
θ′


pr (θ) Λ (g|θ) u θ′ , θ dθ .

The ideal EROC observer estimator is a tually omputed along with the test statisti :
θ̂I (g) = arg max
θ′

Z

′





pr (θ) Λ (g|θ) u θ , θ dθ .

The AEROC is a gure of merit that an be used to measure the performan e of an observer for any task
whi h ombines dete tion and estimation. We have shown how to estimate this gure of merit from 2AFC
tests. The ideal EROC observer has a simple analyti al form and an be related to many ommon methods
of estimation. Finally, the ideal AEROC an be al ulated with methods that have already been developed
for the ideal AUC.
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