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ABSTRACT
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Masters of Science

by Logan L. Richardson

It is the work of this Master’s thesis to show that we can transfer quantized vortices to
pinning sites, where the pinning sites are arranged in an arbitrarily complicated manner.
The study was undertaken using computational simulations of a BEC in MatLab. This
is acheived by calculating an intial wave function and evolving it over time. External

potentials were added to the BEC to generate pinning sites, and to create vortices.
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Chapter 1

INTRODUCTION

Vortices in Bose-Einstein Condensates (BEC) lead to turbulent behavior. One way to
study how these vortices interact with each other is to manipulate and arrange these
vortices within a BEC in a repeatable manner. The Ph.D dissertation of Edward Carlo
Copon Samson [1] examines a method for generating and controlling vortices in a highly
oblate BEC. In such a highly oblate dilute-gas BEC, fluid dynamics can be considered 2
dimensional. In Section 6.3 of his thesis, he experimentally studies method for creating

vortices, and pinning them to specific locations through the use of external beams.

The goal of this thesis is to numerically extend Carlo’s work to more complicated situa-
tions, and explore possible configurations for future experimental work. We achieve this
by computationally simulating the dynamics of a Bose-Einstein condensate, introducing
external potentials and generating vortices. We can turn on specific stationary external
beams, and transfer created vortices to these stationary beams. The stationary external
beams that the vortices are transferred to are known as a pinning sites. By transferring
vortices to pinning sites we can create a prescribed array of vortices. By later turning

off these pinning sites, we can watch how the system will evolve free of any external



interactions. The goal of this thesis is to evaluate the posibilites for the engeineering of

complex vortex distirbutiosn in a BEC experiment.

We will discuss the methods used to generate these arrangements, as well as the problems
that arose. We will assume the reader has a background in Bose-Einstein Condensation

and is familiar with vortices in a BEC; See Refs. [2][3] for details on these subjects.

This thesis is broken down into four chapters, with subsections of each chapter devoted

to specific topics. The four Chapters of the thesis are as follows:

Chapter 2 - Will discuss the overall methods for running the simulation, and a description

of the code elements of the simulation.

Chapter 3 - Will provide the results and specific simulations we ran.

Chapter 4 - Will summarize the experimental results and provide insight into the future

of the experiments.



Chapter 2

METHODS

2.1 Overview of Methods

In this chapter we will discuss the methods used to be able run simulations of a BEC.
Due to the ease of repeatability, scaled vortex transfer experiments were simulated com-
putationally. To accomplish this, we need an accurate way to generate and evolve BECs
in a way that emulates the laws of physics. This section of the thesis is devoted to
describing the methods used to simulate our BEC computationally, as well as how we

were able to create vortices within our simulated BEC.

Our simulation routine can be broken down into two main sections:

1. The first section is concerned with creating an accurate initial wave function that
represents what we would see under specified laboratory conditions. The programs

HermGaus and BECShapeGen are used to accomplish this:



(a) BECShapeGen - Generates the shape required of our initial wave function
based on trap parameters by solving the GrossPitaevskii equation using the
Thomas-Fermi approximation [2]. To make the wave-function compatible
with our evolution routine, we need to construct our wave function out of a

superposition of Hermite-Gaussian basis states.

(b) HermGaus - Calculates an arbitrary number of Hermite-Guassian polyno-
mials for BECShapeGen to use. Also establishes the scale of our initial wave

function.

2. Once we are able to create an accurate initial wave function, we need to be able
to evolve it in time. We achieve time evolution of our discrete wave function using

the split-step method.

(a) Evolution and Simulation Code - After an initial wave function is gen-
erated, we can evolve the function in time using the Split-Step Method [4].
Because we wish to simulate different experimental situations, this code is

unique to the specific experimental simulation we are trying to demonstrate.

Figure 2.1 provides a general overview of the code used to simulate BEC vortex transfers.

Section 2.2 -A prominent challenge in accurately modeling the evolution of a Bose-
Einstein Condensate is properly evolving an initial state. The split-step method is a good
candidate for modeling wave function evolution. This method places a few restrictions
on how we can set the scale of our model BEC, so we will start the discussion of methods

with the split step method.

Section 2.3 - The wave function we are attempting to model must be discrete, due to the

nature of computation. With the restrictions placed on our simulation due to the split



Calculate rough shape from trap parameters

(Using BECShapeGen)
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FIGURE 2.1: An outline of the BEC simulation

step method in mind, we can create a meaningful unitless scale to build our simulation

on.

Section 2.4 - Once we have a scale to build on, we need to create our initial wave function.
We solve the GPE using the Thomas-Fermi approximation to get the shape of our BEC
using the function, BECShapeGen. This method however creates sharp edges which are
incompatible with the split-step method of evolution. To circumvent this, we use the
ideal shape to build up a super-position of Hermite-Gaussian basis states to smooth the

edges.

Section 2.5 - Will discuss the generation of these Hermite-Gaussian polynomials used

for smoothing the edges.



Section 2.6 - Once we have an intial wave function, and a method for evolution we can
begin our simulation. This section will discuss the protocol for running simulations by

incorporating the split step method.

Section 2.7 - After we have a stable 2D simulation of a BEC working, we can now perturb
our system and introduce external beams. With these beams we can create vortices,
pinning sites and alter other physical parameters of our BEC. This is the discussion of

section 2.7.

2.2 The Split Step Method

Once we attain an initial wave function, we need to be able to computationally evolve our
discrete wave function in time. Therefore, at the core of our simulation is our evolution
routine. As previously mentioned, this method places on the restrictions on the nature

of our discrete wave function.

The method we use to achieve time evolution is called the split-step method or the
beam propagation method (BPM). Although there are other methods for wave function
time evolution [5], it turns out that the split step method is generally straightforward

to implement for our specific experiment.

The key to the split-step method is the separate evolution of the kinetic and potential
parts of the GPE. As we will see below, it turns out that it is easier to evolve the kinetic
energy portion in momentum space and the potential operator in position space. To
see this, we first consider the ease of evolving the kinetic energy operator in momentum
space. We start by analyzing the free particle (potential-less) Schrodinger equation in

dimensionless units:



oY(x,t) _}821/}($,t) s

By using separation of variables, the solution is:
W(z,t) = e Thy(z,0) (2.2)

Which introduces the common time evolution propagator for a free particle. For a
potential free situation, a time evolution of the wave function is solely under the influence
of the kinetic energy operator. However, the problem lies in the fact that the kinetic
energy operator has a second order partial derivative in it; which is computationally

cumbersome to simulate.

The solution to this problem is illuminated when we consider the kinetic energy operator

in both frequency and position space:

Position space — Tw(x,t) = —%az—d’w(x,t)

Momentum space — Tw(ac, t) = isz(m, t)
In momentum space, the kinetic energy operator is free of derivatives.

To make the evolution operator more amicable, we introduce the fourier transform pair:

U(z,t) = / ok, t)e  KrdK (2.3a)

gb(k,t):% / D(, 6K da (2.3b)



Where ¢(k, t) is the momentum space wave function. Using the information above, time

evolution in momentum space can simply be written as:

—iK2At

okt + At) = e TGk t) = e 2 p(k, 1) (2.4)

Now if we want to understand this evolution in terms of position space, we can Fourier
transform from momentum to back to position space. In this way we can we can write

the evolution of the wave function in position space as:

_iK?
W(a,t+ A = [FT Ve "z ¢k, t)[FT] (2.5)
Where [FT| represents a forward Fourier transform (eqn. 2.3a) and [FT~!] represents

an inverse Fourier transform (eqn. 2.3b).

Now to understand how to evolve the potential operator, let us consider a time indepen-
dant potential,in which the kinetic energy is zero. In that case the Schrodinger equation

can be written as:

Which admits the same type of solution as the kinetic equation 2.2.

In our specific simulation, the potential that we are trying to model has two terms, the
harmonic trap, and the self-interaction term. To make things simple, we will exclude
the interaction term for now [6] so the total potential can be written as V(z) = 1/2z2.

Plugging this into our propagator equation that we derived before, we directly get:



iz

D, t+ At) = e T (x, 1) (2.7)

Which is relatively easy to evolve in position space.

It becomes clear that it is easy to evolve our potential term in position space, and our
kinetic energy term in momentum space. The next task is to combine the two terms

into a single expression.

The full Schrodinger equation can be written:

i@@ﬂL4V+ﬂw%w (2.8)

Which solving as before gives:

—i(V+T)AL
2

Y(z, t+ At) =e (x,t) (2.9)

The problem is, we want to evolve the kinetic and potential terms separately. It would

be convenient if we could separate potential and kinetic operators, as in:

—iVAt —iTAt

"Wz, t+At)=e 2 e 2 (x,t) (2.10a)

or

—iTAt —iV AL

"Wz, t+At)=e" 2z e 2z (x,t) (2.10b)
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so that we could evolve the potential in position space, and the kinetic term in mo-
mentum space. However this equation is invalid because [T, V] # 0. T and V may not
commute, but the whole term including the timestep can approximately commute, in

the limit of a small enough time step:

lim, [0tT", 6tV] — 0 (2.11)
t—0

Because for a small enough time step, ¢ V and 67 go to zero, which allow for commutation
to occur. Since commutation doesn’t dictate whether or not our equation should be 2.10a
or 2.10b. To make the equation symmetric then, we can write our evolution operator

as:

—i(V+T)At —iTAt 7 —iTAt
e 2 —e 2z e VAT (2.12a)

or

—i(T+V)At — VAt —iVAt
e 2 —e 2 e TR (2.12b)

With our knowledge of how to evolve the kinetic and potential terms, we now have

a clear recipe on how to evolve our wave function through one time step. Using our
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expression for kinetic energy evolution (eqn. 2.5) we get:

—iTAt —iTAt

T = [PT e TN P VA FT TR (T (213)
or
e_i(T;V)At _ efﬂgm [FT*]@”TN[FT]B# (2.13Db)

As we can clearly see, both equations 2.13a and 2.13b are equivalent, but eqn. 2.13a,
requires two more Fourier transforms than eqn. 2.13b. From a computational point of
view, equation 2.13b is more lucrative since Fourier transforms are a computationally

costly operation.

A criterion of this method is to be able to perform Fourier transforms. Computationally,
these are carried out as fast Fourier transforms (FFT). A requirement of the FFT is that
the discrete scale we choose to represent our wave function must have a resolution of

the form 2™ where n is any non-zero integer.

2.3 Scale and Units

2.3.1 Time step

Now that we understand the requirements of our evolution mechanism, we can discuss
the scale and parameters the determination of what value of the time step ¢ is small
enough. In [? ] it is worked out that a time step that is small enough will have the

form:
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2) 2
At < re (2.14)

Where x4, is the maximum value of the x scale and N is the number of points on the

scale. These values of these parameters are determined in section 2.5 of this chapter.

2.3.2 Position Scale.

A feature of computational simulation is that we cannot continuously model our BEC,
but rather we need to model the wave function discretely. To accurately sample our
BEC we need to designate a proper length scale. Another condition on this scale is
that we require it to be unitless. To get a unitless scale we define our position in terms
of harmonic oscillator lengths. Congruent with the typical definition[7], we divide by
natural harmonic oscillator length to get a unitless scale. The harmonic oscillator length

is defined:

o=/ — (2.15)

m is the mass of the particle and w in our experiment corresponds to the trap frequency.
We will discuss the specifics of the experimental parameters in the next section, but for
our experiment we use 87Rb with, m = 1.442 x 10~*kg and trap frequency equal to

5 = 8Hz. Plugging in these values we a harmonic oscillator length of o = 1.176m

We can divide our scale by the parameter o, to get a unitless position scale.
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2.4 BEC Intial Wavefunction Shape Generation

This section is devoted to creating the intial wavefunction we evolve. Excerpts from the
program BECShapeGen will be referenced in code boxes. The full program is available

in A.1.

As noted before, our BEC wave function can be modeled using the Gross-Pitaevskii
equation. To solve the GPE for our initial wave function, we will use the Thomas-Fermi

approximation, which neglects the kinetic energy term|2]:

[V (r) + gl (r)]P]e(r) = pap(r) (2.16)

Where g is the interaction term, and g is the chemical potential.

Solving for ¢ we get:

Ay (1=2) for |z| < o,
Y(z,y=0)= (2.17)

0 otherwise
Where A is the normalization constant, and Xy where the chemical potential and har-
monic potential intersect. Within this equation only two things can affect the shape our

initial wavefunction; the potential due to the harmonic trap, and the interaction term

g.

By altering the frequency of the trap, we can affect changes to the shape of our BEC. We
define the trap frequencies in terms of those that we see in typical experimental setups.

The X and Y trap frequency are the same.
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%htoththththhhthhhhhhhhh% PHYSICAL PARAMETERS %%U%UAAAAAAAALLY

%Here we set Sigmax = Sigmay. If we want to change this (make an oblate
%BEC) here would be spot to change things.

%Trap Frequencies

sigmax = 3.74E-6; %8 hz
sigmay = sigmax;
sigmaz = 3.5E-6; %heffective trap thickness due to interactions

Beyond the harmonic potential, another factor that determines the wavefunction of our

BEC is the interaction term. The interaction term is dictated by:

g= N\/Swwi (2.18)
z

Where, N is the number of particles, a is the scattering length, and w, is the z-trap

frequency.

We define these values, and for the rest of experiment they remained unchanged. N and
0, were determined in comparison to experimental data. The scattering length value,

a, for 87TRb is a= 5.5nm

scatlen = 5.5E-9;

NumPar = 1le6;
g2D_dimensionless = sqrt(8*pi)*scatlen/sigmaz;
g2D = NumPar * g2D_dimensionless;

We define our scale in terms of the previous chapter. The chemical potential is defined in
the program as E = 1/g2D. We can solve for the classical turning points by subtracting
our potential from the chemical potential. The points where they overlap correspond to
the classical turning points. With all the pieces in place, we can solve for ¢ by using

equation 2.17, and then normalizing.

Kb hhhhhhhhhh%h%%%% BEC ROUGH SHAPE DEFINITION %%%ALAAh%hhhhLhh%%%

E = sqrt(g2D); %chemical potential in dimensionless units
CPT = sqrt(2*E);
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BECXY
BECXY

sqrt (1-(Sigx/CPT)."2-(Sigy/CPT)."2); YDefines the shape of the BEC
BECXY .*x (BECXY > 0);

A = sqgrt(sum(sum(abs (BECXY)." 2)))x*dx;
BECXY = BECXY/A;

When we use this method to create our initial wave function, we get sharpe edges. These
sharp edges, can lead to problems. These problems will be discussed in the next section

in detail.

To rectify this we can smooth out the edges by building the rough shape out of a series
of Hermite-Guassian Polynomials. By building up a series of HG polynomials, the edges

will be smoothed out and appropriate for evolution[8].

To do this, we run the code HermGaus (full explanation of code in next section). We
specify the number of basis states we want to use, and the number of sample points
we choose to use. This program returns an array where every row is a basis state HG

polynomial.

We then take the first HG polynomial, and create a 2D array of that basis function.
We then take that 2D function, perform a 2 dimensional integral over the dot product
of the 2D basis function with the 2D Rough BEC shape we are trying to build. These
values are stored in the variable Coef2. We then add up our coefficients multiplied by

our basis state to build up our BEC function.

%%%h%h%h%h%%%%%. COEFFICENT CALCULATION AND SMOOTH DEFINION %A% hhAAAAAAAL AL ALY

BECINIT = O0;

for(i = 1:Ender)
for(j = 1:Ender-i)
HERMGAUSNOW = transpose(H(i,:))*(H(j,:));
Coef2 = sum(sum(HERMGAUSNOW .* BECXY*dxxdy));
%Coef2 = sum(transpose(Coefl))
BECINIT = BECINIT + Coef2 *x HERMGAUSNOW;

end

end

A = sqgrt(sum(sum(abs(BECINIT)."2)))*dx; %Norm
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‘BECINIT = BECINIT/A;

After we are done, we normalize and now we have generated our 2D initial wavefunction.

2.5 Hermite-Gaussian Calculator

This section is devoted to the section of code called HermGaus. This function calculates
an arbitrary number of Hermite-Gaussian (HG) basis states for a specific scale. The full

code for this program is available in Appendix A.2.

As discussed in the previous chapter, to get the basic shape of a BEC, we subtract the
potential from the chemical potential. This provides the proper shape, but creates a
couple of issues. If our system contains sharp edges, it can create problems with proper
evolution. The problem is that these sharp edges correspond to large energies in the
system, which will cause improper evolution. To smooth out these edges we build the

shape of our BEC out of a linear superposition of Hermite-Gaussian (HG) polynomials.

The program HermGaus inputs an order number and number of sample points (denoted:
mx) to create a matrix of polynomials up to the order number, with spatial resolution
equal to the number of sample points. The program starts by defining ¢, which was

calculated in section 2.3.

A scale is defined from -20 to 20 units of rest length, with a number of points mx +1. The
values -20 to 20 are somewhat arbitrary. The size of our BEC is completely determined
by factors such as particle number and trap energy. Based on the conditions we chose
to simulate, -20 to 20 gives us enough space to work in. If the scale is too small, the
program will clip the edges of the BEC giving rise to spurious effects and not effectively

modeling the BEC.
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We define the scale using the linspace command. This command creates a number of
evenly spaced points between the two scale values (-20 to 20). The number of points
in this interval must be of the form 2", so that it is compatible with the fast Fourier
transform (FFT), as discussed in the split step section. Another requirement of the FFT
is that we clip the last value to avoid aliasing issues. To account for this, we demand
that mx is of the form 2", we set the number of points in the linspace command equal
to mx /+ 1 and then clip the last value. Now we have a clipped scale that is compatible

with a FFT.

It turns out the best way to generate HG polynomials is by using a recursive relationship.
By starting with a seed equation, and using the recursive relationship we can create any

order of HG polynomial we require.

There are a couple different definitions of HG recursion relationship. We will use the
"physicists’ recursive relationship for Hermite polynomials, and multiply on the Gaussian

section. The Physicist’s Hermite recursion relationship is defined by[9]:

Hyi1 =xzHy(z) — 2nH,_1(x) (2.19)

where n is the order, and H,1; is the next polynomial in the series. To make this
a Hermite-Gaussian, we multiply our Hermite polynomials by a Gaussian. Since the
recursion relation utilizes uses past Hermite-Gaussian to generate the next order, we

define the zeroth and first order HG polynomials for the recursion relation to use.

The program starts with the zeroth order HG polynomial is a constant multiplied by
a Gaussian with a harmonic oscillator length sigma. The second is the same Gaussian

multiplied by our linear scale x. These polynomials are stored in a matrix, where the
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row number corresponds to 1 more than the order number and each element in that row

corresponds to a value of that function at that position.

For example, for the zeroth order polynomial, its row number is 1, and its first element
corresponds to the value of the Gaussian evaluated at -20; the last element of this row

corresponds to the value of the Gaussian at x = 20;

The program then goes into using the recursion relation in a loop to calculate the next
generation of HG polynomials. Each new HG is put into a new row. The loop terminates

when it reaches the order of polynomial desired.

2.6 Simulation and Evolution

Now that we have a method for calculating our initial wave function, we can apply the

split-step method to evolve our wavefunction in time

We first start our program which runs the TwoDBECGenCorrect code. This will return
our initial wave function that we hope to evolve. It also returns the scale that we define

in the previous program, as well as the g parameter.

One of the more crucial parameters in this code is our time step. As we discussed with
the split step method section, if the time step parameter is too large, it will not properly
simulate time evolution, if it is too small, the simulation will take a lot longer to run. For
some of the complicated vortex arrangements that we want to simulate, this additional

time can be compounded and make a simulation take a very long time to run.

The movemax terms determine how long each stage of time evolution occurs. This
becomes important because certain actions, such as turning on beams, or moving beams

can depend on how quickly these events happen. As we will discuss later, moving beams
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too quickly can result in free vortices to be released, too slowly and vortices will not be

created. The rates at which these things happen is tied into these movemax values.

Due to the nature of Matlab, functions that need to be Fourier transformed need to be
fitshifted, before and after a Fourier transform. Because fftshift terms can be computa-

tionally costly we, arranged the scale in a way so that it doesnt need to be FFT-ghifted.

Below that we setup a scale in frequency space in a similar manner, and we Meshgrid

this to create a 2D frequency space.

% X scaling.

dx = xmax/N;

nmid = floor (N/2);

vOo = [0:N-1];

vO0 * dx) - (xmax/2);

x = (
y = %3

[X,Y] = meshgrid(x,y);
%k Scaling.

kmax = (2 * pi)/(dx);
dk = kmax/N;

p = find(v0 > nmid);
vp = vO;

vp(p) = (N - vOo(p));
eta = vp * dk;

nu = eta;

[Eta,Nu] = meshgrid(eta,nu);

We then set our initial wave function equal the output of the BECShapeGen.

Within our for loops, we need a method to be able to keep track of the iteration number.
To accomplish that, we have a variable called ticker at the beginning of every for-loop,
we reset this to zero. During the course of one iteration, we add 1 to this value. By
dividing the ticker value by the movemax value for that specific for loop we can get a
percentage of how far along is the loop along in the program. We can use this fraction

to move beams or turn beams on.

The first thing we need to calculate is the density term. Since in the GPE a term

depends on the density of the wave function at each point, we can calculate it by absolute
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magnitude squared of the wave function. By multiplying this density by the g term we

calculated above, we now have the self-interaction term within the GPE.

density = abs(PsiOut.*conj(PsiOut));
Interm = gmax * density;

We also include a dampening term. This term will help us settle the BEC into its true

ground state, which will be discussed in depth in the next section.

In the case where the interaction term is the only potential (not accounting for external

beams yet), once we calculate the interaction term, we can evolve the system by a factor

of t/4.

‘Psii = PsiOut.*exp((.5*x(X."2+Y."2)+Interm).*t./i2/2);

From here we can transform into momentum space and evolve by a half time step:

%Transform to momentum space

PhiO=ifft2(Psil);
PhiO = PhiO.*exp(.5.*(Nu. 2+Eta."2).*t/i2);

Then we transform back into position space by the use of a forward FFT. We then

re-calculate the density for the interaction term, evolve for a fourth of a time step.

%Transform back to free space

Psi2 = fft2(Phi0);

density = abs(Psi2.*conj(Psi2));
Interm = gmax *density;

PsiOut = Psi2.*exp((.5*x(X."2+Y."2)+Interm).*t./i2/2);

PsiOut, is a wave function that has now been evolved by one complete timestep. We

then re-normalize and image the density of our wavefunction:

A = sqrt(sum(sum(abs(PsiOut)."2)))*dx;
PsiOut = PsiOut/A;
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P2 = abs(PsiOut.*conj(PsiOut));
p02 = abs(PsiO.*xconj(Psi0));
imagesc(x,y,P2);

%plot (x,P2)

drawnow

This evolution repeats in the for loop until it reaches the movemax value. We now have
a BEC under a static potential, which evolves in time from an initial wave function. In
the next section, we will introduce an external potential to alter this wave function so

that we may simulate vortices.

2.7 BEC Manipulation

In the previous section, we established a method for evolving our initial wave function.
To be able to generate vortices, we need to apply external potentials, alter the dampening
and move these external potentials through our BEC. This section will discuss how we

achieve this.

In order to run a specific simulation, we will run an evolution module that performs
some manipulation on our BEC over time. Different modules correspond to different

laboratory events.
There are three primary ways we can manipulate our BEC:

1. Altering the damping of our BEC.
2. Introducing or removing an external potential.

3. Moving that external potential within our BEC and creating vortices.

From these three types of manipulation, we can build up and create our scaled up

potential beam setup.
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FIGURE 2.2: The figures above show sseveral frames of a BEC lined up side by side.

The colors correspond to the density of each BEC at any given loctation. The BECs

radius decreases and increases in an osscilatory manner until it comes to rest in its true
ground state.

2.7.1 Damping and Ground State Relaxation

Although we have calculated an accurate initial wavefunction, it is not the exact ground
state wavefunction. Due to this small difference between what we calculated, and the ac-
tual ground state, our BEC will oscillate between the two states. To stop this oscillation,

we can introduce damping terms.

With a damping term, our BEC will settle into its true ground state. For the BEC to
settle, we just allow it to evolve in time with a damping term added to the evolution
propagator. Over time, the oscillations will stop, and the BEC will be in its true ground

state. Figure 2.2 shows the system settling into its ground state.

This damping term will affect our BEC manipulation techniques, so we turn down the
damping. To do this, we have a module of the simulation that lowers the value of
the damping term over time. The beginning of every simulation will contain these two

modules.

2.7.2 External Beams

In the course of our simulations, we will need external beams to simulate pinning sites,

and to create vortices. A simulated beam is a potential just like any other. This allows
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us to add the potential of the beam directly to our potential profile defined above.

We need to firstly define the profile of the beam. For the purposes of this thesis, we
used Gaussian beams. The amplitude of the beams were defined in terms of the energies

calculated above.

The general form of the beam is:

72(X7w0)2;(Y7y0)2)

VLaser = VMa:ce o (220)

Vmax corresponds to the amplitude, which is written in terms of u. xg, yo refer to the
positions of the center of the beam, which may be time dependant, o is is the beam

width.

We can add the beam potential directly into eqn 2.13b for our evolution. We do however
need to slowly introduce the beam potential so that the BEC has time to adjust to the

external potential. To do this, we slowly ramp on the amplitude of the external beam.

Each for loop’s ending parameter is known as movemax in the code. By introducing a
term that corresponds to how many iterations have taken place (which we call ticker),
and dividing by movemax, we can get a percentage of how far through the module any
given iteration is. By multiplying our beam term in eqn. 2.20 by —H<k€r_ a5 the BEC

movemax’

evolves in time, the beam will be ramped on gradually.

An example of a couple of beams being gradually turned on for pinning sites can be

found in an exerpt of appendix A.4 in the simulation discussed in section 3.2:

%Generation of third and fourth Laser

ticker = 0;
for(k =1:movemax5);

x3t = 2;
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y3t = 2;
x4t = 2;
yé4t = -2;
x5t = 0;
y5t = 4;
x6t = 0;
y6t = -4;

Vmax = 1.2x%E;
dtild = .8;

Vlaser3 = Vmax*exp (-2*((X-x3t). 2+(Y-y3t)."2)/(dtild"2))*ticker/movemax5;
Vlaser4 = Vmax*exp (-2*x((X-x4t). 2+(Y-y4t)."2)/(dtild"2))*ticker/movemax5;
Vlaserb5 = Vmax*exp(-2%((X-x5t). 2+(Y-y5t)."2)/(dtild"2))*ticker/movemax5;
Vlaser6 = Vmax*exp(-2*((X-x6t). 2+(Y-y6t)."2)/(dtild"2))*ticker/movemax5;

Vlasers = Vlaser3+Vlaser4+Vlaserb5+Vlaser6;
ticker = ticker + 1;

%First Evolution step in free space

density = abs(PsiOut.*conj(PsiOut));
Interm = gmax * density;

i2 = li-damp2;
Psil = PsiOut.*exp((.5*(X."2+Y."2)+Interm+Vlasers).*t./i2/2);

%Transform to momentum space

%Phi0 = fftshift (fft(fftshift(Psil)));
PhiO=ifft2(Psil);
PhiO = PhiO.*exp(.5.*(Nu. 2+Eta."2).*t/i2);

%Transform back to free space
%Psi2 = fftshift (ifft (fftshift(Phi0)));

Psi2 = fft2(Phi0);

density = abs(Psi2.*conj(Psi2));
Interm = gmax *density;

PsiOut = Psi2.*exp((.5*x(X."2+Y."2)+Interm+Vlasers).*xt./i2/2);

A = sqrt(sum(sum(abs(PsiOut)."2)))*dx;
PsiOut = PsiOut/A;

P2 = abs(PsiOut.*conj(PsiOut));
p02 = abs(PsiO.*conj(Psi0));

%Graphing Area

subplot (1,2,1)

xlabel (’x Position [micromns]’);
ylabel(’y Position [microns]’);
title(’Density’)
imagesc(x,y,P2);

axis image

subplot (1,2,2)

anglef = (angle(PsiOut)).*((max(max(density))*.01)<=P2);
imagesc(x,y,anglef);

xlabel (’x Position [micromns]?’);
ylabel (’y Position [microns]’);
title (’Phase ’);

axis image
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drawnow

end

2.7.3 Moving Beams and Vortex Creation

Moving the beams becomes critical for vortex creation. The dynamics of vortex creation

can be found in [1].

To move the beams we can alter the values of xg and yy in eqn. 2.20. By doing this

gradually, we can simulate movement of the beams in our BEC. To do this, we change

ticker

e ovemar We can

the values of zg and yy by a small amount each loop iteration by using
set an intial beam location value, and a final one, with and move the beam a fractional
amount each iteration. When changing the value of Movemax for that specific loop, this

is in turn changing the rate at which the beam moves through the BEC. The larger the

value of movemax, the slower the beam moves.

To create vortices we need to move beams through the BEC. Vortices must be created
in pairs. To create a pair of vortices, we overlap two beams, and then move the beams
away from their location, at different angles. As the beams push fluid around them,

they create vortices.

If the vortex generation beam separation is too slow, it will not generate vortices. Moving
them too quickly can generate free vortices. Free vortices are vortices that aren’t pinned
to a beam, and move through the BEC without any external influence. These free
vortices can mess with the simulation, so limiting the number of them is ideal. Figure

2.3 shows the creation of free vortices.



26

Phase

nic Oscillator Lengths] |

¥ Position [Harmor

0 25|

-25 -20 -15 -10 -5 0 5 10 15 20 25
x Position [Harmonic Oscillator Lengths]

-15

- ) 5 10
X Position [Harmonic Oscillator Lengths]

FIGURE 2.3: The left plot above shows the density profile of a BEC, where the colors

represent the relative density at each given location. In the density plot above we can

see two holes in our BEC that are caused by external beams. The beams in particular

have been moved too quickly and have generated free vortices. These vortices can be
seen in the phase diagram above.



Chapter 3

RESULTS

3.1 Introduction

Within this chapter, we will explore some of the simulations and more complicated
arrangements using the results from the previous chapter. Each simulation’s code can

be found in the appendix.
Overview of this chapter:
Section 3.2 - The transfer of four vortices to four separate pinning sites.

Section 3.3 - The transfer of one vortex to a pinning site, while one vortex is taken out

of the BEC

Section 3.4 - A central pinning site with multiple vortices
Section 3.5 - Five vortices transferred to two sites

Section 3.6 - A large number of singularly polarized vortices

Section 3.7 - Circular vortex distribution along with an annular beam distribution.

27



28

Density Phase

FiGUrE 3.1: This figure shows the pinning site arrangement for our first simulation.

The left plot is the density profile of our BEC, and the right plot is the phase plot. The

pinning sites are the spots of low density, where an external beam has cleared the fluid
from a specific location.

3.2 Four Vortices transferred to Four Pinning Sites

This first simulation, although simple, provides insight into how the more complicated
experiments work. The simulation places four vortex cores in four different pinning
sites. The top two vortices will be of one charge, and the bottom two pinning sites will
contain vortices of the opposite vortex charge. The code for this program can be found

in appendix A.4.

We setup initial conditions as we described in Chapter 2. We setup the scale and create
the initial wave function using BECShapeGen and HermGaus. After intializing the
parameters of the program, the first thing we do is simply evolve the wave function to
allow it to settle into its ground state. The damping parameter allows the difference
between the ground state and our initial wave function to settle. After our wave function

has settled into its ground state, the next module turns down our damping.

Once our BEC is prepared, we can now start the actual simulation. The first thing we do
is turn on the pinning sites. We have four pinning sites, which we turn on simultaneously.

Figure 3.1 demonstrates the location of our pinning sites.
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Density

FIGURE 3.2: First Vortex Pair Creation.

Once we have the pinning beams on, we can start generating our vortices two at a time.
We turn on two beams that overlap on a beam generation site. The beams are at 1.2u
each, and they are overlapped. All information about beam parameters can be found in

the appendix.

The next part of the module is concerned with creating the first vortex pair, and then
moving the two beams to the pinning sites. The key to this is ensuring that when the
two beams are separated that we generate two vortices of opposite charge. The key to
this is the rate of separation and the angle. As discussed in section 2.7.2, if the beams
are moved too quickly, we will create free vortices. Figure 3.2 demonstrates the creation
of our first set of vortices pinned to the generation beams. They show up clearly in the

phase part of the plot, which is the graph on the right.

As the beams come in contact with the pinning sites, the vortices from the moving beams
are transferred to the pinning sites. The first vortex beam transfer is demonstrated in

figure 3.3.

Once the vortices have been successfully transferred, we can ramp down the carrying
beams and ramp up two new vortex generation beams at the same location that the first
pair was created. We pull them apart in a similar manner as the first pair. The second

vortex pair creation is shown in figure 3.4.



30

Density Phase

FIGURE 3.3: First Vortex Pair Transfer.

Density Phase

FIGURE 3.4: Second Vortex Pair Creation.

Density Phase

FIGURE 3.5: Final Vortex Beam Transfer.

Finally we transfer the second set of beams in the same way as the first pair

shows all four vortices transferred to each pinning site.

. Figure 3.5
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After all four vortices have been pinned to the desired pinning locations, we have com-

pleted our simulation.

From this simulation we learn the basics of creating and manipulating vortices within a
BEC. We can see how vortices are transferred to each pinning site, and the methods for

not creating free vortices.

3.3 Pulling a single vortex out of a BEC, placing one in a

Pinning site

This simulation concerns getting rid of vortices that we do not want in our BEC. Remov-
ing vortices from a BEC can cause a whole host of issues, this simulation will provide
some insight into some of these problems, and how we can address them. The code for

this simulation is available in appendix A.5.

For the rest of the thesis, vortices we wish to remove will be referred to as dismissed
vortices (DV), whereas vortices bound for a pinning site will be referred to as pinning

vortices.

In this simulation we transfer a vortex to a single pinning site, while removing the other

vortex from the BEC.

As mentioned in section 2.7.2, for any given vortex creation there is a range of timestep
values that constitute a happy medium. These timestep values constitute a beam sep-
aration rate that is not too fast (so it does not generate free vortices) and not too slow
(not creating vortices). Depending on the geometry of the beam separation, typically

this happy-medium has a range of 200 timesteps.
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When pulling a vortex out of a BEC, the vortex creation process can be tricky. When
pulling one vortex out, and keeping one in, the vortex creation becomes a lot more
sensitive to the rate at which the beams are moved. The reason for this is that, the
difference in path lengths that the two beams need to travel can be vastly different. So
for any given beam movement rate, one beam might be moved too slowly to generate
vortices, while the other might be moved too fast and create free vortices. In other
words, instead of being able to alter the timestep values to any value within a 200 value
range, we have to find a value where both happy mediums overlap. The greater the
difference between these path lengths, the smaller the range of acceptable timesteps is.
In more complicated codes, the path separation will become a much larger issue, but for

now we can discuss the four ways to address this problem.

1. Finding the timestep that satisfies both beams - This is the most straightforward way
to change things, but can be hard to find. Essentially, by changing the rate at which

the beams move, so that the rate isn’t too quick for one beam or too slow for another.

2. Changing where the dismissed vortex leaves the beam, making the difference in
pathlengths smaller. However, using this method, beam geometry can be affected making

it more difficult to create vortices.

3. Creating two separate path motions. This one is the easiest to implement and
typically the safest to work with. Essentially it works by moving the dismissed vortex
to a safe location within the BEC as the pinning vortex is transferred to its pinning site.
Once the beam is transferred, the next set of code takes the dismissed vortex out of the

BEC.

4. Changing the rate at which the beams are moved to a non-linear motion. The most

tricky to implement, but instead of moving the beams at a constant rate, by moving
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FIGURE 3.6: Pinning Site Arrangement and Vortex Creation Beams. In units of har-
monic oscillator length, vortex creation beams are located at (-5,0), the pinning site is
located at (2,2)

them at an exponential or logarithmic rate can allow a beam to be separated slowly, but

then taken out more quickly.

In most instances a combination of the first three methods are used to generate vortices.
In the simulation discussed in section 3.6, a non-linear beam separation method was
used, due to the nature of how the beams interacted with the edge reservoir. In this
specific simulation we will focus on the use of the 3rd method by creating two separate

paths.

As before, the program allows the BEC to settle into the ground state. Then the BECs
damping is turned down. After that the singular pinning site is turned on, as well as
the two overlapping vortex creation beams. Figure 3.6 shows the pinning site and two

vortex generation beams being turned on.

As before, we separate the two beams to create vortices. We will be moving the dismissed
beam to within the BEC in this segment of code, so that we can easily generate vortices.
Attempts to remove the vortex directly were difficult to achieve, and so we will remove
the dismissed vortex in two steps. Figure 3.7 shows the separation of the two beams,

successfully generating two vortices.
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FIGURE 3.7: Separation of initial vortex pair.

Density Phase

FIGURE 3.8: The vortex is transferred to the pinning site, while the dismissed (upper)
vortex changes trajectory to leaving the BEC.

One vortex is transferred to the pinning site. The dismissed vortex remains unpinned
over a safe location. Figure 3.8 shows the exchange. The next segment of code moves

the dismissed vortex out of the BEC while leaving the pinned vortex in its pinning site.

As the dismissed vortex beam is brought to the edge of the BEC it begins to create
disturbances near the edge of the BEC. This can be seen in figure 3.9. As the dismissed
beam is brought out of the BEC, the vortex is transferred to the edge of the BEC. This
edge vortex will circle around the edge of the BEC for the remainder of the experiment.
As long as there are not any pinning sites near the edge, this edge vortex will not disturb

anything. Figure 7?7 shows the motion of the edge vortex along the BEC.
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FiGURE 3.9: The vortex is brought to the edge of the BEC, creating a disturbance
that travels around the edge of the BEC.

Density Phase

FIGURE 3.10: The dismissed vortex beam transfers its vortex to the edge of the BEC

3.4 Ten Vortices Transferred to Two Pinning Sites.

In this simulation, we will show that we can transfer multiple vortices to the same
pinning site. We will create 2 pinning sites, and transfer five vortices of the same charge

to each pinning location. The code for this simulation can be found in appendix A.6.

It is known that the number of vortices a pinning site can hold is related to the geometry
of the pinning site [10] . The geometry of our current pinning sites (Depth = 1.2 p,
width = .8 harmonic oscillator lengths) is only capable of holding two vortices. If we
try and add more than two vortices to our pinning sites, a free vortex will leak out. A

demonstration of free vortex leakage is shown in figure 3.11.
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Process of Vortex Leakage
Density Phase
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F1GURE 3.11: The process of vortex leakage, when a pinning site is full. The images

progress from left to right, then top to bottom. The phase diagram is to the left of

each density figure. When a pinning site is full, the addition of another vortex causes
the site to leak a vortex.
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FIGURE 3.12: New Pinning site sizes.

Density Phase
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FIGURE 3.13: First vortex pair heading towards pinning sites.

To accommodate more than two vortices, we need to increase the amplitude of the
external beam, or its width. In this simulation, we increase the width to 1.4 harmonic

oscillator lengths, and the amplitude to 3.6 u.

After the usual ground state settling and damping reduction, we turn our pinning sites

with their new parameters. This is shown in figure 3.12.

These new pinning sites will be able to hold at least five vortices. After the pinning sites
were turned on, we generate vortices in the usual manner. Figure 3.13 shows the first

vortex pair being brought towards our two pinning sites.

Since the ramping on of the vortex generation beam, the creation and movement of the

vortices is the same for each transfer, this simulation utilizes a for-loop for each cycle.
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FI1GURE 3.14: Fourth vortex pair being transferred.

Density

Phase
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FI1GURE 3.15: Five vortices in each pinning site.

The program keeps transferring vortices to the pinning sites. Figure 3.14 shows the

fourth set of vortices being transferred to the pinning sites.

The program finishes after the fifth set of vortices has been transferred to the pinning

sites. The completed simulation is shown in figure 3.15.

3.5 Building Up Persistent Current with Four Vortices

This simulation is an attempt to bring several vortices to a central pinning site in an

attempt to see if vortices can exist in non-circular geometries. After four vortices have

been transferred to a central pinning site, we place a blue-detuned laser in the center

of the pinning site creating an annulus.

appendix A.7.

The code for this simulation is available in
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FIGURE 3.16: The central pinning site for the simulation

Density Phase

FIGURE 3.17: Pinning beam entering the central pinning site, dismissed beam headed
towards the edge of the BEC

We allow the to BEC settle into its ground state as usual. From here we turn on a
central pinning site. The site is larger than usual for reasons outlined section 3.4. 3.16

shows the central pinning site.

Because of the central pinning site, we chose to separate the beams in a circular path
instead of a linear one. The beams seperate on a path that is at a constant radius with

respect to the center of the BEC.

The central value of the beams ere rotated about the central pinning site by an angle
of 7, at which point, the pinning vortex goes directly into the central pinning site, and

the dismissed vortex leaves the BEC. Figure 3.17 shows the change in trajectory of the
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FIGURE 3.18: Second dismissed beam leaving the BEC creating edge vortices

beams.

As the dismissed beam leaves the BEC, it creates edge vortices which for the purpose of
the simulation remain harmless and do not affect the primary objective of the simulation.
Fig. 3.15 shows the second dismissed vortex beam leaving the BEC, while the edge vortex

from the first beam has continued rotating autonomously around the edge.

This process is repeated four more times. As the vortex charge of the central pinning
site increases, it becomes harder for the dismissed vortex to travel against the current.
The vortex begins to get ripped from its beam. This limits the number of vortices that

can be transferred to the central pinning site this way to about 4.

After we have transferred vortices to the central pinning site, we turn on ramp up the
central beam. Figure 3.19 shows the central beam going through the central pinning

site.

We see although the external blue-detuned laser is present, a central peak does not seem

to exist.
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FIGURE 3.19: The central pinning site for the simulation

3.6 Dense Pinning Sites Containing One Type of Charge

The goal of the simulation is to push the limits of how many vortices of the same charge
we could get into a BEC. We create a densely packed arrangement of pinning sites,
that turn on one at a time. To get all of the pinning sites to have the same charge, we
need to consistently remove one vortex for every pair that is created. The code for this

simulation is available in appendix A.8.

As discussed in section 3.3, removing vortices from BECs can create issues, such as
edge vortices or problems with vortex creation. To address these issues, this specific

experiment utilizes something we refer to as an edge reservoir.

If we try to remove vortices by simply moving dismissed vortices one at a time, we see
some of the issues discussed in section 3.3. The first attempt at solving this problem
was to create a reservoir. Dismissed vortices, would be brought to a pinning site. When
all of the pinned vortices were in their final location, then the reservoir of dismissed

vortices would be brought out of the BEC.

This turned not to work out, the reservoir had trouble holding all of the dismissed

vortices. After four DVs, the reservoir trap would start leaking free vortices if any more
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FI1GURE 3.20: A vortex pair creation. The dismissed vortex is headed towards the edge
reservoir

were transferred in (as seen in figure 3.11). As discussed in section 3.4, it is possible
to change the trap depth or width to accommodate more vortices, but doing so eats up
valuable BEC pinning site space. Essentially, the bigger the reservoir, the fewer pinning

vortices sites that could be created.

The solution was the creation of the edge reservoir. This reservoir connects interior of the
BEC with the edge. By transferring vortices to the edge reservoir, the dismissed vortex
can be removed from the BEC without issue. Figure 3.20 demonstrates the pinning site,

along with the edge reservoir at the bottom.

Due to the large number of pinning sites, it was better to generate each pinning site
using a for loop than create a whole module for each pinning site creation and beam
transfer. Each iteration of the for loop designates a specific pinning site location. This
is accomplished through the use of Boolean logic operators. Essentially, a pinning site
location is designated for each specific i value of the for loop. When the i value is equal
a specific number, the Boolean operator is one, and zero for all other values. Each value

is multiplied by the value of the individual position.

xposit= (i ==1)%64+(i ==2)*3+(i ==3)*3+(i ==4)*3+(i ==5)*1+(i ==6)*1+(i ==7)x1+(i ==8)x(—1);
yposit= (i ==1)%04(i ==2)*3+(i ==3)x(=3)+(i ==4)%(0)+(i ==5)*(=5)+(i ==6)(—2)+(i ==7)(2)+

i ==8);
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FIGURE 3.21: A vortex of the same charge in each of the pinning sites.

From each position, the trajectories and pinning sites are located. For the beam transfer
section of the code, all positions need to be shifted by one forward. So that the new
beam locations are generated as the old ones are being taken away. Also at the movemax
value for each loop would change with each iteration. This allows us to customize how

quickly each vortex is being created or destroyed.

movemaxd = (i ==1)%2500+(i ==2)%3000+(i ==3)%2500+(i ==4)%2250+(i ==5)%2000+(i ==6)*1500+(i ==7)*22504(i ==8);

The program runs and moves each pinning vortex to its pinning site, and removes each
dismissed vortex via the edge resivoir. Figure 3.21 shows all pinning sites being occupied

by vortices of the same charge.

After all of the pinned vortices were transferred to their sites, we turned down the
pinning site beams. This caused the beams to become free, and we could watch the
dynamics of the vortices without any external influence. Figure 3.22 shows the free

vortices roaming through the BEC.
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FIGURE 3.22: Free vortices after pinning sites were turned off.

3.7 Circlular Vortex Beam Generation Distribution

In section 3.5 we attempt to build up a persistent current around a central pinning site
by transferring vortices in one at a time. As the current builds up, it become harder
to transfer more vortices into the pinning site. In an attempt to generate a simulation
where a large number of vortices could be quickly transferred to a central pinning site
the circle dance program was generated. Although the program succeeds in doing this,
some of the other results that are created are interesting to study. The code for this

section available in appendix A.9.

The idea is that a central pinning site is created, then at some radius away, an arbitrary
number beam generation sites were created, evenly spaced from each other. Then, the
whole ring of generation beams begins rotating. One set of beams would continue to
rotate at the fixed radius, while the other set of beams would decrease radius, while

maintaining rotation so that they move to the central pinning site.

The program starts as usual with the settling of the ground state, and then turning down
the damping. Once the number of generation beams is determined, the program turns

on that number of beams at the specified radius. Figure 3.23 shows a configuration of
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FI1GURE 3.23: Six vortex generation sites at a radius of harmonic oscillator lengths,
plus the central pinning site.

Density Phase

FIGURE 3.24: The vortex creation sites being rotated.

six generations sites equally spaced at a radius of six harmonic oscillator lengths, along

with the central pinning site.

The beam generations sites are created after we determine the number of sites, and the

radius that they are to be created at.

Once all of the beams are turned on, the ring of beam generation sites rotate at a constant
angular speed. The radius of the pinning beams is decreased, while maintaining the same
angular speed. The dismissed beams continue to rotate at a constant rate. The beam

rotation is shown in figure 3.24. The pinning beams inspiraling is shown in figure 3.25.
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FIGURE 3.25: Pinning sites inspiraling.

Depending on the number of beam, and the radius that the beams are created at, we

can generate two types of effects as the vortices are brought in.

If the number of generation beams is low enough, then the vortex beams headed toward
the pinning site will not touch each other before they transfer their vortices the central
beam. As they head inward they transfer their beams towards the central pinning site.
This effectively transfers all vortices to the central pinning site. If we wish, we can move
all of the dismissed vortices out of the BEC. Figures 3.26 and 3.27 show the pinning

beams inspiraling, and the successful beam transfer.

This method turns out to be an effective method for placing a large number of vortices
into a central pinning site, without any major issues, certainly more effective than what

was attempted in section. 3.5.

The second possible case occurs, when a large number of beam generation sites is created.
If we have a large enough number of beam generation sites, as the pinning beams move
towards the pinning site, they touch each other before they transfer to the central pinning
site. The individual pinning beams, then form an annulus. As the annulus is created,
a geometry where vortices cannot exist is created, and all of the vortices in the pinning

beams are ejected. This creates a set of free vortices.
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FIGURE 3.26: Pinning beams moving towards central pinning site.

Density Phase

FIGURE 3.27: The six vortex beams being transferred to the central pinning site si-
multaneously.

The beams will intersect with each other before they interact with the central pinning
site. This will create an annulus of beams, as they interact. The vortices from each
beam are ejected and they become free vortices. Figures 3.28 and 3.29 show the annulus

formation and vortex ejection.
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F1GURE 3.28: As the many vortex creation beams get closer to the central pinning site,
they begin to form an Annulus. Vortices cannot stably exist under these conditions and

Phase

begin leave their beams.

Density

FIGURE 3.29: An annulus of vortex creation beam, with all of the vortices vacated

Phase

from these beams.




Chapter 4

CONCLUSION

From section 3.2, we show how we can sucessfully create and transfer vortices. We can
stably pin vortices to specific locations. Section 3.3 shows us how we can sucessfully
remove unwanted vortices from a system, and some possible reprocussions of removing
them improperly. We learned how we can store more than a single vortex in a specified
pinnning site in section 3.4. From section 3.5 we learned that as the current in the system
increased, our conditions for vortex creation will change. Addressing these changing
conditions is the only way to continue creating new vortices. Section 3.6 showed the
introduction of the edge reservoir and how we can address the problem of complex
pinning site arrangements. Lastly section 3.7 showed us a method for placing several

vortices into a central pinning site in a single round of vortex creation beams.

From the results section, we can see that it is possible to generate arbitrary vortex
arrangements within a BEC. The next step for this work is to attempt them experimen-

tally.

The problem lay in that whether or not these simulations are experimentally realiz-

able. Simulations like that of sections 3.6 and 3.7, contain a large number of external
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beams. Being able to stably control that number of beams within a BEC can be hard

to experimentally realize.

Another factor to take into account is BEC lifetimes. Although our simulation can be
run indefinitely, A simulation lasting longer than the stable lifetime of the BEC you are

working on, will not be experimentally realizable.
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Appendix A

An Appendix

A.1 BECShapeGen Code

function [BECINIT,sigx,g2D] = TwoDBECGenCorrect ();

BRIl T To T ottt loTo ot tototoloTolo et tototoToTolo et %o to o toTo To oot % %o %ot to To To oo %o %o %o o Yo To To o o %o o o
%This function is responsible for generating the correct shape of a BEC
%based on the intial physical parameters.

WDl kTl sttt toto ottt tetolo ettt toTolohh sttt toTo o ettt totolo ettt toto o % % %

N = 140; %Number of HG polynimals created
mx = 278; %Scale, must be a factor of 2°n so that it is compatible with FFT

%Calls the HG calculator
[H] = HermGaus (mx,N);

%Scale defined

x = linspace(-100,100,mx+1);
x = x(1:mx);

x = x*1E-6;

y = X3

sigx = x./sigmax;

sigy = sigx;

dx = -(sigx(1) - sigx(2));
dy = dx;

[Sigx,Sigy] = meshgrid(sigx,sigy);
bbb h et hht%thhh%%h PHYSICAL PARAMETERS %%hh%hhhhhhththh

%Here we set Sigmax = Sigmay. If we want to change this (make an oblate
%BEC) here would be spot to change things.

%Trap Frequencies

sigmax = 3.74E-6; %8 hz
sigmay = sigmax;
sigmaz = 3.5E-6; heffective trap thickness due to interactions

scatlen = 5.5E-9;

NumPar = 1le6;
g2D_dimensionless = sqrt(8*pi)*scatlen/sigmaz;
g2D = NumPar * g2D_dimensionless;

Kb hhhhhhhhhhh%%%% BEC ROUGH SHAPE DEFINITION %U%%ALAAhAhhALLA%%%
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E = sqrt(g2D); %chemical potential in dimensionless units

CPT = sqrt(2*E);

BECXY = sqrt(1-(Sigx/CPT)."2-(Sigy/CPT)."2); %Defines the shape of the BEC
BECXY = BECXY .* (BECXY > 0);

A = sqrt(sum(sum(abs (BECXY)." 2)))x*dx;

BECXY = BECXY/A;

%%% these two lines might just be equal to N,
Ender = size(H);
Ender = (Ender (1));

verify and check.

hhhhhhh%h%%h COEFFICENT CALCULATION AND SMOOTH DEFINION %%%%hhhhhhhhhhhhhhs

BECINIT = 0;

for(i = 1:Ender)
for(j = 1:Ender-i)
HERMGAUSNOW = transpose (H(i,:))*(H(j,:));
Coef2 = sum(sum (HERMGAUSNOW .* BECXY*dx*dy));
%Coef2 = sum(transpose (Coefl))
BECINIT = BECINIT + Coef2 * HERMGAUSNOW;
end

end

A = sgrt(sum(sum(abs(BECINIT)." 2)))*dx; %Norm

BECINIT = BECINIT/A;

%plot (x,BECINIT(: ,mx/2))
imagesc(x,y,BECINIT);
axis image

A.2 HermGaus.m

function [psi] = HermGaus (mx,order);

sigma = 1.1E-6;

x = linspace (-20*sigma ,20*sigma,mx+1);
x = x(1:mx);

sigx = x./sigma;
H = [mx,order];
psi = [mx,order];

for(j=1:mx)

H(1,:)
H(2,j)
H(1,mx) =
n = 0;
psi(1,3)
n = 1;
psi(2,j) =

1;
2.*%sigx(j);
1

1/(sqrt (2. n*xfactorial(n)))*1/(sqrt(sigma))*pi~(-1/4)*exp(-.5*%x(j) 2./ (

1/(sqrt (2. n*xfactorial(n)))*1/(sqrt(sigma))*pi~(-1/4)*exp(-.56*%x(j)"~2./(

sigma~2))*H(1,

sigma~2))*H(2,




O~ Ut WN

93

end

d = H(2,mx);

for(i = 3:order)

n=1i - 1;

for(k=1:mx)

H(n+1,k) = 2*xsigx(k).*H(n,k) - 2*(n-1)*H(n-1,k);

psi(n+1,k) = 1/(sqrt (2. n*factorial(n)))*1/(sqrt(sigma))*pi~(-1/4)*exp(-.5*x(k)"2.
end

end

A.3 BECBPMcode

%function [x] = BECBPMcode (BECInit,sigx,g2D);
% Initial Parameters

%clear all

[BECInit ,sigx,g2D] = BECShapeGen ();
N = length(sigx);
xmax = -2*min(sigx);

t = (2 * xmax"2)/(pi~2*N~"2);
damp = 0.03;

%Movemax determines the number of loop iterations.

movemax = 2000;
tmax = movemax * t;
gmax = g2D;

% X scaling.

dx = xmax/N;

nmid = floor (N/2);

v0O = [0:N-1];

x = (v0 * dx) - (xmax/2);
vy o= x;

[X,Y] = meshgrid(x,y);

%k Scaling.

kmax = (2 * pi)/(dx);
dk = kmax/N;

p = find(v0 > nmid);

vp = vO;

vp(p) = (N - vO(p));

eta = vp * dk;

nu = eta;

[Eta,Nu]l = meshgrid(eta,nu);
%First transform from psi to phi
Psi0 = BECInit;

%Intial conitions before loop.
PsiOut = PsiO;

(sigma~2))*H(
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ticker = 0;
%densityl = abs(PsiOut.*conj (PsiOut));

for(k =1:movemax);

%First Evolution step in free space

density = abs(PsiOut.*conj(PsilOut));
Interm = gmax * density;

i2 = li-damp;

Psil = PsiOut.*exp((.5*%(X."2+Y."2)+Interm).x*t
%Transform to momentum space
PhiO=ifft2(Psil);

Phi0 = PhiO.*exp(.5.*(Nu. 2+Eta.”2).*t/i2);
%#Transform back to free space

Psi2 = fft2(Phi0);

density = abs(Psi2.*conj(Psi2));

Interm = gmax *density;

PsiOut = Psi2.*exp((.5*%(X."2+Y. 2)+Interm).x*t

A = sqrt(sum(sum(abs(PsiOut)."2)))*dx;
PsiOut = PsiOut/A;

P2 = abs(PsiOut.*conj(PsiOut));
p02 = abs(PsiO.*xconj(Psi0));
imagesc(x,y,P2);

%plot (x,P2)

drawnow

end

./i2/2);

./i2/2);

A.4 Code for 3.2

%function [x] = (BECInit,sigx,g2D);
% Initial Parameters

%clear all

[BECInit ,sigx,g2D] = TwoDBECGenCorrect ();

N = length(sigx);
sigmax = 3.74E-6;
xmax = -2*min(sigx);

t = 1%(2 * xmax"2)/(pi~2*N"2);
dampl= 0.03;
damp2= 0.003;
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%Movemax determines the number of loop iterations.
movemaxl = 1000;

movemax2 = 100;
movemax3 = 1000;
movemax4 = 1000;
movemax5 = 500;
movemax6 = 600;

tmax = movemaxl * t;
gmax = g2D;

E = sqrt(g2D);

% X scaling.

dx = xmax/N;

nmid = floor (N/2);

vOo = [0:N-1];

x = (v0O * dx) - (xmax/2);
y = x5

[X,Y] = meshgrid(x,y);

%k Scaling.

kmax = (2 * pi)/(dx);

dk = kmax/N;

p = find(v0 > nmid);

vp = vO;

vp(p) = (N - vO(p));

eta = vp * dk;

nu = eta;

[Eta,Nu]l = meshgrid(eta,nu);
%First transform from psi to phi
Psi0 = BECInit;

%Intial conitions before loop.
PsiOut = PsiO;

ticker = 0;

%STAGE 1: Stabilization of Ground state

for(k =1:movemaxl);

%First Evolution step in free space

density = abs(PsiOut.*conj(PsiOut));
Interm = gmax * density;

i2 = li-dampl;

Psil = PsiOut.*exp ((.5*%(X."2+Y. 2)+Interm).*t./i2/2);
%Transform to momentum space

PhiO=ifft2(Psil);

Phi0 = PhiO.*exp(.5.%(Nu. 2+Eta.”2).*t/i2);

%ticker = ticker + t/2;

%Transform back to free space

Psi2 = fft2(Phi0);
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density = abs(Psi2.*conj(Psi2));
Interm = gmax *density;

PsiOut = Psi2.*exp((.5*x(X."2+Y." 2)+Interm).*t./i2/2);

%ticker = ticker + t/4;

A = sqrt(sum(sum(abs(PsiOut)."2)))*dx;
PsiOut = PsiOut/A;

P2 = abs(PsiOut.*conj (PsiOut));
p02 = abs(PsiO.*conj(Psi0));
%Graphing

imagesc(x,y,P2);

xlabel(’x Position [microns]’);
ylabel (’y Position [microns]’);
title(’Density’)

axis image;

drawnow

end

%STAGE 3: Turn down Damping

dampticker = 0;
for(k =1:movemax2);

dampticker = dampticker + 1;
%First Evolution step in free space

density = abs(PsiOut.*conj(PsiOut));

Interm = gmax * density;
dampdown = .03 - ((.03-.003)/movemax?2)*dampticker;
i2 = li-dampdown;

Psil = PsiOut.*exp((.5*x(X."2+Y."2)+Interm).*t./i2/2);
%Transform to momentum space

PhiO=ifft2(Psil);

Phi0 = PhiO.*exp(.5.%(Nu. 2+Eta.”2).%t/i2);

%ticker = ticker + t/2;

%Transform back to free space

%Psi2 = fftshift(ifft(fftshift (Phi0)));

Psi2 = fft2(Phi0);

density = abs(Psi2.*conj(Psi2));

Interm = gmax *density;

PsiOut = Psi2.*exp((.5*%(X."2+Y. 2)+Interm).*t./i2/2);

A = sqgrt(sum(sum(abs(PsiOut)."2)))*dx;
PsiOut = PsiOut/A;
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P2 = abs(PsiOut.*conj(PsiOut));
%Graphing Area

subplot (1,2,1)

xlabel (’x Position [micromns]’);
ylabel (’y Position [microns]’);
title (’Density ’)
imagesc(x,y,P2);

axis image

subplot (1,2,2)

anglef = (angle(PsiOut)).*((max(max(density))*.01)<=P2);
imagesc(x,y,anglef);

xlabel (’x Position [micromns]’);
ylabel(’y Position [microns]’);
title(’Phase’);

axis image

drawnow

end

%Generation of third and fourth Laser

ticker = 0;
for(k =1:movemax5b);

x3t = 2
y3t = 2;
x4t = 2;
y4t = -2;
x5t = 0
y5t = 4;
x6t = 0;
y6t = -4;

Vmax = 1.2x%E;

dtild = .8;

Vlaser3 = Vmax*exp (-2*((X-x3t). 2+(Y-y3t)."2)/(dtild"2))*ticker/movemax5;
Vlaser4 = Vmax*exp (-2*((X-x4t). 2+(Y-y4t)."2)/(dtild"2))*ticker/movemax5;
Vlaserb5 = Vmax*exp(-2*((X-x5t). 2+(Y-y5t)."2)/(dtild"2))*ticker/movemax5;
Vlaser6 = Vmax*exp(-2*((X-x6t). 2+(Y-y6t)."2)/(dtild"2))*ticker/movemax5;

Vlasers = Vlaser3+Vlaser4+Vlaserb5+Vlaser6;
ticker = ticker + 1;

%First Evolution step in free space

density = abs(PsiOut.*conj(PsiOut));

Interm = gmax * density;

i2 = li-damp2;

Psil = PsiOut.*exp((.5*(X."2+Y. 2)+Interm+Vlasers).*t./i2/2);
%Transform to momentum space

%Phi0 = fftshift (fft(fftshift(Psil)));

PhiO=ifft2(Psil);

Phi0 = PhiO.*exp(.5.%(Nu. 2+Eta.”2).*t/i2);

%#Transform back to free space

%Psi2 = fftshift(ifft(fftshift (Phi0)));

Psi2 = fft2(Phi0);

density = abs(Psi2.*conj(Psi2));
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Interm = gmax *density;

PsiOut = Psi2.*exp((.5%(X."2+Y."2)+Interm+Vlasers).*xt./i2/2);

A = sqrt(sum(sum(abs (PsiOut)."2)))*dx;
PsiOut = PsiOut/A;

P2 = abs(PsiOut.*conj(PsiOut));
p02 = abs(PsiO.*xconj(Psi0));

%Graphing Area

subplot (1,2,1)

xlabel (’x Position [micromns]’);
ylabel (’y Position [microns]’);
title(’Density’)
imagesc(x,y,P2);

axis image

subplot (1,2,2)

anglef =
imagesc(x,y,anglef);

xlabel(’x Position [microns]’);
ylabel(’y Position [microns]’);
title (’Phase’);

axis image

drawnow

end
%STAGE 2: Generation of Laser

ticker = 0;
for(k =1:movemax3);

x1lt = -5;
yit = 0;
x2t = -5;
y2t = 0;
x3t = 2;
y3t = 2;
x4t = 2;
y4t = -2;
x5t = 0;
y5t = 4;
x6t = 0;
y6t = -4;

Vmax = 1.2x%E;

dtild = .8;

Vlaserl = Vmax*exp (-2*((X-x1t). 2+(Y-yit)
Vlaser2 = Vmax*exp (-2*x((X-x2t). 2+(Y-y2t)
Vlaser3 = Vmax*exp (-2%((X-x3t). 2+(Y-y3t)
Vlaser4 = Vmax*exp (-2*x((X-x4t). 2+(Y-y4t)
Vliaser5 = Vmax*exp (-2*x((X-x5t). 2+(Y-y5t)
Vlaser6 = Vmax*exp (-2*((X-x6t). 2+(Y-y6t)
ticker = ticker + 1;

%First Evolution step in free space

density
Interm

= abs(PsiOut.*conj(PsiOut));

= gmax * density;

(angle (PsiOut)).*((max (max (density))*.01) <=P2);

."2)/(dtild"2))*ticker/movemax3;
.72)/(dtild"2))*ticker/movemax3;
.72)/(dtild"2));
.72)/(dtild"2));
.72)/(dtild"2));
.72)/(dtild"2));
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i2 = li-dampl;
Vliasers = Vlaserl +Vlaser2+Vlaser3+Vlaser4+Vlaserb5+Vlaser6;
Psil = PsiOut.*exp((.5*%(X."2+Y."2)+Interm + Vlasers).*t./i2/2);

%Transform to momentum space

%Phi0 = fftshift(fft(fftshift(Psil)));
PhiO=ifft2(Psil);
Phi0 = PhiO.*exp(.5.*(Nu."2+Eta.”2).*t/i2);

%Transform back to free space
Psi2 = fft2(Phi0);

density = abs(Psi2.*conj(Psi2));
Interm = gmax *density;

PsiOut = Psi2.*exp((.5*x(X."2+Y."2)+Interm+Vlasers).*xt./i2/2);

A = sqgrt(sum(sum(abs(PsiOut)."2)))*dx;
PsiOut = PsiOut/A;

P2 = abs(PsiOut.*conj(PsiOut));
%Graphing Area

subplot (1,2,1)

xlabel (’x Position [micromns]’);
ylabel (’y Position [microns]’);
title(’Density’)
imagesc(x,y,P2);

axis image

subplot (1,2,2)

anglef = (angle(PsiOut)).*((max(max(density))*.01)<=P2);
imagesc(x,y,anglef);

xlabel (’x Position [micromns]’);
ylabel(’y Position [microns]’);
title(’Phase’);

axis image

drawnow

end

ticker = 0;
for(k =1:movemax4);

trot = ticker/movemax4;

x3t = 2
y3t = 2;
x4t = 2;
y4t = -2;
x5t = 0
y5t = 4;
x6t = 0;
y6t = -4;
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%P1

x1lt = -5+T7*trot;
ylt = 2xtrot;

%P2
x2t = -b+7*trot;
y2t = -2%trot;

Vmax = 1.2x%E;

dtild = .8;

Vlaserl = Vmax*exp (-2*((X-x1t). 2+(Y-y1t)."~2)/(dtild"2));
Vlaser2 = Vmax*exp (-2*x((X-x2t). 2+(Y-y2t)."2)/(dtild"2));
Vliaser3 = Vmaxx*exp (-2*((X-x3t). 2+(Y-y3t)."2)/(dtild"2));
Vlaser4d = Vmax*exp (-2*((X-x4t). 2+(Y-y4t)."2)/(dtild"2));
Vlaser5 = Vmax*exp (-2*((X-x5t). 2+(Y-y5t)."2)/(dtild"2));
Vlaser6 = Vmax*exp(-2*((X-x6t). 2+(Y-y6t)."2)/(dtild"2));

ticker = ticker + 1;
%First Evolution step in free space

density = abs(PsiOut.*conj(PsilOut));
Interm = gmax * density;

i2 = li-damp2;
Vliasers = Vlaserl +Vlaser2+Vlaser3+Vlaser4+Vlaserb5+Vlaser6;
Psil = PsiOut.*exp ((.5%(X."2+Y."2)+Interm + Vlasers).*t./i2/2);

%Transform to momentum space

%PhiO = fftshift (fft(fftshift(Psil)));
PhiO=ifft2(Psil);
Phi0 = PhiO.*exp(.5.%(Nu. 2+Eta."2).%t/i2);

%#Transform back to free space

Psi2 = fft2(Phi0);

density = abs(Psi2.*conj(Psi2));
Interm = gmax *density;

PsiOut = Psi2.*exp((.5*%(X."2+Y. 2)+Interm+Vlasers).*t./i2/2);
%ticker = ticker + t/4;

A = sqgrt(sum(sum(abs(PsiOut)."2)))*dx;
PsiOut = PsiOut/A;

P2 = abs(PsilOut.*conj(PsiOut));
p02 = abs(PsiO.*xconj(Psi0));

%Graphing Area

subplot (1,2,1)

xlabel(’x Position [microns]’);

ylabel(’y Position [microns]’);

title(’Density’)

imagesc(x,y,P2);

axis image

subplot (1,2,2)

anglef = (angle(PsiOut)).*((max(max(density))*.01)<=P2);
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imagesc
xlabel (
ylabel (
title(’
axis im
drawnow

end

ticker
for(k =

x1t
yit
x2t
y2t
x3t
y3t
x4t
y4t
x5t
y5t
x6t
yét

Vmax =
dtild =
Vlaserl
Vlaser?2
Vliaser3
Vlaser4

Vlaserb
Vlaser6

ticker
%First
density

Interm

i2 = 1i
Vlasers
Psil =
%Transf

PhiO=if
PhiO =

%Transf
Psi2 =
density
Interm
PsiOut

A = sqr
PsiOut

P2 = ab

(x,y,anglef);

’x Position [microns]’);
’y Position [microns]’);
Phase ’);

age

= 0;
1:movemax3);

= -5;
= 0;

= -5;

= 0;

= 2;

= 2;

= 2;

= -2;

= 0;

= 4;

= 0;

= -4;
1.2%E;

.8;

= Vmax*exp (-2*((X-x1t). 2+(Y-y1t)."2)/(dtild"2))*ticker/movemax3;
= Vmax*exp (-2*%((X-x2t). 2+(Y-y2t)."2)/(dtild"2))*ticker/movemax3;
= Vmax*exp (-2*((X-x3t) . 2+(Y-y3t)."2)/(dtild"2));

= Vmax*exp (-2*((X-x4t). 2+(Y-y4t)."2)/(dtild"2));

= Vmax*exp (-2*((X-x5t) . 2+(Y-y5t)."2)/(dtild"2));

= Vmax*exp (-2%((X-x6t). 2+(Y-y6t).~2)/(dtild"2));
= ticker + 1;
Evolution step in free space

= abs(PsiOut.*conj(PsiOut));
= gmax * density;

-damp1l;
= Vlaserl +Vlaser2+Vlaser3+Vlaser4+Vlaser5+Vlaser6;
PsiOut .*exp ((.5*(X."2+Y."2)+Interm + Vlasers).*t./i2/2);

orm to momentum space
ft2(Psil);
PhiO.*exp (.5.%(Nu. 2+Eta."2).*xt/i2);

orm back to free space
f£ft2(Phi0);

= abs(Psi2.*conj(Psi2));
= gmax *density;

= Psi2.*exp((.5*%(X."2+Y."2)+Interm+Vlasers).*t./i2/2);

t (sum(sum(abs (PsiOut).~2)))*dx;
= PsiOut/A;

s (PsiOut .*conj (PsilOut));
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subplot (1,2,1)

xlabel (’x Position [micromns]’);
ylabel (’y Position [microns]’);
title(’Density’)
imagesc(x,y,P2);

axis image

subplot (1,2,2)

anglef = (angle(PsiOut)).*((max(max(density))*.01)<=P2);
imagesc(x,y,anglef);

xlabel (’x Position [microns]’);
ylabel(’y Position [microns]’);
title (’Phase’);

axis image

drawnow

end

ticker = 0;
for(k =1:movemax6);

trot = ticker/movemax6;

x3t = 2
y3t = 2;
x4t = 2;
yé4t = -2;
x5t = 0
ybt = 4;
x6t = 0;
y6t = -4;

%P1

x1lt = -b+b*xtrot;
ylt = 4x*trot;

%P2
x2t = -5+b*trot;
y2t = -4xtrot;

Vmax = 1.2%E;

dtild = .8;

Vliaserl = Vmax*exp (-2*x((X-x1t). 2+(Y-yi1t).~2)/(dtild"2));
Vliaser2 = Vmaxx*exp (-2*((X-x2t). 2+(Y-y2t)."2)/(dtild"2));
Vlaser3 = Vmax*exp (-2*((X-x3t). 2+(Y-y3t)."2)/(dtild"2));
Vlaser4 = Vmax*exp (-2*((X-x4t). 2+(Y-y4t)."2)/(dtild"2));
Vlaser5 = Vmax*exp (-2*x((X-x5t). 2+(Y-y5t)."2)/(dtild"2));
Vlaser6 = Vmax*exp (-2*((X-x6t). 2+(Y-y6t)."~2)/(dtild"2));

ticker = ticker + 1;
%First Evolution step in free space
density = abs(PsiOut.*conj(PsilOut));

Interm = gmax * density;

i2 = 1li-damp2;
Vlasers = Vlaserl +Vlaser2+Vlaser3+Vlaser4+Vlaser5+Vlaser6;
Psil = PsiOut.*exp((.5*(X."2+Y."2)+Interm + Vlasers).*t./i2/2);

%Transform to momentum space

PhiO=ifft2(Psil);
PhiO = PhiO.*exp(.5.*(Nu. 2+Eta.”2).*t/i2);
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%#Transform back to free space

Psi2 = fft2(Phi0);

density = abs(Psi2.*conj(Psi2));
Interm = gmax *density;

PsiOut = Psi2.*exp ((.5%(X."2+Y."2)+Interm+Vlasers).*xt./i2/2);

A = sqrt(sum(sum(abs(PsiOut)."2)))*dx;
PsiOut = PsiOut/A;

P2 = abs(PsiOut.*conj(PsiOut));
p02 = abs(PsiO.*xconj(Psi0));

%Graphing Area

subplot (1,2,1)

xlabel (’x Position [micromns]’);
ylabel (’y Position [microns]’);
title(’Density’)
imagesc(x,y,P2);

axis image

subplot (1,2,2)

anglef = (angle(PsiOut)).*((max(max(density))*.01)<=P2);
imagesc(x,y,anglef);

xlabel (’x Position [microns]’);
ylabel(’y Position [microns]’);
title (’Phase’);

axis image

drawnow

end

A.5 Code for 3.3

%function [x] = (BECInit,sigx,g2D);
% Initial Parameters

%clear all

[BECInit ,sigx,g2D] = TwoDBECGenCorrect ();

N = length(sigx);
sigmax = 3.74E-6;
xmax = -2*min(sigx);

t = 1%x(2 x xmax~2)/(pi~2*%N"2);
dampl= 0.03;
damp2= 0.003;

%Movemax determines the number of loop iterations.
movemaxl = 1000;

movemax2 = 100;
movemax3 = 1000;
movemax4 = 1056;
movemax5 = 500;
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movemax6 = 600;
movemax7 = 200;

tmax = movemaxl * t;
gmax = g2D;
E = sqrt(g2D);

% X scaling.

dx = xmax/N;

nmid = floor (N/2);

vO0O = [0:N-1];

x = (v0 * dx) - (xmax/2);
y = x;

[X,Y] = meshgrid(x,y);

%k Scaling.

kmax = (2 * pi)/(dx);

dk = kmax/N;

p = find(v0 > nmid);

vp = vO;

vp(p) = (N - vO(p));

eta = vp * dk;

nu = eta;

[Eta,Nu]l = meshgrid(eta,nu);
%First transform from psi to phi
Psi0 = BECInit;

%Intial conitions before loop.
PsiOut = PsiO;

ticker = 0;

%STAGE 1: Stabilization of Ground state

for(k =1:movemaxl);

%First Evolution step in free space

density = abs(PsiOut.*conj(PsilOut));
Interm = gmax * density;

i2 = li-dampl;

Psil = PsiOut.*exp ((.5*%(X."2+Y. 2)+Interm).*t./i2/2);
%Transform to momentum space

PhiO=ifft2(Psil);

Phi0 = PhiO.*exp(.5.%(Nu. 2+Eta.”2).*t/i2);

%ticker = ticker + t/2;

%Transform back to free space

Psi2 = fft2(PhiO0);
density = abs(Psi2.*conj(Psi2));
Interm = gmax *density;

PsiOut = Psi2.*exp((.5*x(X."2+Y."2)+Interm).*t./i2/2);
%ticker = ticker + t/4;
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A = sqrt(sum(sum(abs(PsiOut)."2)))*dx;
PsiOut = PsiOut/A;

P2 = abs(PsiOut.*conj (PsiOut));
p02 = abs(PsiO.*conj(Psi0));
imagesc(x,y,P2);

axis image;

drawnow

end
%STAGE 3: Turn down Damping

dampticker = 0;
for(k =1:movemax2);

dampticker = dampticker + 1;
%First Evolution step in free space

density = abs(PsiOut.*conj(PsiOut));
Interm = gmax * density;

dampdown = .03 - ((.03-.003)/movemax2)*dampticker;
i2 = li-dampdown;
Psil = PsiOut.*exp ((.5*%(X."2+Y."2)+Interm).*t./i2/2);

%Transform to momentum space

PhiO=ifft2(Psil);
PhiO0 = PhiO.*exp(.5.*(Nu."2+Eta.”2).*t/i2);
%ticker = ticker + t/2;

%#Transform back to free space
%Psi2 = fftshift(ifft(fftshift (Phi0)));

Psi2 = fft2(Phi0);

density = abs(Psi2.*conj(Psi2));
Interm = gmax *density;

PsiOut = Psi2.*exp((.5*%(X."2+Y. 2)+Interm).*t./i2/2);

A = sqrt(sum(sum(abs(PsiOut)."2)))*dx;
PsiOut = PsiOut/A;

P2 = abs(PsilOut.*conj(PsiOut));

subplot (1,2,1)

imagesc(x,y,P2);

axis image

subplot (1,2,2)

anglef = (angle(PsiOut)).*((max(max(density))*.01)<=P2);
imagesc(x,y,anglef);

axis image

p02 = abs(PsiO.*conj(Psi0));

drawnow

end
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%Generation of third and fourth Laser

ticker = 0;
for(k =1:movemax5);

x3t = 2;
y3t 2;

Vmax = 1.2x%E;
dtild = .8;

Vlaser3 = Vmax*exp (-2*((X-x3t). 2+(Y-y3t)."2)/(dtild"2))*ticker/movemax5;
Vliasers = Vlaser3;

ticker = ticker + 1;

%First Evolution step in free space

density = abs(PsiOut.*conj(PsilOut));

Interm = gmax * density;

i2 = 1li-damp2;

Psil = PsiOut.*exp((.5%(X."2+Y."2)+Interm+Vlasers).*t./i2/2);
%Transform to momentum space

%Phi0 = fftshift(fft(fftshift(Psil)));

PhiO=ifft2(Psil);

PhiO = PhiO.*exp(.5.*(Nu."2+Eta."2).*t/i2);

%Transform back to free space

%Psi2 = fftshift(ifft (fftshift (Phi0)));

Psi2 = f£ft2(PhiO);

density = abs(Psi2.*conj(Psi2));

Interm = gmax *density;

PsiOut = Psi2.*exp((.5*%(X."2+Y. 2)+Interm+Vlasers).*t./i2/2);

A = sqrt(sum(sum(abs(PsiOut)."2)))*dx;
PsiOut = PsiOut/A;

P2 = abs(PsiOut.*conj(PsiOut));
p02 = abs(PsiO.*conj(Psi0));

subplot (1,2,1)

imagesc(x,y,P2);

axis image

subplot (1,2,2)

anglef = (angle(PsiOut)).*((max(max(density))*.01)<=P2);
imagesc(x,y,anglef);

axis image

drawnow
end

%STAGE 2: Generation of Laser
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ticker = 0;
for(k =1:movemax3);

x1lt = -5;
yit = 0;
x2t = -5;
y2t = 0;
x3t = 2;
y3t = 2;

Vmax = 1.2x%E;
dtild = .8;

Vlaserl = Vmax*exp (-2*x((X-x1t). 2+(Y-y1t)."2)/(dtild"2))*ticker/movemax3;
Vlaser2 = Vmaxx*exp (-2*((X-x2t). 2+(Y-y2t)."2)/(dtild"~2))*ticker/movemax3;
Vlaser3 = Vmax*exp (-2*((X-x3t). 2+(Y-y3t)."2)/(dtild"2));

ticker = ticker + 1;
%First Evolution step in free space

density = abs(PsiOut.*conj(PsiOut));
Interm = gmax * density;

i2 = li-dampl;
Psil = PsiOut.*exp((.5*%(X."2+Y."2)+Interm + Vlaserl +Vlaser2+Vlaser3).*t./i2/2);
%Transform to momentum space

%Phi0 = fftshift (fft(fftshift(Psil)));
PhiO=ifft2(Psil);
PhiO0 = PhiO.*exp(.5.*(Nu."2+Eta.”2).*t/i2);

%Transform back to free space

Psi2 = fft2(Phi0);

density = abs(Psi2.*conj(Psi2));
Interm = gmax *density;

PsiOut = Psi2.*exp((.5*%(X."2+Y. 2)+Interm+Vlaserl + Vlaser2+Vlaser3).*xt./i2/2);

A = sqgrt(sum(sum(abs(PsiOut)."2)))*dx;
PsiOut = PsiOut/A;

P2 = abs(PsiOut.*conj(PsiOut));

subplot (1,2,1);

imagesc(x,y,P2);

axis image

subplot (1,2,2);

anglef = (angle(PsiOut)).*((max(max(density))*.01)<=P2);
imagesc(x,y,anglef);

axis image

drawnow

end
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ticker = 0;

for(k =1:movemax4d);

trot = ticker/movemax4;

x3t = 2;

y3t = 2;

%P1

x1lt = -5+7xtrot;

ylt = 2xtrot;

%P2

x2t = -b+T7*trot;

y2t = -2xtrot;
Vmax = 1.2x%E;
dtild = .8;
Vlaserl = Vmax*exp (-2*((X-x1t). 2+(Y-yit).
Vlaser2 = Vmax*exp (-2*((X-x2t). 2+(Y-y2t).
Vlaser3 = Vmax*exp (-2*((X-x3t). 2+(Y-y3t).
ticker = ticker + 1;

%First Evolution step in free space

density = abs(PsiOut.*conj(PsilOut));
Interm = gmax * density;
i2 = li-damp2;

Psil = PsiOut.*exp((.5*%(X."2+Y. 2)+Interm
%Transform to momentum space

%Phi0 = fftshift(fft(fftshift (Psil)));
PhiO=ifft2(Psil);

Phi0 = PhiO.*exp(.5.*(Nu."2+Eta.”2).*t/i2)

%Transform back to free space

Psi2 = f£ft2(PhiO);

density = abs(Psi2.*conj(Psi2));
Interm = gmax *density;

PsiOut =

%ticker = ticker + t/4;

A = sqrt(sum(sum(abs(PsiOut)."2)))*dx;
PsiOut = PsiOut/A;

P2 = abs(PsiOut.*conj(PsiOut));

p02 = abs(PsiO.*conj(Psi0));
subplot (1,2,1);
imagesc(x,y,P2);

axis image

subplot (1,2,2);

~2)/(dtild"2));
~2)/(dtild"2));
~2)/(dtild"2));

+ Vlaserl +Vlaser2+Vlaser3).*xt./i2/2);

3>

Psi2.*xexp ((.5*%(X."2+Y."2)+Interm+Vlaserl + Vlaser2 + Vlaser3).*t./i2/2);
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anglef = (angle(PsiOut)).*((max(max(density))*.01)<=P2);
imagesc(x,y,anglef);

axis image

drawnow

end

ticker = 0;
for(k =1:movemax4d);

trot = ticker/movemax4;
x3t = 2;

y3t = 2;

%P1

xlt = 2;

yit = 2;

%P2

x2t = 2;

y2t = -2-9xtrot;

Vmax = 1.2x%E;

dtild = .8;

Vlaserl = Vmaxx*exp (-2*((X-x1t). 2+(Y-y1t). 2)/(dtild"2));
Vlaser2 = Vmax*exp (-2*((X-x2t). 2+(Y-y2t)."2)/(dtild"2));
Vlaser3 = Vmax*exp (-2*((X-x3t). 2+(Y-y3t)."2)/(dtild"2));
ticker = ticker + 1;

%First Evolution step in free space

density = abs(PsiOut.*conj(PsilOut));
Interm = gmax * density;

i2 = li-damp2;

Psil = PsiOut.*exp((.5*%(X."2+Y."2)+Interm + Vlaserl +Vlaser2+Vlaser3).*t./i2/2);
%Transform to momentum space

%Phi0 = fftshift(fft(fftshift(Psil)));

PhiO=ifft2(Psil);

Phi0 = PhiO.*exp(.5.*(Nu. 2+Eta.”2).*xt/i2);

%Transform back to free space

Psi2 = fft2(Phi0);

density = abs(Psi2.*conj(Psi2));

Interm = gmax *density;

PsiOut = Psi2.*exp((.5*%(X."2+Y."2)+Interm+Vlaserl + Vlaser2 + Vlaser3).*t./i2/2);

%ticker = ticker + t/4;

A = sqrt(sum(sum(abs(PsiOut)."2)))*dx;
PsiOut = PsiOut/A;
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P2 = abs(PsiOut.*conj(PsiOut));
p02 = abs(PsiO.*conj(Psi0));

subplot (1,2,1);
imagesc(x,y,P2);
axis image

subplot (1,2,2);

anglef = (angle(PsiOut)).*((max(max(density))*.01)<=P2);
imagesc(x,y,anglef);

axis image

drawnow

end

A.6 Code for 3.4

%function [x] = (BECInit,sigx,g2D);
% Initial Parameters

%clear all

[BECInit ,sigx,g2D] = TwoDBECGenCorrect ();

N = length(sigx);

sigmax = 3.74E-6;

xmax = -2*min(sigx);

%xmax = 40/1.1; %in scaled units
t = 1%(2 * xmax~2)/(pi~2*N"2);
dampl= 0.03;

damp2= 0.003;

%indexnum = [1:256];

%Movemax determines the number of loop iterations.
movemaxl = 1000;

movemax2 = 100;
movemax3 = 750;
movemax4 = 600;
movemax5 = 500;
movemax6 = 1250;
tmax = movemaxl * t;
gmax = g2D;

E = sqrt(g2D);

% X scaling.

dx = xmax/N;

nmid = floor (N/2);

vOo = [0:N-1];

x = (v0 * dx) - (xmax/2);
y = x5

[X,Y] = meshgrid(x,y);

%k Scaling.

kmax = (2 * pi)/(dx);
dk = kmax/N;

p = find(v0 > nmid);

vp = vO;

vp(p) = (N - vOo(p));

eta = vp * dk;

nu = eta;

[Eta,Nu]l = meshgrid(eta,nu);

%First transform from psi to phi
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Psi0 = BECInit;

%Intial conitions before loop.
PsiOut = PsiO;

%STAGE 1: Stabilization of Ground state

for(k =1:movemaxl);

%First Evolution step in free space

density = abs(PsiOut.*conj(PsiOut));
Interm = gmax * density;

i2 = li-dampl;
Psil = PsiOut.*exp ((.5%(X." 2+Y. 2)+Interm).*xt./1i2/2);
%Transform to momentum space

%Phi0 = fftshift(fft(fftshift(Psil)));
PhiO=ifft2(Psil);
Phi0 = PhiO.*exp(.5.*(Nu."2+Eta.”2).*t/i2);

%Transform back to free space
%Psi2 = fftshift(ifft(fftshift (Phi0)));

Psi2 = fft2(Phi0);

density = abs(Psi2.*conj(Psi2));
Interm = gmax *density;

PsiOut = Psi2.*exp((.5*%(X."2+Y. 2)+Interm).*t./i2/2);

A = sqgrt(sum(sum(abs(PsiOut)."2)))*dx;
PsiOut = PsiOut/A;

P2 = abs(PsilOut.*conj(PsiOut));

p02 = abs(PsiO.*conj(Psi0));
%Graphing Area

subplot (1,2,1)

xlabel (’x Position [micromns]’);
ylabel (’y Position [microns]’);
title (’Density’)
imagesc(x,y,P2);

axis image

subplot (1,2,2)

anglef = (angle(PsiOut)).*((max(max(density))*.01)<=P2);
imagesc(x,y,anglef);

xlabel (’x Position [micromns]’);
ylabel (’y Position [microns]’);
title(’Phase’);

axis image

drawnow
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end

%STAGE 3: Turn down Damping

dampticker = 0;
for(k =1:movemax2);

dampticker = dampticker + 1;
%First Evolution step in free space

density = abs(PsiOut.*conj (PsiOut));

Interm = gmax * density;
dampdown = .03 - ((.03-.003)/movemax2)*dampticker;
i2 = li-dampdown;

Psil = PsiOut.*exp((.5*(X."2+Y."2)+Interm).*t./i2/2);

%Transform to momentum space

PhiO=ifft2(Psil);
PhiO = PhiO.*exp(.5.*(Nu. 2+Eta."2).%t/i2);

%Transform back to free space

Psi2 = fft2(Phi0);

density = abs(Psi2.*conj(Psi2));
Interm = gmax *density;

PsiOut = Psi2.*exp((.5*(X."2+Y."2)+Interm).*t./i2/2);

A = sqrt(sum(sum(abs(PsiOut)."2)))*dx;
PsiOut = PsiOut/A;

P2 = abs(PsiOut.*conj(PsiOut));

%Graphing Area

subplot (1,2,1)

xlabel (’x Position [micromns]’);
ylabel (’y Position [microns]’);
title (’Density ’)
imagesc(x,y,P2);

axis image

subplot (1,2,2)

anglef = (angle(PsiOut)).*((max(max(density))*.01)<=P2);
imagesc(x,y,anglef);

xlabel (’x Position [micromns]’);
ylabel(’y Position [microns]’);
title(’Phase’);

axis image

drawnow

p02 = abs(PsiO.*conj(Psi0));
%plot (x,P2)

%drawnow

end
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%Generation of third and fourth Laser

ticker = 0;
for(k =1:movemax5);

x3t
y3t =
x4t

yat -3;

H

B

|
N W N

H

Vmaxs = 3.6%E;
dtilds = 1.4;

Vlaser3 = Vmaxs*exp (-2*x((X-x3t). 2+(Y-y3t)."2)/(dtilds"2))*ticker/movemax5;
Vlaser4 = Vmaxs*exp (-2*((X-x4t)."2+(Y-y4t)."2)/(dtilds"2))*ticker/movemax5;

ticker = ticker + 1;
%First Evolution step in free space

density = abs(PsiOut.*conj(PsiOut));
Interm = gmax * density;

i2 = li-damp2;

Psil = PsiOut.*exp((.5%(X."2+Y."2)+Interm+Vlaser3+Vlaser4).*t./i2/2);
%ticker = ticker + t/4;
%Transform to momentum space

%Phi0 = fftshift(fft(fftshift (Psil)));
PhiO=ifft2(Psil);

PhiO = PhiO.*exp(.5.*(Nu."2+Eta."2).*t/i2);
%ticker = ticker + t/2;

%#Transform back to free space
%Psi2 = fftshift(ifft(fftshift (Phi0)));

Psi2 = fft2(Phi0);

density = abs(Psi2.*conj(Psi2));
Interm = gmax *density;

PsiOut = Psi2.*exp((.5*x(X."2+Y."2)+Interm+Vlaser3+Vlaser4) .*t./i2/2);
%ticker = ticker + t/4;

A = sqrt(sum(sum(abs(PsiOut).~2)))*dx;
PsiOut = PsiOut/A;

P2 = abs(PsiOut.*conj(PsiOut));
p02 = abs(PsiO.*conj(Psi0));

%Graphing Area

subplot (1,2,1)

xlabel (’x Position [micromns]’);
ylabel (’y Position [microns]’);
title(’Density’)
imagesc(x,y,P2);

axis image

subplot (1,2,2)

anglef = (angle(PsiOut)).*((max(max(density))*.01)<=P2);
imagesc(x,y,anglef);

xlabel (’x Position [micromns]’);
ylabel (’y Position [microns]’);
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title (’Phase ’);
axis image
drawnow

drawnow
end

%Stage 4: Moving the beams.
for(m = 1:5)
%STAGE 2: Generation of Laser

ticker = 0;
for(k =1:movemax3);

x1lt = -5;
yit = 0;
x2t = -5;
y2t = 0;
x3t = 2;
y3t = 3;
x4t = 2;
y4t = -3;

Vmax = 1.2%E;
dtild = .8;

Vlaserl = Vmax*exp(-2*((X-x1t). 2+(Y-y1t)."2)/(dtild"2))*ticker/movemax3;
Vlaser2 = Vmax*exp (-2*x((X-x2t). 2+(Y-y2t)."2)/(dtild"2))*ticker/movemax3;
Vlaser3 = Vmaxs*exp (-2*((X-x3t). 2+(Y-y3t)."2)/(dtilds"2));

Vlaser4 = Vmaxs*exp (-2*x((X-x4t). 2+(Y-y4t)."2)/(dtilds"2));

ticker = ticker + 1;

%First Evolution step in free space

density = abs(PsiOut.*conj(PsiOut));

Interm = gmax * density;

i2 = li-dampl;

Vlasers = Vlaserl +Vlaser2+Vlaser3+Vlaser4d;
Psil = PsiOut.*exp((.5*%(X."2+Y. 2)+Interm + Vlasers).*t./i2/2);

%Transform to momentum space

%Phi0 = fftshift (fft(fftshift(Psil)));
PhiO=ifft2(Psil);

Phi0 = PhiO.*exp(.5.%(Nu. 2+Eta.”2).*t/i2);
%ticker = ticker + t/2;

%Transform back to free space

%Psi2 = fftshift (ifft (fftshift (Phi0)));
Psi2 = fft2(Phi0);

density = abs(Psi2.*conj(Psi2));

Interm = gmax *density;

PsiOut = Psi2.*exp((.5*(X."2+Y."2)+Interm+Vlasers).*t./i2/2);

%ticker = ticker + t/4;

A = sqrt(sum(sum(abs(PsiOut)."2)))*dx;
PsiOut = PsiOut/A;
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P2 = abs(PsilOut.*conj(PsiOut));
%Graphing Area

subplot (1,2,1)

xlabel (’x Position [micromns]’);
ylabel (’y Position [microns]’);
title(’Density’)
imagesc(x,y,P2);

axis image

subplot (1,2,2)

anglef = (angle(PsiOut)).*((max(max(density))*.01)<=P2);
imagesc(x,y,anglef);

xlabel (’x Position [micromns]’);
ylabel (’y Position [microns]’);
title (’Phase ’);

axis image

drawnow

drawnow
end

ticker = 0;
for(k =1:movemax4);

trot = ticker/movemax4;

x3t =
y3t =
x4t = ;
y4t = -3;

N W N

hP1

x1lt = -b+7*trot;
ylt = 3*trot;

%P2
x2t = -5+T7*trot;
y2t = -3*xtrot;

Vmax = 1.2%E;

dtild = .8;

Vliaserl = Vmax*exp (-2*x((X-x1t). 2+(Y-y1t). 2)/(dtild"2));
Vliaser2 = Vmaxx*exp (-2*((X-x2t). 2+(Y-y2t)."2)/(dtild"2));
Vlaser3 = Vmaxs*exp (-2*((X-x3t). 2+(Y-y3t)."2)/(dtilds"2));
Vlaser4 = Vmaxs*exp (-2*((X-x4t). 2+(Y-y4t)."2)/(dtilds"2));
Vlasers = Vlaserl +Vlaser2+Vlaser3+Vlaser4;

ticker = ticker + 1;

%First Evolution step in free space
density = abs(PsiOut.*conj(PsiOut));
Interm = gmax * density;

i2 = li-damp2;

Psil = PsiOut.*exp((.5%(X."2+Y."2)+Interm + Vlasers).*t./i2/2);




407
408
409
410
411
412
413
414
415
416
417
418
419
420
421
422
423
424
425
426
427
428
429
430
431
432
433
434
435
436
437
438
439
440
441
442
443
444
445
446
447
448
449
450
451
452
453
454
455
456
457
458

© 00~ Ut WN

76

%Transform to momentum space

PhiO=ifft2(Psil);
Phi0 = PhiO.*exp(.5.%(Nu. 2+Eta.”2).%t/i2);

%Transform back to free space

Psi2 = fft2(Phi0);

density = abs(Psi2.*conj(Psi2));
Interm = gmax *density;

PsiOut = Psi2.*exp((.5*%(X."2+Y. 2)+Interm+Vlasers).*t./i2/2);
%ticker = ticker + t/4;

A = sqgrt(sum(sum(abs(PsiOut)."2)))*dx;
PsiOut = PsiOut/A;

P2 = abs(PsilOut.*conj (PsiOut));
p02 = abs(PsiO.*conj(Psi0));

%Graphing Area

subplot(1,2,1)

xlabel (’x Position [micromns]’);
ylabel(’y Position [microns]’);
title (’Density’)
imagesc(x,y,P2);

axis image

subplot (1,2,2)

anglef = (angle(PsiOut)).*((max(max(density))*.01)<=P2);
imagesc(x,y,anglef);

xlabel (’x Position [micromns]’);
ylabel (’y Position [microns]’);
title(’Phase’);

axis image

drawnow

%plot (x,P2)
drawnow

end

end

A.7 Code for 3.5

%function [x] = (BECInit,sigx,g2D);
% Initial Parameters

%clear all

[BECInit ,sigx,g2D] = TwoDBECGenCorrect ();

N = length(sigx);
sigmax = 3.74E-6;
xmax = -2*min(sigx);
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%xmax = 40/1.1; %in scaled units
t = 1%x(2 x xmax"2)/(pi~2*N"2);
dampl= 0.03;

damp2= 0.003;

%indexnum = [1:256];

%Movemax determines the number of loop iterations.
movemaxl = 1000;

movemax2 = 100;
movemax3 = 1000;
movemax4 = 800;
movemaxb = 750;
movemax6 = 750;
movemax7 = 1000;
movemax8 = 1000;
tmax = movemaxl * t;
gmax = g2D;

E = sqrt(g2D);

% X scaling.

dx = xmax/N;

nmid = floor (N/2);

vO = [0:N-1];

x = (v0 * dx) - (xmax/2);
y = x5

[X,Y] = meshgrid(x,y);

%k Scaling.

kmax = (2 * pi)/(dx);
dk = kmax/N;

p = find(v0 > nmid);

vp = vO;

vp(p) = (N - vO(p));

eta = vp * dk;

nu = eta;

[Eta,Nu] = meshgrid(eta,nu);

%First transform from psi to phi

Psi0 = BECInit;

%#Intial conitions before loop.

PsiOut = PsiO;

ticker = 0;

%densityl = abs(PsiOut.*conj(PsiOut));

%STAGE 1: Stabilization of Ground state

for(k =1:movemaxl);

%First Evolution step in free space

density = abs(PsiOut.*conj(PsiOut));
Interm = gmax * density;

i2 = li-dampl;

Psil = PsiOut.*exp((.5*x(X."2+Y."2)+Interm).*t./i2/2);
%ticker = ticker + t/4;
%Transform to momentum space

%Phi0 = fftshift(fft(fftshift(Psil)));
PhiO=ifft2(Psil);

Phi0 = PhiO.*exp(.5.*(Nu.”2+Eta.”2).*t/i2);
%ticker = ticker + t/2;

%Transform back to free space




141
142
143
144
145
146
147
148
149
150
151
152
153
154

78

%Psi2 = fftshift(ifft(fftshift (Phi0)));

Psi2 = fft2(Phi0);

density = abs(Psi2.*conj(Psi2));
Interm = gmax *density;

PsiOut = Psi2.*exp((.5*%(X."2+Y. 2)+Interm).*t./i2/2);
%ticker = ticker + t/4;

A = sqrt(sum(sum(abs(PsiOut)."2)))*dx;
PsiOut = PsiOut/A;

P2 = abs(PsiOut.*conj(PsiOut));
%Con = sqrt(sum(P2).xdx);
%PsiOut = PsiOut/Con;

%P2 = abs(PsiOut.*conj(PsiOut));
p02 = abs(PsiO.*conj(Psi0));
imagesc(x,y,P2);

%plot (x,P2)

drawnow

end

%STAGE 3: Turn down Damping

dampticker = 0;
for(k =1:movemax2);

dampticker = dampticker + 1;
%First Evolution step in free space

density = abs(PsiOut.*conj(PsilOut));
Interm = gmax * density;

dampdown = .03 - ((.03-.003)/movemax2)*dampticker;
i2 = li-dampdown;
Psil = PsiOut.*exp ((.5*%(X."2+Y. 2)+Interm).*t./i2/2);

%ticker = ticker + t/4;
%Transform to momentum space

%Phi0 = fftshift (£ft(fftshift(Psil)));
PhiO=ifft2(Psil);

Phi0 = PhiO.*exp(.5.%(Nu. 2+Eta.”2).*t/i2);
%ticker = ticker + t/2;

%Transform back to free space

%Psi2 = fftshift (ifft(fftshift (Phi0)));
Psi2 = ££t2(Phi0);

density = abs(Psi2.*conj(Psi2));

Interm = gmax *density;

PsiOut = Psi2.*exp ((.5*x(X."2+Y."2)+Interm ).*xt./i2/2);
%ticker = ticker + t/4;
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A = sqrt(sum(sum(abs(PsiOut)."2)))*dx;
PsiOut = PsiOut/A;

P2 = abs(PsiOut.*conj (PsiOut));
%Con = sqrt(sum(P2).*dx);
%PsiOut = PsiOut/Con;

%P2 = abs(PsiOut.*conj (PsiOut));

subplot (2,1,1)
imagesc(x,y,P2);

subplot (2,1,2)
imagesc(x,y,angle(PsiOut));
%plot (x,P2)

p02 = abs(PsiO.*conj(Psi0));
%plot (x,P2)

%drawnow

end

%Generation of third Laser

ticker = 0;
for(k =1:movemax5b);

x3t = 0;
y3t 0;

Vmax = 1.2x%E;
dtild = 2;

Vlaser3 = Vmax*exp (-2*((X-x3t). 2+(Y-y3t)."2)/(dtild"2))*ticker/movemax5;
Vlasers = Vlaser3;

ticker = ticker + 1;

%First Evolution step in free space

density = abs(PsiOut.*conj(PsilOut));

Interm = gmax * density;

i2 = li-damp2;

Psil = PsiOut.*exp((.5%(X."2+Y."2)+Interm + Vlasers).*t./i2/2);
%ticker = ticker + t/4;

%Transform to momentum space

%Phi0 = fftshift (fft(fftshift(Psil)));

PhiO=ifft2(Psil);

Phi0 = PhiO.*exp(.5.%(Nu. 2+Eta.”2).*t/i2);

%ticker = ticker + t/2;

%Transform back to free space

%Psi2 = fftshift (ifft(fftshift (Phi0)));

Psi2 = fft2(Phi0);

density = abs(Psi2.*conj(Psi2));

Interm = gmax *density;

PsiOut = Psi2.*exp((.5*x(X."2+Y."2)+Interm+Vlasers).*xt./i2/2);
%ticker = ticker + t/4;
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A = sqrt(sum(sum(abs(PsiOut)."2)))*dx;
PsiOut = PsiOut/A;

P2 = abs(PsiOut.*conj (PsiOut));
%Con = sqrt(sum(P2).*dx);
%PsiOut = PsiOut/Con;

%P2 = abs(PsiOut.*conj (PsiOut));
p02 = abs(PsiO.*conj(Psi0));
%imagesc(x,y,P2);

%plot (x,P2)

subplot (2,1,1)
imagesc(x,y,P2);
subplot(2,1,2)
imagesc(x,y,angle (PsiOut));
%plot (x,P2)

drawnow
end

%Stage 4: Moving the beams.

for(m = 1:4)

movemax4 = 800*%(m==1)+834*(m==2)+(m==3)*915+(m==4)*950;
%STAGE 2: Generation of Laser

ticker = 0;
for(k =1:movemax3);

x1lt = -5;
yit = 0;
x2t = -5;
y2t = 0;
x3t = 0;
y3t = 0;

Vmax = 1.2x%E;

dtild = .8;

dtildc = 2;

Vlaserl = Vmax*exp (-2*x((X-x1t). 2+(Y-yi1t)."2)/(dtild"2))*ticker/movemax3;
Vlaser2 = Vmaxx*exp (-2*((X-x2t). 2+(Y-y2t)."2)/(dtild"2))*ticker/movemax3;
Vliaser3 = Vmax*exp (-2*x((X-x3t). 2+(Y-y3t)."2)/(dtildc"2));

ticker = ticker + 1;

Vlasers = Vlaserl +Vlaser2 + Vlaser3;
%First Evolution step in free space

density = abs(PsiOut.*conj(PsiOut));

Interm = gmax * density;

i2 = li-dampl;

Psil = PsiOut.*exp((.5*%(X."2+Y."2)+Interm + Vlasers).*t./i2/2);
%ticker = ticker + t/4;

%Transform to momentum space

%Phi0 = fftshift(fft(fftshift (Psil)));
PhiO=ifft2(Psil);

Phi0 = PhiO.*exp(.5.*(Nu."2+Eta.”2).*t/i2);

%ticker = ticker + t/2;

%#Transform back to free space
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%Psi2 =

£

ftshift (ifft (fftshift (Phi0)));

Psi2 = fft2(Phi0);

density
Interm =

PsiOut =
%ticker

abs (Psi2.*conj (Psi2));
gmax *density;

Psi2.*exp ((.5*%(X."2+Y. 2)+Interm+Vlasers).*t./i2/2);
ticker + t/4;

A = sqrt(sum(sum(abs(PsiOut)."2)))*dx;

PsiOut =

PsiOut/A;

P2 = abs(PsiOut.*conj(PsiOut));
%Con = sqrt(sum(P2).*dx);

%PsiOut = PsiOut/Con;
%P2 = abs(PsilOut.*conj(PsiOut));

subplot(2,1,1);
imagesc(x,y,P2);

subplot (2,1,2);
imagesc(x,y,angle(PsiOut));

drawnow
end

%Beam movement
ticker = 0;
for(k =1:movemax4);

trot = ticker/movemax4;

% wl = pi;
% w2 = pi/2;
%
% rl = -5 + bB*xtrot;
% r2 = -5 -10*trot;
%

x3t = 0;

y3t = 0;

%P1

x1lt = -b+b*trot;

ylt = -4xtrot;

%P2

x2t = (-5+5xtrot);
y2t = (4xtrot);

Vmax = 1.2%E;

dtild = .8;

Vlaserl = Vmax*exp (-2*x((X-x1t). 2+(Y-y1t)."2)/(dtild"2));
Vliaser2 = Vmax*exp (-2*x((X-x2t). 2+(Y-y2t)."2)/(dtild"2));
Vliaser3 = Vmaxx*exp (-2*((X-x3t). 2+(Y-y3t)."2)/(dtildc"2));
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Vlasers = Vlaserl + Vlaser2 + Vlaser3;
ticker = ticker + 1;

%First Evolution step in free space

density = abs(PsiOut.*conj(PsiOut));
Interm = gmax * density;

i2 = li-damp2;

Psil = PsiOut.*exp((.5*(X."2+Y."2)+Interm + Vlasers).*t./i2/2);
%ticker = ticker + t/4;

%Transform to momentum space

%Phi0 = fftshift (fft(fftshift(Psil)));
PhiO=ifft2(Psil);

PhiO = PhiO.*exp(.5.*(Nu. 2+Eta."2).*t/i2);
%ticker = ticker + t/2;

%Transform back to free space
%Psi2 = fftshift(ifft(fftshift (Phi0)));

Psi2 = f£ft2(Phi0);

density = abs(Psi2.*conj(Psi2));
Interm = gmax *density;

PsiOut = Psi2.*exp((.5%(X."2+Y. 2)+Interm+Vlasers).*xt./i2/2);
%ticker = ticker + t/4;

A = sqrt(sum(sum(abs(PsiOut)."2)))*dx;
PsiOut = PsiOut/A;

P2 = abs(PsiOut.*conj(PsiOut));
%Con = sqrt (sum(P2).*dx);
%PsiOut = PsiOut/Con;

%P2 = abs(PsiOut.*xconj(PsiOut));
p02 = abs(PsiO.*conj(Psi0));

subplot(2,1,1);
imagesc(x,y,P2);
subplot(2,1,2);
imagesc(x,y,angle (PsiOut));

%plot (x,P2)
drawnow
end

%Beam movement
ticker = 0;
for(k =1:movemax8);

trot = ticker/movemax8;
x3t = 0;
y3t = 0;
%P1
x1lt = 0;

yit = 4-4*trot;
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%P2
x2t = 10*trot;
y2t = -4;

Vmax = 1.2x%E;

dtild = .8;

Vlaserl = Vmaxx*exp (-2*((X-x1t). 2+(Y-y1t). 2)/(dtild"2));
Vlaser?2 Vmax*exp (-2* ((X-x2t) . 2+(Y-y2t)."2)/(dtild"2));
Vlaser3 = Vmax*exp (-2*((X-x3t). 2+(Y-y3t)."2)/(dtildc"2));

Vlasers = Vlaserl + Vlaser2 + Vlaser3;
ticker = ticker + 1;

%First Evolution step in free space

density = abs(PsiOut.*conj(PsiOut));
Interm = gmax * density;

i2 = li-damp2;

Psil = PsiOut.*exp((.5%(X. 2+Y."2)+Interm + Vlasers).*t./i2/2);
%ticker = ticker + t/4;

%Transform to momentum space

%Phi0 = fftshift (fft(fftshift(Psil)));
PhiO=ifft2(Psil);

Phi0 = PhiO.*exp(.5.*(Nu.”2+Eta.”2).*t/i2);
%ticker = ticker + t/2;

%Transform back to free space
%Psi2 = fftshift (ifft(fftshift (Phi0)));

Psi2 = f£ft2(Phi0);

density = abs(Psi2.*conj(Psi2));
Interm = gmax *density;

PsiOut = Psi2.*exp((.5*x(X."2+Y."2)+Interm+Vlasers).*t./i2/2);
%ticker = ticker + t/4;

A = sqrt(sum(sum(abs(PsiOut)."2)))*dx;
PsiOut = PsiOut/A;

P2 = abs(PsiOut.*conj(PsiOut));
%Con = sqrt(sum(P2).x*dx);
%PsiOut = PsiOut/Con;

%P2 = abs(PsiOut.*conj (PsilOut));
p02 = abs(PsiO.*conj(Psi0));

subplot (2,1,1);
imagesc(x,y,P2);
subplot(2,1,2);
imagesc(x,y,angle(PsiOut));

%plot (x,P2)
drawnow
end

%Beam Rampdown

ticker = 0;
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for(k =1:movemax3);

x1lt =
yit =
x2t =
y2t =
x3t =
y3t =

O O O O oo

B

Vmax = 1.2x%E;

dtild = .8;

Vlaserl = Vmax*exp (-2*%((X-x1t). 2+(Y-y1t)."2)/(dtild"2))*(1-ticker/movemax3);
Vlaser?2 Vmax*exp (-2* ((X-x2t) . 2+(Y-y2t)."2)/(dtild"2))*(1-ticker/movemax3);
Vlaser3 = Vmax*exp (-2%((X-x3t). 2+(Y-y3t)."2)/(dtildc"2));

ticker = ticker + 1;
Vliasers = Vlaserl +Vlaser2 + Vlaser3;
%First Evolution step in free space

density = abs(PsiOut.*conj(PsiOut));
Interm = gmax * density;

i2 = li-dampl;

Psil = PsiOut.*exp((.5*(X."2+Y."2)+Interm + Vlasers).*t./i2/2);
%ticker = ticker + t/4;
%Transform to momentum space

%Phi0 = fftshift(fft(fftshift (Psil)));
PhiO=ifft2(Psil);

PhiO = PhiO.*exp(.5.*(Nu."2+Eta."2).*t/i2);
%ticker = ticker + t/2;

%#Transform back to free space

%Psi2 = fftshift(ifft(fftshift (Phi0)));
Psi2 = ££ft2(Phi0);

density = abs(Psi2.*conj(Psi2));

Interm = gmax *density;

PsiOut = Psi2.*exp((.5*%(X."2+Y. 2)+Interm+Vlasers).*t./i2/2);
%ticker = ticker + t/4;

A = sqrt(sum(sum(abs(PsiOut).~2)))*dx;
PsiOut = PsiOut/A;

P2 = abs(PsiOut.*conj(PsiOut));
%Con = sqrt(sum(P2).*dx);
%PsiOut = PsiOut/Con;

%P2 = abs(PsiOut.*conj(PsiOut));

subplot(2,1,1);
imagesc(x,y,P2);

subplot (2,1,2);
imagesc(x,y,angle(PsiOut));

drawnow
end

end
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% Generation of the pop laser

ticker = 0;
for(k =1:movemax5);

x3t = 0;
y3t 0;

Vmax = 1.2%E;

Vmaxp = -2.4x%E;
dtild = .8;
dtildc = 2;

Vlaser3 = Vmax*exp (-2*x((X-x3t). 2+(Y-y3t)."2)/(dtildc"2));

Vlaserp = Vmaxp*exp (-2*((X-x3t). 2+(Y-y3t)."2)/(dtild"2))*ticker/movemax5b;

Vlasers = Vlaser3 +Vlaserp;
ticker = ticker + 1;
%First Evolution step in free space

density = abs(PsiOut.*conj(PsiOut));
Interm = gmax * density;

i2 = li-damp2;

Psil = PsiOut.*exp((.5*%(X."2+Y."2)+Interm + Vlasers).*t./i2/2);
%ticker = ticker + t/4;
%Transform to momentum space

%Phi0 = fftshift (fft(fftshift(Psil)));
PhiO=ifft2(Psil);

PhiO0 = PhiO.*exp(.5.*(Nu."2+Eta.”2).*t/i2);
%ticker = ticker + t/2;

%#Transform back to free space
%Psi2 = fftshift(ifft(fftshift (Phi0)));

Psi2 = fft2(Phi0);

density = abs(Psi2.*conj(Psi2));
Interm = gmax *density;

PsiOut = Psi2.*exp((.5%(X."2+Y."2)+Interm+Vlasers).*t./i2/2);
%ticker = ticker + t/4;

A = sqrt(sum(sum(abs(PsiOut)."2)))*dx;
PsiOut = PsiOut/A;

P2 = abs(PsiOut.*conj(PsiOut));
%Con = sqrt(sum(P2).*dx);
%PsiOut = PsiOut/Con;

%P2 = abs(PsiOut.*conj(PsilOut));
p02 = abs(PsiO.*conj(Psi0));
%imagesc(x,y,P2);

%plot (x,P2)

subplot (2,1,1)
imagesc(x,y,P2);

subplot (2,1,2)
imagesc(x,y,angle(PsiOut));
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%plot (x,P2)

drawnow
end

ticker = 0;
for(k =1:movemax7);

x3t = 0;
y3t 0;

Vmax = 1.2x%E;
dtild = .8;
dtildc = 2;

Vlaser3 = Vmax*exp (-2*x((X-x3t). 2+(Y-y3t)."2)/(dtildc"2));

Vlaserp = -Vmax*exp (-2*((X-x3t). 2+(Y-y3t)."2)/(dtild"2));
Vlasers = Vlaser3 +Vlaserp;
ticker = ticker + 1;

%First Evolution step in free space

density = abs(PsiOut.*conj(PsiOut));
Interm = gmax * density;

i2 = li-damp2;

Psil = PsiOut.*exp((.5*%(X."2+Y."2)+Interm + Vlasers).*t./i2/2);
%ticker = ticker + t/4;
%Transform to momentum space

%Phi0 = fftshift (fft(fftshift(Psil)));
PhiO=ifft2(Psil);

PhiO0 = PhiO.*exp(.5.*(Nu."2+Eta.”2).*t/i2);
%ticker = ticker + t/2;

%#Transform back to free space
%Psi2 = fftshift(ifft(fftshift (Phi0)));

Psi2 = fft2(Phi0);

density = abs(Psi2.*conj(Psi2));
Interm = gmax *density;

PsiOut = Psi2.*exp((.5%(X."2+Y."2)+Interm+Vlasers).*t./i2/2);
%ticker = ticker + t/4;

A = sqrt(sum(sum(abs(PsiOut)."2)))*dx;
PsiOut = PsiOut/A;

P2 = abs(PsiOut.*conj(PsiOut));
%Con = sqrt(sum(P2).*dx);
%PsiOut = PsiOut/Con;

%P2 = abs(PsiOut.*conj(PsilOut));
p02 = abs(PsiO.*conj(Psi0));
%imagesc(x,y,P2);

%plot (x,P2)

subplot (2,1,1)
imagesc(x,y,P2);

subplot (2,1,2)
imagesc(x,y,angle(PsiOut));




723 | %plot(x,P2)

724
725 | drawnow
726 | end
A.8 Code for 3.6
1 | %function [x] = (BECInit,sigx,g2D);
2
3 |% Initial Parameters
4
5 | clear all
6
7
8 | [BECInit ,sigx,g2D] = TwoDBECGenCorrect ();
9

10 [N = length(sigx);

11 | sigmax = 3.74E-6;

12 | xmax = -2*min(sigx);

13 | %xmax = 40/1.1; %in scaled units
14 |t = ( 2% xmax~2)/(pi~2*xN"2)

15 | dampl= 0.03;

16 | damp2= 0.003;

17 | %indexnum = [1:256];

19 | %Movemax determines the number of loop iterations.
20 | movemaxl = 1000;
21 |movemax2 = 100;
22 |movemax3 = 1000;
23 |movemax4 = 3500;
24 | movemax5 = 750;
25 | movemax6 = 1000;
26 | movemax7 = 8000;
27 |movemax8 = 4000;

30 | tmax = movemaxl * t;
31 | gmax = g2D;
32 |E = sqrt(g2D);

34 |% X scaling.

35 | dx = xmax/N;

36 |nmid = floor (N/2);

37 |vOo = [0:N-1];

38 |x = (v0 * dx) - (xmax/2);

39 |y = x;
40 | [X,Y] = meshgrid(x,y);
41

42 | %k Scaling.

43 |kmax = (2 * pi)/(dx);
44 | dk = kmax/N;

45 |p = find(vO0 > nmid);

46 |vp = vO0;

47 |vp(p) = (N - vO(p));

48 |eta = vp * dk;

49 |nu = eta;

51 | [Eta,Nu]l = meshgrid(eta,nu);

53 | %First transform from psi to phi
54 | Psi0 = BECInit;

56 | %Intial conitions before loop.
57 | PsiOut = PsiO;
58 | ticker = 0;

60 |%STAGE 1: Stabilization of Ground state
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for(k =1:movemaxl);
%First Evolution step in free space

density = abs(PsiOut.*conj(PsiOut));

Interm = gmax * density;

i2 = li-dampl;

Psil = PsiOut.*exp ((.5*%(X."2+Y. 2)+Interm).*t./i2/2);

%Transform to momentum space

%Phi0 = fftshift (fft(fftshift(Psil)));
PhiO=ifft2(Psil);
Phi0 = PhiO.*exp(.5.*%(Nu."2+Eta.”2).*t/i2);

%Transform back to free space

Psi2 = f£ft2(PhiO);

density = abs(Psi2.*conj(Psi2));

Interm = gmax *density;

PsiOut = Psi2.*exp((.5*x(X."2+Y."2)+Interm).*t./i2/2);
A = sqrt(sum(sum(abs(PsiOut)."2)))*dx;

PsiOut = PsiOut/A;

P2 = abs(PsiOut.*conj(PsiOut));

p02 = abs(PsiO.*conj(Psi0));

%Graphing Area

subplot (1,2,1)

xlabel (’x Position [micromns]’);
ylabel (’y Position [microns]’);
title(’Density’)
imagesc(x,y,P2);

axis image

subplot (1,2,2)

anglef = (angle(PsiOut)).*((max(max(density))*.01)<=P2);
imagesc(x,y,anglef);

xlabel (’x Position [micromns]’);
ylabel (’y Position [microns]’);
title (’Phase ’);

axis image

drawnow

end

%STAGE 3: Turn down Damping

dampticker = 0;
for(k =1:movemax2);

dampticker = dampticker + 1;
%First Evolution step in free space

density = abs(PsiOut.*conj(PsiOut));

Interm = gmax * density;
dampdown = .03 - ((.03-.003)/movemax2)*dampticker;
i2 = li-dampdown;

Psil = PsiOut.*exp ((.5%(X."2+Y."2)+Interm).*xt./1i2/2);
%Transform to momentum space

PhiO=ifft2(Psil);
PhiO = PhiO.*exp(.5.*(Nu. 2+Eta."2).%t/i2);

%Transform back to free space
Psi2 = f£ft2(Phi0);

density = abs(Psi2.*conj(Psi2));
Interm = gmax *density;
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PsiOut = Psi2.*exp((.5*%(X."2+Y. 2)+Interm).*t./i2/2);
A = sqrt(sum(sum(abs (PsiOut)."~2)))*dx;

PsiOut = PsiOut/A;

P2 = abs(PsilOut.*conj(PsiOut));

%Graphing Area

subplot (1,2,1)

xlabel(’x Position [microns]’);
ylabel(’y Position [microns]’);
title (’Density’)
imagesc(x,y,P2);

axis image

subplot (1,2,2)

anglef = (angle(PsiOut)).*((max(max(density))*.01)<=P2);
imagesc(x,y,anglef);

xlabel (’x Position [micromns]’);
ylabel (’y Position [microns]’);
title(’Phase’);

axis image

drawnow

p02 = abs(PsiO.*conj(Psi0));

end

Tl h Tl ol bt ool o o to oo oo o o %o LASER  WORK LAt te oo e toto oo to to oo T to to o T T 9o o o o Yo s s e
Vholder = O0;

%Generation of the lasers
i=1;

ticker = 0;

for(k =1:movemax5);

x1lt = -5;
yit = 0;

x2t = -5;
y2t = 0;

Wsitex =
Wsitey =
wdtild

non o
N 00 O

BRRADARRRR D% %D h%%h%% Pinning Lasers hhhhhhhhhhhhhhhhhhhhhhhhhhh%%n %% %% b

xposit= (i ==1)#6+(i ==2)*3+(i ==3)*3+(i ==4)*3+(i ==5)*1+(i ==6)*1+(i ==7)*1+
yposit= (i ==1)*0+(i ==2)*3+(i ==3)*(-3)+(i ==4)*(0)+(i ==5)*(-5)+(i ==6)*(-2)1

xt(i)= xposit;
yt (i) =yposit;

Vmax = 3*E;
dtild = .8;

Vlaserl = Vmaxxexp (-2*((X-x1t). 2+(Y-yi1t). 2)/(dtild"2))*ticker/movemax5;

Vliaser2 = Vmaxx*exp (-2*x((X-x2t). 2+(Y-y2t)."2)/(dtild"2))*ticker/movemax5;

Vlaser (:,:,i) = Vmax*exp (-2*((X-xt(i)). 2+(Y-yt(i)). 2)/(dtild"2))*ticker/movemax5
Vwaste = 2xVmax*exp (-2*((X-Wsitex). 2+(Y-Wsitey)."2)/(Wdtild~"2))*ticker/movemax5;

Vlasers = Vlaserl + Vlaser2+ Vlaser(:,:,i)+Vholder+Vwaste;
ticker = ticker + 1;

%First Evolution step in free space

i
t(i

8

I*x(=1)+(
7)*(2)+(
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density = abs(PsiOut.*conj (PsiOut));
Interm = gmax * density;

i2 = li-damp2;
Psil = PsiOut.*exp((.5*x(X."2+Y."2)+Interm+Vlasers).*t./i2/2);

%Transform to momentum space

PhiO=ifft2(Psil);
Phi0 = PhiO.*exp(.5.*(Nu."2+Eta.”2).*t/i2);

%Transform back to free space

Psi2 = f£ft2(Phi0);

density = abs(Psi2.*conj(Psi2));

Interm = gmax *density;

PsiOut = Psi2.*exp((.5%(X."2+Y."2)+Interm+Vlasers).*xt./i2/2);
A = sqrt(sum(sum(abs(PsiOut)."~2)))*dx;

PsiOut = PsiOut/A;

P2 = abs(PsiOut.*conj(PsiOut));

p02 = abs(PsiO.*conj(Psi0));

%Graphing Area

subplot (1,2,1)

xlabel (’x Position [micromns]’);
ylabel (’y Position [microns]’);
title(’Density’)
imagesc(x,y,P2);

axis image

subplot (1,2,2)

anglef = (angle(PsiOut)).*((max(max(density))*.01)<=P2);
imagesc(x,y,anglef);

xlabel (’x Position [microns]’);
ylabel(’y Position [microns]’);
title (’Phase’);

axis image

drawnow

end

Vholder = Vlaser(:,:,i) + Vholder +Vwaste;
for(i=1:7)

%Beam Movement 1

ticker = 0;

for(k =1:movemax4);

trot = ticker/movemax4;

xposit= (i ==1)#6+(i ==2)*3+(i ==3)*3+(i ==4)*3+(i ==5)*1+(i ==6)*1+(i ==7)*1+
yposit= (i ==1)*0+(i ==2)*3+(i ==3)*(-3)+(i ==4)*(0)+(i ==5)*(-5)+(i ==6)*(-2)1

x1t = -b+(5+xposit)*(trot). (1/2);
yit = O+yposit*(trot). (1/2);

%P2

x2t = -5+5xtrot."~(5/10);
y2t = 7*xtrot. (5/10);

Vmax = 3*E;
dtild = .8;
Vlaserl = Vmaxx*exp (-2*((X-x1t). 2+(Y-y1t). 2)/(dtild"2));
Vlaser2 = Vmax*exp (-2*((X-x2t). 2+(Y-y2t)."2)/(dtild"2));

Vlasers = Vlaserl1+Vlaser2+Vholder;
ticker = ticker + 1;

%First Evolution step in free space

i
t(i

8

I)*(-1);
7)*(2)+(
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density = abs(PsiOut.*conj (PsiOut));
Interm = gmax * density;

i2 = li-damp2;
Psil = PsiOut.*exp((.5*%(X."2+Y."2)+Interm + Vlasers).*t./i2/2);

%Transform to momentum space

PhiO=ifft2(Psil);
Phi0 = PhiO.*exp(.5.*(Nu."2+Eta.”2).*t/i2);

%Transform back to free space

Psi2 = f£ft2(Phi0);

density = abs(Psi2.*conj(Psi2));

Interm = gmax *density;

PsiOut = Psi2.*exp((.5%(X."2+Y."2)+Interm+Vlasers).*xt./i2/2);
A = sqrt(sum(sum(abs(PsiOut)."~2)))*dx;

PsiOut = PsiOut/A;

P2 = abs(PsiOut.*conj(PsiOut));

p02 = abs(PsiO.*conj(Psi0));

%Graphing Area

subplot (1,2,1)

xlabel(’x Position [microns]’);
ylabel(’y Position [microns]’);
title(’Density’)
imagesc(x,y,P2);

axis image

subplot (1,2,2)

anglef = (angle(PsiOut)).*((max(max(density))*.01)<=P2);
imagesc(x,y,anglef);

xlabel (’x Position [micromns]’);
ylabel (’y Position [microns]’);
title (’Phase’);

axis image

drawnow

end

%BEAM TRANSFER 1

ticker = 0;

for(k =1:movemax5);
xposit= (i ==1)*6+(i ==2)*3+(i ==3)*3+(i ==4)*3+(i ==5)*1+(i
yposit= (i ==1)*0+(i ==2)*3+(i ==3)*(-3)+(i ==4)*(0)+(i ==5)

xpositu= (i ==1)#*3+(i ==2)*3+(1i ==3)*3+(i ==4)*1+(i ==5)*1+(
ypositu= (i ==1)#*3+(1i ==2)*(-3)+(i ==3)*(0)+(i ==4)*(-5)+(i

x1lt = -5;
yit = 0;
x2t = -5;
y2t = 0;

xt (i) = xposit;
yt(i)= yposit;

xt(i+1) = xpositu;
yt(i+1)= ypositu;

Vmax = 3*E;
dtild = .8;
downer = (1-ticker/movemax5);

==6)*1+(i ==
*(-5)+ (i ==6)*(-2)

i ==6)x*1;
==5)*(-2)+(i

T)*x1+

==6)*

i
r(i

2);

8

Yx(-1);
7)*(2)+(
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345
346
347 | %Laser Turn ons

348 | Vlaserl = Vmax*exp (-2*x((X-x1t). 2+(Y-y1t)."2)/(dtild"2))*ticker/movemax5;
349 | Vlaser2 = Vmax*exp(-2*((X-x2t). 2+(Y-y2t)."2)/(dtild"2))*ticker/movemax5;
350 |Vlaser(:,:,i+1) = Vmax*exp (-2*x((X-xt(i+1)). " 2+(Y-yt(i+1))."2)/(dtild"2))*ticker/moyemax5;
351
352 | %Laser Turn offs
353
354 | Vholder1l =Vmax*exp (-2*x((X-xt(i)). 2+(Y-yt(i))."2)/(dtild"2))*downer;
355 | Vlasers = Vlaserl + Vlaser2+ Vlaser(:,:,i+1)+Vholder+Vholderil;

356 | ticker = ticker + 1;

357

358 | %First Evolution step in free space
359

360 | density = abs(PsiOut.*conj(PsiOut));
361 | Interm = gmax * density;

362 | i2 = 1i-damp2;

363 |Psil = PsiOut.*exp((.5*(X."2+Y."2)+Interm+Vlasers).*xt./i2/2);
364
365 | %Transform to momentum space
366
367 | PhiO=ifft2(Psil);

368 |PhiO = PhiO.*exp(.5.*(Nu. 2+Eta."2).*xt/i2);
369
370 | %Transform back to free space
371
372 |Psi2 = fft2(Phi0);

373 | density = abs(Psi2.*conj(Psi2));

374 | Interm = gmax *density;

375 | PsiOut = Psi2.*exp((.5*(X."2+Y."2)+Interm+Vlasers).*t./i2/2);
376 |A = sqrt(sum(sum(abs(PsiOut)."2)))*dx;

377 | PsiOut = PsiOut/A;

378 | P2 = abs(PsiOut.*conj(PsiOut));

379 | p02 = abs(PsiO.*conj(Psi0));

380
381 | %#Graphing Area
382
383 | subplot(1,2,1)

384 | xlabel(’x Position [microns]’);

385 | ylabel(’y Position [microns]’);

386 | title(’Density’)

387 | imagesc(x,y,P2);

388 | axis image

389 | subplot(1,2,2)

390 | anglef = (angle(PsiOut)).*((max(max(density))*.01)<=P2);
391 | imagesc(x,y,anglef);

392 | xlabel(’x Position [microns]’);

393 | ylabel(’y Position [microns]’);

394 |title(’Phase’);

395 | axis image

396 | drawnow

397
398 | end
399
400 | Vholder = Vlaser(:,:,i+1)+Vholder;
401 |movemax4 = (i ==1)#*2500+(i ==2)*3000+(i ==3)*2500+(i ==4)%2250+(i ==5)*2000+(i ==6)*1500+(i ==7)
402 | end

403 | ticker = 0;

404 | for(k =1:movemax8);
405
406
407 | ticker = ticker + 1;
408
409 | %First Evolution step in free space
410
411 |density = abs(PsiOut.*conj(PsiOut));

412 | Interm = gmax * density;

413 |i2 = 1i-damp2;

414 |Psil = PsiOut.*exp((.5%(X."2+Y. 2)+Interm+Vlasers).*xt./i2/2);
415
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%Transform to momentum space

PhiO=ifft2(Psil);
PhiO = PhiO.*exp(.5.*(Nu."2+Eta."2).*t/i2);

%Transform back to free space

Psi2 = f£ft2(Phi0);

density = abs(Psi2.*conj(Psi2));

Interm = gmax *density;

PsiOut = Psi2.*exp((.5*(X."2+Y."2)+Interm+Vlasers).*t./i2/2);
A = sqrt(sum(sum(abs(PsiOut)."~2)))*dx;

PsiOut = PsiOut/A;

P2 = abs(PsiOut.*conj(PsiOut));

p02 = abs(PsiO.*conj(Psi0));

%Graphing Area

subplot (1,2,1)

xlabel (’x Position [micromns]’);
ylabel (’y Position [microns]’);
title(’Density’)
imagesc(x,y,P2);

axis image

subplot (1,2,2)

anglef = (angle(PsiOut)).*((max(max(density))*.01)<=P2);
imagesc(x,y,anglef);

xlabel (’x Position [microns]’);
ylabel(’y Position [microns]’);
title(’Phase’);

axis image

drawnow

end
ticker = 0;

for(k =1:movemax7);

Vholderd = Vholder*(l-ticker/movemax7);

Vmax = 3%*E;
dtild = .8;
downer = (l1-ticker/movemax5);

%Laser Turn ons

Vlasers =Vholderd;
ticker = ticker + 1;

%First Evolution step in free space

density = abs(PsiOut.*conj(PsilOut));

Interm = gmax * density;

i2 = li-damp2;

Psil = PsiOut.*exp ((.5%(X."2+Y."2)+Interm+Vlasers).*xt./i2/2);

%Transform to momentum space

PhiO=ifft2(Psil);
Phi0 = PhiO.*exp(.5.%(Nu. 2+Eta.”2).*t/i2);

%#Transform back to free space

Psi2 = fft2(Phi0);

density = abs(Psi2.*conj(Psi2));

Interm = gmax *density;

PsiOut = Psi2.*exp((.5*%(X."2+Y. 2)+Interm+Vlasers).*t./i2/2);
A = sqrt(sum(sum(abs(PsiOut)."~2)))*dx;

PsiOut = PsiOut/A;
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P2 = abs(PsiOut.*conj(PsiOut));
p02 = abs(PsiO.*conj(Psi0));

%Graphing Area

subplot (1,2,1)

xlabel(’x Position [micromns]’);
ylabel (’y Position [microns]’);
title (’Density ’)
imagesc(x,y,P2);

axis image

subplot (1,2,2)

anglef = (angle(PsiOut)).*((max(max(density))*.01)<=P2);
imagesc(x,y,anglef);

xlabel (’x Position [micromns]’);
ylabel (’y Position [microns]’);
title(’Phase’);

axis image

drawnow

end

A.9 Code for 3.7

%function [x] = (BECInit,sigx,g2D);
% Initial Parameters

clear all

[BECInit ,sigx,g2D] = TwoDBECGenCorrect ();

N = length(sigx);

sigmax = 3.74E-6;

xmax = -2*min(sigx);

%xmax = 40/1.1; %in scaled units
t = 1%(2 * xmax~2)/(pi~2*N"2);
dampl= 0.03;

damp2= 0.003;

%indexnum = [1:256];

%Movemax determines the number of loop iterations.
movemaxl = 1000;

movemax2 = 100;
movemax3 = 1000;
movemax4 = 2000;
movemaxb = 750;
movemax6 = 1000;
movemax7 = 800;

tmax = movemaxl * t;
gmax = g2D;

E = sqrt(g2D);

% X scaling.

dx = xmax/N;

nmid = floor (N/2);

vOo = [0:N-1];

x = (v0O * dx) - (xmax/2);
y = x;

[X,Y] = meshgrid(x,y);

%k Scaling.
kmax = (2 * pi)/(dx);




95

dk =
p =
vp =
vp (p
eta
nu =

[Eta
%Fir
PsioO

%Int

kmax/N;

find(v0 > nmid);
vO;

) = (N - vO(p));
= vp * dk;

eta;

,Nu]l] = meshgrid(eta,nu);
st transform from psi to phi
= BECInit;

ial conitions before loop.

PsiOut = PsiO;

tick
%den

angl
numc
radi
angl
xcir
ycir
for (
angl

xcir
ycir

end

hhhh

for (

%Fir

dens
Inte
i2 =
Psi1l

er = 0;

sityl = abs(PsiOut.*conj(PsiOut));
epos (1) = 0;

irc = 6;

al = 6;

eplus = 2%pi/numcirc;

cpos (1) = radialx*cos(anglepos (1));
cpos (1) = radial*sin(anglepos (1));

i =2:numcirc);

epos (i) = anglepos(i-1) + angleplus;

radial*cos (anglepos (i));
radial*sin(anglepos (i));

cpos (i)
cpos (i)

hhhhhhhhhhhhh%STAGE 1: Stabilization of Ground statehhUhhhhhhhhhhhhhh%hsh

k =1:movemaxl);

st Evolution step in free space

ity = abs(PsiOut.*conj(PsiOut));

rm = gmax * density;
li-dampl;
= PsiOut.*exp((.5*x(X."2+Y."2)+Interm) .*t./i2/2);

%Transform to momentum space

PhiO
PhioO

=ifft2(Psil);
= PhiO.*exp(.5.*x(Nu. 2+Eta."2).*xt/i2);

%Transform back to free space

Psi2

dens
Inte

= f£ft2(Phi0);

ity = abs(Psi2.*conj(Psi2));
rm = gmax *density;

PsiOut = Psi2.*exp((.5*(X."2+Y."2)+Interm).*t./i2/2);

A =

sqrt (sum(sum(abs (PsiOut)."~2)))*dx;

PsiOut = PsiOut/A;

P2 =

%Gra

abs (PsiOut .*conj (PsiOut));

phing Area
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subplot(1,2,1)

xlabel(’x Position [microns]’);
ylabel(’y Position [microns]’);
title(’Density’)
imagesc(x,y,P2);

axis image

subplot (1,2,2)

anglef = (angle(PsiOut)).*((max(max(density))*.01)<=P2);
imagesc(x,y,anglef);

xlabel (’x Position [micromns]’);
ylabel (’y Position [microns]’);
title (’Phase’);

axis image

drawnow

end
%STAGE 3: Turn down Damping

dampticker = 0;
for(k =1:movemax2);

dampticker = dampticker + 1;
%First Evolution step in free space

density = abs(PsiOut.*conj(PsiOut));

Interm = gmax * density;
dampdown = .03 - ((.03-.003)/movemax2)*dampticker;
i2 = li-dampdown;

Psil = PsiOut.*exp((.5*%(X."2+Y. 2)+Interm).*t./i2/2);
%Transform to momentum space

PhiO=ifft2(Psil);
PhiO = PhiO.*exp(.5.*(Nu. 2+Eta."2).%t/i2);

%Transform back to free space

Psi2 = f££t2(Phi0);

density = abs(Psi2.*conj(Psi2));

Interm = gmax *density;

PsiOut = Psi2.*exp((.5%(X."2+Y. 2)+Interm).*xt./i2/2);
A = sqrt(sum(sum(abs(PsiOut)."2)))*dx;

PsiOut = PsiOut/A;

P2 = abs(PsilOut.*conj(PsiOut));

%Graphing Area

subplot (1,2,1)

xlabel (’x Position [micromns]’);
ylabel (’y Position [microns]’);
title(’Density’)
imagesc(x,y,P2);

axis image

subplot (1,2,2)

anglef = (angle(PsiOut)).*((max(max(density))*.01)<=P2);
imagesc(x,y,anglef);

xlabel (’x Position [micromns]’);
ylabel (’y Position [microns]’);
title (’Phase ’);

axis image

drawnow

end
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Tt ot b oo to oo to to te % e %% LASER  WORK %ot o hth oo oo to to e oo o o o to o T s o o o o %o o e s s o s

%Generation of the lasers
Vlasers = 0;

ticker = 0;

Vlasersh = 0;

Vmax = 1.2x%E;
dtild = .8;
dtildc = 1.5;

%Generates initial positions
for(p =1:numcirc);

Vlaser (:,:,p) = Vmax*exp(-2*((X-xcircpos(p)). 2+(Y-ycircpos(p)). 2)/(dtild"2));
Vlaser2(:,:,p) = Vmax*exp(-2*x((X-xcircpos(p)). 2+(Y-ycircpos(p))."2)/(dtild"2));
Vlasersh = Vlasersh + Vlaser(:,:,p)+Vlaser2(:,:,p);

end

Vlasercent = Vmax*exp (-2*x((X-0).72+(Y-0).72)/(dtildc"2));
Vlasersh = Vlasersh + Vlasercent;

%Turning on beams

for(k =1:movemax5);

Vlasers = Vlasersh*ticker/movemax5b;
ticker = ticker + 1;

%First Evolution step in free space

density = abs(PsiOut.*conj(PsiOut));

Interm = gmax * density;

i2 = 1li-damp2;

Psil = PsiOut.*exp((.5*%(X."2+Y. 2)+Interm+Vlasers).*t./i2/2);

%Transform to momentum space

PhiO=ifft2(Psil);
PhiO = PhiO.*exp(.5.*(Nu. 2+Eta."2).%t/i2);

%Transform back to free space

Psi2 = f££ft2(Phi0);

density = abs(Psi2.*conj(Psi2));

Interm = gmax *density;

PsiOut = Psi2.*exp((.5%(X."2+Y."2)+Interm+Vlasers) .*xt./i2/2);
A = sqrt(sum(sum(abs(PsiOut)."2)))*dx;

PsiOut = PsiOut/A;

P2 = abs(PsiOut.*conj(PsiOut));
p02 = abs(PsiO.*xconj(Psi0));

%Graphing Area

subplot (1,2,1)

xlabel (’x Position [micromns]’);
ylabel (’y Position [microns]’);
title(’Density’)
imagesc(x,y,P2);

axis image

subplot (1,2,2)

anglef = (angle(PsiOut)).*((max(max(density))*.01)<=P2);
imagesc(x,y,anglef);

xlabel (’x Position [microns]’);
ylabel(’y Position [microns]’);
title (’Phase’);

axis image

drawnow

end
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%Beam Movement 1

ticker = 0;
Vlasers = 0;

for(k =1:movemax4);

rotinc = pi/movemax4;

radec = radial/movemax4;
trot = ticker/movemax4;
downer = 1-trot

Vmax = 1.2x%E;
dtild = .8;
dtildc = 1.5;

%Creates time updated positions

for(i =1:numcirc);

anglepos (i) = anglepos (i) +rotinc;
xcircpos (i) = radial*cos(anglepos(i));
ycircpos (i) = radial*sin(anglepos(i));

Vliaser (:,:,i) = Vmax*exp (-2*((X-xcircpos(i)). 2+(Y-ycircpos(i))."2)/(dtild"2))

xcircpos2 (i) (downer*radial)*cos (anglepos(i));
ycircpos2 (i) (downer*radial)*sin(anglepos(i));
Vlaser2(:,:,i) = Vmax*exp(-2*((X-xcircpos2(i)). "2+(Y-ycircpos2(i))."2)/(dtild "]

end
Vlasercent = Vmax*exp (-2*x((X-0).72+(Y-0)."2)/(dtildc"2));
Vlasers = sum(Vlaser ,3)+sum(Vlaser2,3)+Vlasercent;

ticker = ticker + 1;
%First Evolution step in free space

density = abs(PsiOut.*conj(PsilOut));

Interm = gmax * density;

i2 = li-damp2;

Psil = PsiOut.*exp((.5*%(X."2+Y."2)+Interm + Vlasers).*t./i2/2);

%Transform to momentum space

PhiO=ifft2(Psil);
PhiO = PhiO.*exp(.5.*(Nu."2+Eta."2).%*t/i2);

%#Transform back to free space

Psi2 = £ft2(Phi0);

density = abs(Psi2.*conj(Psi2));

Interm = gmax *density;

PsiOut = Psi2.*exp((.5%(X."2+Y. 2)+Interm+Vlasers).*xt./i2/2);
A = sqrt(sum(sum(abs(PsiOut)."2)))*dx;

PsiOut = PsiOut/A;

P2 = abs(PsiOut.*conj(PsiOut));

p02 = abs(PsiO.*conj(Psi0));

%Graphing Area

subplot (1,2,1)

xlabel (’x Position [micromns]’);
ylabel(’y Position [microns]’);
title (’Density ’)
imagesc(x,y,P2);

axis image

2)) ;
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subplot (1,2,2)

anglef = (angle(PsiOut)).*((max(max(density))*.01)<=P2);
imagesc(x,y,anglef);

xlabel (’x Position [micromns]’);

ylabel (’y Position [microns]’);

title (’Phase’);

axis image

drawnow

end
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