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- ABSTRACT

The effect of optical aberrations on imaées fdrmed by synthetic
aperture optical systems is deséribed in terms of the pupil function,
the point spread function, and the transfer function. The synﬁhetic ap?
erture system cdnsidefed is an array of six circular'pupil elements po-
sifiohed at equal intervals on a circle. The ratio of the synthesized
.pupil diameter to the diameter of each element is four. Six aberration .
forms--piston error (a constant phase shift across the pupil), tilt, de-
focus, spherical aberration, coma; and-astigmatism——were'introduced
independently and in combinations into one pupil element of the array.
In addition, system defocus, which affects all elements of the array,
was introduced.

| The abérrétéd pupil function was characterized by analytical ex-.

pressions for thé wavefront variance. The‘irradiance distribution of
the point spread function, -as well as the contrast and detail present in
images of extended objects, was studied. The transfer function was cal-
culated by computer for the case of small abérrations. For large aber--
fétions thé transfer function was determined experimentally by scanning:
the point spread function of a simulated synthetic aperture system, in
' which aberrationswﬁere introduéed with an aberration generator.

| It was found that piston error is the most sensitive aberration‘
and has a pronounced effect when its magnitude is’ 0.25A. For a magni--
tude of O.1X, piston error has a negligible effect. The synthetic aper-
ture image.is about equally sensitive. to tilt, element defocus, and

xiid



_xiv
system defocus. These aberrations do not produce a significant effect
until their magnitudes are in the range of 0.25X to 0.5A. Spherical
aberration, coma, and astigmatism are thé least sensitive aberrations

and are not significant until their magnitudes are nearly 1.0,



CHAPTER 1
INTRODUCTION

Interest in applying synthetic aperture techhiques to the opti- -
calvregion of the sﬁeétrﬁm-was stimulated by the Woods Hole Summer Study
4 Program in 1967 (National Academy of Sciences, 1967). A 1argé portion
of this. interest has been focused on applying_dilute aperture.techniqﬁes
to the design of multiﬁlg apertureﬁoptical-systems; Meinel (1970) pro--
posed such a system for an infréred telescope, and since then a numbef
of résearcherévhave studied numerous aperture array configurationsvand
image prpéessing schemes‘(Boycé, 1971; Golay, 1971; Russell and Goodman;
1971;:Reynolds.and Cronin, 1970; Stockton, 1970; Shack, Rancouft; and
Mofrow, 1971; Shannon, Sanger, and Gray, 1971; Tschunko, 1971; Yansgn,

- Reynolds, and Cronin, 1971).

In spite of the interest in dilute aperture techniques,-no com-
prehensive examination has been made of the effects‘of optica1>aberra—
tions on iﬁéges formed by synthetic aperture systems. Abérrations have
been considered only insofér as they describe the alignment and posi-
'tioning of the elements for a few particﬁlar array configurations (Jain,

1971; Kishner, 1971; Yansen et.al.,>1972). In order to establiéh-toler—
ances and make image quaiity predictiqns, if is necessary to undefstandr
how-syn£hetic aperture;imaées are ﬁffectéd by all ébef?étions fhat afe 

likely to occur.



In this study the effects of aberrations on a six-element
synthetic-aperture array are invéstigated. (This array is the one orig-
inally proposed by Meinel, and it is being used for the Multi-Mirror
_Telescope presently under construction at the Optical Sciences Center,
The University of Arizona--see Meinel et al., 1972; Sanger, Hoffman, and
Reed, 1972; Weymann and-Carlton, 1972; Sanger and Shannon, 1973.) For .
most of the investigations a single element of the six-aperture array is
aberrated with piston error, tilt, defocus, spherical aberration, coma, .
or astigmatism, or combinations thereof, but in one case all elements
are aberrated with system defocus. The aberration effects are viewed in
terms of the pﬁpil function{ point spread function, transfer function,
and images of an extendgd:object. The effects are correlated in order
to draw conclusions about (1) the relative sensitivity to the aberré-
tions and (2) the tolerable magnitude of the aberrations.

Chapter II gives the.mathematical'formulafion of the pupil func-
tion, spread function, and transfer function for the sYntheticvapertﬁre
array. Chapter iII describes a computer program used to calcﬁlate the
  transfef function from the pupil fuﬁction. Chapter IV gives a detailed
discussion of the exberimental techniques and equipment used to simulate
an aber£ated synthetic apefture system, to measure'the trénsfer func-
tion, and to photograph the point spread function and extended target
images. The results of the computer simulation and fhe-experimental
meéSUrements are presented in Chapter V, and the results are interpreted

and correlated in»Chapter VI.



CHAPTER II
THEORY

The imaging characteristics'of unaberrated and aberrated
synthetic—apérture systems will be considered in this chapter in terms
of the properties of their pupil functions, point spread functions, and
optical transfer fuhctions, descriptors that complement_each other and
offer insight into the nature-of images formed by such systems. The
analytic results obtained in this chaptef will bevused with the experi-
mental results discussed later to draw conclusions about the signifi—"
cance of specific aberrétions on the image-forming properties of

synthetic-aperture systems.

Pupil Function

The pupil function of an optical system describes the amplitude -
and phase variations that exist across the system's pupil. In genefal,

+* the pupil function may be expressed as
ck ’ .
P(o,4) = plo,4)e™ (0] )

where k = 27/A, p(p,&) defines the boundary.of the pupil and any ampli-
- -tude variétions acroés it; and W(p,¢) describes the phase variations 7
écross the pupil (see Fig. 1).>

The wave aberration function, W(p,¢), may be expressed as a
power series éxﬁansion in terms of p, B8, and ¢ (Born and Wolf, 1965, pp.
466-473), where B is the angular field position.

3



Pupil plane Image plane

Optical axis

p normalized to 1 at edge of pupil
0 normalized to 1 at edge of field

Fig. 1. Coordinate System for the Aberration Expansion.

If the system being considered has circular symmetry, only cer-

tain terms in the expansion are allowed. For such a case, the expansion

may be written

£/ (p,<>) = *000 + w200$2+ ~020P2 + WiiiGpcos*
+ iv"QUOP¥ + 310PAC0S(J) +W222$2P~COS2§

+ ~22072P2 + *31 1le3pdS(j)+ Hhooes (2)

where the coefficientstfyyg are called aberration coefficientsand indi-
cate the maximum phase variation in the pupil due to a particular aber-
ration. X, ¥, and Z denote the powers to which the 0, p, and cos#
factors are raised, respectively.)

The field dependence (0) of the aberrations will not be con-
sidered in this study. Several of the aberration terms in Eq. (2) have
the same pupil dependence and reduce to the same form when the field de-

pendence is ignored. W000> W200$2> and “XooBs reduce to W00, which is



' called piston error. Magnification error (Wyji1Bpcos¢) and distortion
(W311830c65¢) reduce to Wjyjipcos¢$, which iéﬁcalled tilt. Defocus (Wpp0p2)
and field curvature (WppoB2p2) reduce to Wogp?, which is called defocus.
After dropping the B dependence, éhe aberration terms of interest reduce

to

Woo Piston error

Wzopz Focal error (defocus)
Wiipcosd Tilt

Wyop™ Spherical aberration
W31p¢03¢ Coma

Woop2cos?¢ Astigmatism

The orientations of the three nonrotationally symmetric aberra-
tions tilt, coma, and astigmatiém are fixed when ¢ is measured with re-
spect to the y axis (Fig. 1). Howevef, ¢ can be measured with respect
to an arbitrary axis by substituting ¢-+ulfor ¢ in the wavefront aberra-
tion expansiqn, Eq. (2). In this case, the aberration is said to be ’
oriented at an.angle a.

The significance of these aberfations on circularly symmetric,
single~-aperture systems. has been discussed in detail elsewhere (Born and

Wolf, 1965) and will not be covered here.

Wavefront Variance
For a multiple-element pupil, the pupil function may be written
as the sum of the component pupil functions. In cartesian coordinates

we have



P,u) = kW (v = vm, u —um)

E

=]

pm-vy u-uy) e

1
where vy,4;, are the coordinates of the center of .the mth pupil element.

Here the wave aberration function, Eq. (2), is centered on an individual
aperture element. In addition, if all pupil elements are affected by an

aberration function, W'(v,u); which extends over the entire synthesized

- pupil, then the pupil function becomes

- : . N .~
P(U’u). B < Z P -V, U - upy) eq’ka(v—vm’u’uM)>

m=1

, eikW’(v,u)° (3)

This study is concerned primarily with the effecté of individual element
aberrations. Therefore; except in cases where the focus of the entire
array is altered, W'(ﬁ,u) will be set equal to zero.

The variance, o2, of a wavefront is defined as the.mean of the

squared wavefront error minus the squared mean of the wavefront error

o2 = %JAJ W2dA - <‘-4}- ” WdA>2,

A

where 4 is the area of the pupil and W is the wave aberration function.
It provides a convenient chéracterization of a wavefront wiﬁh a single

number. For a synthetic aperture array of N identical elements of the
same shape and size haviné one aberrated aperture;element, the variance

- o2 may be written as

2T 1 21 1

2
q?- = N—ir- f J W2 (p ,$)pdodd -(WI;;J j W(o,cb)'pdpdcb) ) 4) -
- $=0 p=0- 00



‘'where Nm is the normalized area of the synthetic aperture and p,¢ are :
coordinates whose origin is at the center of the aberrated pupil element.
When the aberration terms are substituted into Eq. (4) and the integra-

tions are performed, the following expressions are obtained:

%2 = %ﬁ% Woo2 Piston error

o2 = Z!]V Wi12 Tilt

o2 ‘= %gﬁ% Wp02  Focal error

62 S %g%% Wyo2  Spherical aberration
o2 = é% W3y2 Coma

%2 = %%ﬁ%-yzzz Astigmatism

The variance is plotted as a function of the number of aperture
elements N in Fig. 2 for each of the aberrations. The effect bf piston
error is far more significant than any of the other aberrations in
muiti-element systems. For N = 6, the array size used in this study,
piston error has a variance three times greater than any of the other
aberrations. Defocus and tilt are the_néxt most significant aberrations
and héve approximately twice the variance of spheriéal aberration, coma,
or astigmatism.

In many cases it is desirable to balance one aberration against
_ another to reduce the»variance‘énd thereby improve the quality of the

image. The optimum balance is defined to be that which minimizes the



0.25 r-w1ix %0

0.10

122

0 2 4 6 8
Number of aperture elements, N

Fig. 2. Variance When One Element of an
~“-Element Array Is Aberrated.

variance. In this study, defocus was used to balance spherical aber-

ration, astigmatism, and piston error. The general expressions for the

variance of the balanced aberrations are given below. First, when pis-

ton error is balanced with defocus, the variance is given by

_ N-1 T 9 N-1 T T7 AN-3 T o
0 ~ ~JT W00 + ~p™ ~00+20 + Y2P" 20

When spherical aberration is balanced with defocus, we have

9 4N-3 T o 3N-2 -, T IN-S IT o

0 ~ UN? 20 *x6P™ 420440 + 45P-~40

Finally, when astigmatism is balanced with defocus, we have

9 2N-1 T o AN-3 . AN-3:,

0 = leP' W22 +1I2P" "20422 4+ TaP" V20
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If the variance is minimized with respect to the baléncing aber-

ration, the optimum magnitude of the balancing aberration is found. The
optimum balance is then substituted into the expressions above to find
the optimum variance. When piston error is balanced with optimum defo-

cus, then

6 (V-1
Wao = - —;gjng')"woo

-1 3(W-1)2
2 . - 2
" = [1\72 N2(4N-3)] oo™

If spherical aberration is balanced with optimum defocus, we have

3N-2
W20 ) <4zv-3> Mo
: _(3§-2)2  ON-5
2 . s - - 2
o = [121v2(4zv-3) * .451v%] Wio™

Finally, for astigmatism balanced with optimum defocus, we have

1

Woo = = 5 Wp
_ N+l
02 = W szz.

The optimum magnitude of the balancing aberration varies with
the number of aperture elehents for spherical abérration/defocus and
piston error/defocus, but not for astigmatism/defocus. This dependence
is:shown in Fig. 3. Whereas the optimum magnitude of the,balancingvab—
erration depends upon the humber of aperture elements for a small number

of elements, it does not change significantly when NV > 4,
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Fig. 3. Optimum Balancing of Aberrations.

In Figs. 4 through 6, the variance is plotted as a function of
the number of elements for the unbalanced and optimumly balanced cases.
From these curves it is apparent that the effect of piston error can be
significantly reduced by introducing an appropriate amount of defocus.
For N = 6, the variance is reduced by 70% when the piston érror is bal-.
anced-with defocus (Fig. 4). Balancing 3pherica1'aberratioh with de-
focus is particulaily effective in reducing the variance (Fig. 5);
balancing astigmatism with defocus produces only a moderate‘reduction
(Fig. 6). |

The variance is a convénient device for characterizing the errors
in a wavefront; However, in order to attribute meaning to the variance
| as a tool for image evaluation, it is heéessary to correlate the vari-

ance with image quality. Rayleigh established the foundation for this



0.25.
0.20 | ﬁ//Piston error
o, 0.15 |-
=
&
o
b f
0.10 = Piston error with
5/optimum compensating
, defocus
0.05 |-
0.00. 1 L | | |
' 0 2 L 6 8 10

NUMBER OF APERTURE ELEMENTS, N

Fig. 4. Effeét on Variance When Piston Error Is
Balanced with Defocus.

0.10
0.08 +
~_ 0,06 - Spherical aberration
ke .
~
Nb
0.04
0.02 [~ |
Spherical aberration with
___~__Jg/ optimum compensating defocus
0.00 & 1 ! - 1 T —
0 2 L 6 8 10

NUMBER OF APERTURE ELEMENTS, N

Fig. 5. Effect on Variance When Spherical Aberration
- Is Balanced with Defocus.
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'0.08 . ’—
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Fig. 6. Effect on Variance When Astigmatism Is
Balanced with Defocus.

correlation by showing that a quarter wave of spherical abérratiqn did
not produce a significant degradation of an image (Born and Wolf, 1965,
- p. 468). The variance corresponding to A/4 of spherical aberration for
a singlé aperture element is 0.0055x2 (see Fig. 5). Therefore, we can |
establish, with a few reservatiéns (Born and Wolf, 1965, p. 468), the
criterion that a wavefronf mﬁst have a variance of lessrthan 0.0055%2 in
order to produce an effectively unaberrated image.

| This criterion and the curves in Figs. 2 thrdugh 6 suggeét that
the amounts of gperration that can be tolerated in a sihgle element of é

siz-element array are as listed in Table 1.
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Table 1. Tolerable Amounts of Aberration.

_ . Wxy
Aberration N=1 - N=6
Piston - 0.14x
Tilt ‘ -- 0.36A
Defocus 0.25x 0.33x
Spherical aberration 0.24x | 0.42x
Astigmatism ' 0.29x 0.53A
Coma 0.21x 0.51A
Piston + defocus -- 0.5
Spherical aberration 0.98A 1.7

+ defocus’ ‘
Astigmatism + defocus 1 0.36) 0.88x"

System Defocus. When an unaberrated synthetic aperture system

is defocused, Eq. (3) reduces to

. ] N |
eikW (v 3 u) z pm (U—?)m s u—um) )
m=1

| Pl,u) =

where W' (v,u) is the wave aberration function for defocus. For an array
of identical aperture elements positioned on a circle, the wavefront er-
ror across each element is the same, except for orientation. Since the-
vériance is independent of the Qrientation of the aberration,lall aper-
ture elements in this case have the same variance. Therefore, the vari-
ance of the array equals just the variance of an aperture element.

The variance can be calculated by substituting the wavefront er-
TOr across a>pupi1 element for W(p,¢) in Eq. (4). The integration is
straightforward and yields

l+ .
02 = [%3-+_a2(1 -a)z] W'202,
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where a is the radius of an. aperture element normalized to the radius of
the synthesized aperture, and W'pg is the wavefront error at the edge of

the synthesized aperture. In this study, a = 0.25. Therefore,
62 = 0.035 W'pp2.

‘The system defocus that produces a variance of 0.005\2 (the criterion

established above) is 0.39A.

Point Spread Function

The pupil function associated with an aberrated synthetic aper-
ture system consisting of N aperture elements (Fig. 7) can be expressed

as
.
P(U:u) = z pm(v'vm, u-um)e
m=1

ika ('D—Um ,u-—um)_
s

where py@-vm, u—um) describes_the amplitude trénsmission of the mth ap-
erture centered at v = vy and- u = Uy, and where Wy (v-vy, u-uy) is the
wavebaberration function associated with the mth aperturé.
.The amplitude spread function is the Fourier transform of the

pupil function

Alz,y) = FIP@,w)]

Y pm-vm, u—um‘)e

33'[ N ika (w-vpy ,u-um)]
m=1 .

N

Z 3?[pm(v‘vm’ U~typ)e
m=1

ika W-vm u-up) :I

Using the Fourier transform shift theorem, this expression becomes



Pupil plane Image plane

» v X

Fig. 7. Coordinates Describing Synthetic Aperture Array and Image Plane
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: N . .
A(.'L‘,y) = X e_’l’k (-’L'Um/f +yum/f)$-{

m=1

>

pm(v’u)eikwm(v,u) }

where f is the focal length of the system. Using

rsind,’ Vm

8
]

pmSin¢m,

rcose, U PmCOSm,

NN
i}

the equation for A(x,y) can be expressed in polar coordinates

N ,
A'(r,8) = z expl (-tkrpp/f) (sinbsingy, + cosbBcosdy,) ]
m=1
o &' (0, 4) explikiin (0,01} ,

where &'{} is the Fourier transformation operator corresponding to polar

coordinates. We can also write

]V .

A'(@,8) = ) an(,6)Uy@,0), N )
m=1 .
where
am(r,0) = expl(-ikrp,/f) (sinbsing, + cosbcosdy)]
Um(l"',e) = «ﬁ?'{pm(p,‘b) eXP[ika(p,ﬁb)] } .

‘That is, the amplitude spread function of an N-element syhthetic aper-
ture system is the sum of N terms. - Each term is the prodﬁct of thé-ém—
plitude spread function associated with a particular aperture_eleﬁent,
Uy(r,8), times a phasé?factor that dépends on the position of the aper-

ture element within the synthetic aperture array.
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The phase factor, ap(r,8), can be evaluated easily once the syn-
thetic aperture array is specified. Evaluating U,(r,0) is much more
difficult and can be done only for simple forms of Wp(p,¢), or by the
use of restrictive approximations (Born and Wolf, 1965, p. 474). If it
is assumed that the aberrations will be less than A/4, then etkim (e, 4)
can be expanded in a poWer series and the Fourier transform integrations
are easily performed. However, the results of thé,variance calculations
presented in Table 1 show that most of the aberrétions do not have a
noticeable effect'until their magnitude is about A/2. Consequently, the
small aberration approximation is not appropriate, and Uy(r,8) cannot be
easily evaluated.

For a synthetic aperture array consisting of N aperture elements
positioned on a circle of radius py, the amplitdde spread function is
given by Eq. (5), where ¢y = m(2n/N). If N = 6, then ¢ = /3 and the

amplitude spread function becomes

? —
A (.T‘,e) - 3

I B0

exP[(*ikam/f)(SiHGSinEm-+ cosecos%?) ]

m=1

« &' {pnle,0) explikily(o,0)1}.  (6)

Unaberrated System

If all aperture elements are identical, free of aberrations, and
of radius a, the iﬁdividual.amplitude spread functions, ay(r,8), are
equal and, for circular aperture elements; are given by (Born and Wolf,
1965, p. 395) |

. 2ma? Jlf(kd/f)fl '
5P Ty - ™

U(r,8) =
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The amplitude spread function for the six-element array then becomes
6 : m

alr,0) 2 expl (-Zkrp,/f) (sinesin—g-+cosecoszn3n—-) ]

m=1

‘ 2 .
= -7 _2';?.2 71 Eéi%{.{;rj {exp [—j rfpm (gsine + Lcoso ]

2
[, Rrpp (V3
f ‘ (-—2- sin

A'(r,ej

1]

+ eXpi~-J

1
S —-Z—cose]

-, krom o V3 1
+ exp _—,7 7 ("7 sinb - 5 cose]
., kl”pm
+ exp|-g

(—~—— sin6 + '.’12— cose)]

exp (—j vkr'fpm cose) + exp(+jr krfpm cose)} .

+

Making use of the relationships between exponential and trigonometric

forms, this equation reduces to

Wrmey - g 2182 DiL(a/Dr] {ZCOS[(kmm/ﬂcose]

AN (ka/f)r

| + 2c0s [(kr'pm/f) (‘—/—3- sind + —;— cosG)]

+ 2cos [(krpm/f) (E sing - —é— cosG)] } . (8)

Finally, the point spread function is

PSF (2, 6) |4 (x,0)]2

4m2gh (J 1L (ka/f)r]

T Gl Pr ) { 6 + 2cos [(2krp;,/f) cosé ]

+ 2cos[ (krp,/f) (V3 sind ;l-cose) ]

+ 2cos[ (kr'p;ﬁ/f) (V3 sing - cos)] (continued)
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+ dcosl (krpp/ ) ( @ sing + 2 cos6)]
E 4cos!‘:.(krpm/f)( -/—f sind - % cose)]

+ dcosl (krop/T) ( g siné + & cose)]

" 4cos.[ kroy/ 1) ( -‘/-f siné - 3 cos6)]

+ 4cos[(krp%/f)(/§'sine)]

+ 4cosl (krpp/f)coso] } (9)

The point Spread function is represented in Eq. (9) by an Airy
pattern modulated by nine cosine fringe fields. The orientation and
magnitude of each of the fringe fields are characteristic' of the‘array
but are independent of the size and shape of the individual aperture el-
eﬁents.r The fringe fields have spatial periods that are smaller than
the Airy disk diameter, and when superimposed they formra complicated
pattern having a central peak smaller than that of the Airy disk; the

larger the ratio pp/f, the smaller the width of the central peak.

| Aberrated System
When an aperture element is aberrated, the amplitude spread
function of that elemént is not the same as the amplitude spreadlfunc-
tion of the other elements, and Eq. (5) cannot be reduced to the simple
form of Eq. (6). In general, the aberrated point spread function is ex;
tremely complex and difficult to express in analytic form.
) However, for some aberrations'it‘is possible to obtain expres-

sions for the central ordinate value of the spfead function. This
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quantity is of interest because it indicates, to some extént, the amount
of'information passed by the opticgl system. A commonly-used criterion
is stated as follows: As long as the value of the central ordinate of
the point spread function is caused to decrease by less than 20%, there.
will be no significant degradation of the image.

Piston Error. When piston error is present in an aperture ele-

~ment, the amplitude spread function. associated with that element is
Ug(r) = 3?’-{cirC(r/a) exp(ikwoo)} s

where a is element radius and Wyg is the amount of piston error in waves.

This can also be written

Uy () exp(ikWOO)é?'{circ(r/a)} .

Using Eq. (7),

. 2ma? JL(ka/fir]
-1 >\f eXp(%kWOO) W .

UA(I')

When the last expression is substituted into Eq. (5) and the point
spread function is calculated and then evaluated at r = 0, one finds
that

PSF(0,0) = '{[1&242(zv-1)] + 2(N-1)cos (kWgq) }%‘ﬁ;— .

The final expression’is obtained by normalizing the last equation to the

central ordinate for an unaberrated image:
PSFy(0,0) = 1 - [2(W-1)/N21[1 - cos(kiWgg)]- - (10)

This expression is valid for any array of N elements having the same

size and shape but where one element is aberrated.
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The introduction of piston error into one element produces a re-
duction of the central value of the point spread function that varies
sinusoidally as the piston error increases (Fig. s). The maximum reduc-
tion occurs when F/p = A/2, 3A/2, etc., and there is no reduction when
Wgo = A, 2A, etc. The magnitude of this effect depends on the total
number of apertures, as shown in Fig. 9. With one aperture element
there is no reduction; with two elements the reduction is a maximum.
Using Eq. (10), we can determine the amount of piston error, as
a function of N, that will produce a 20% reduction in the point spread
function central value. This function, which is plotted in Fig. 10, es-

tablishes a tolerance for piston error.

0.8
0.5
0.0
0.0 0.2 0.5 10 1.5 2.0
Woo M
Fig. 8. Central Value of Point Spread Function in

Presence of Piston Error (N = ¢).
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The array of primary concern in the present study has six iden-
tical elements located on a circle. For this array the normalized cen-
tral value of the point spread function drops to 0.72 and 0.45 for A/4
and A/2 of piston error; respectively (Fig. 9). A 20% reduction in the
point spread function central value occurs when Wgg = 0.2A;
| Tilt. The introduction of wavefront tilt into one aperture ele-
ment causes the spread function associatedrwith that element to shift in

position, The magnitude of the shift, §, is
§ = (f/a)Wy,

where Wj; is the tilt aberration coefficient in units of wavelength, a is
_the élement radius, and f is the system focal length. -

A spread function shifted along the y axis . is [see Eq. (7)] ex-
pressed as

Wi A \21%
" 2 J .@Q[x2+<y-———-—11f>]2
U @y) = i A LI a
A Y zf

Hl BT

Evaluating U, ' (x,y) at the origin yields

. 2ma? I (27rW1 1)
Uat(0,0) = =t S~

.Although the last expression was derived for a shift along the y axis,
it is valid for a shift in any direction as long as the spread function
has éircular symmetry.

The value of an unaberrated amplitude spfeadlfunction at the

origin is
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U0,0) = -i 2;;52 (0.5).

Combining N-1 unaberrated aperture elements and one aberrated aperture

element gives

s 2ma? Jy1(27Wq4) . 2ma?
Utota1(0,0) = -1 == —5g== - 2 = (0.5) (0-1,

and ‘the central value of the point spread function is therefore

2\2 2
PSF(0,0) = (2;? ) [le(,‘zr;?il) + (0.5) (N—l)] :

-When normalized by the unaberrated central value of N2 (2ma2/rf) (0.5)2,

the last equation becomes

Jy (2nW
PSE(0,0) 4 [ 1(21W711)

’ 2 . .
& | e +FO.5)(N—1)] . (11)

The introduction of tilt into one aperture element produces a
decreaée in PSFyj(0,0) as shown in Fig. 11, When ¥3; > 0.5), there is
very little contribution from the aberrated pupil; hence, there is no
- further reduction in PSFy(0,0) for larger values of Wy;. In Fig. 12,
fhe dependence of PSFy(0,0) on the number of array elements is shown for
two values of Wij. In Fig. 13, the .amount of tilt that produces a 20%
decrease in PSFy(0,0) is sho&n as a function of the‘number of array
eleﬁents.

For a six-element array, PSFy(0,0) is reduced to 0.9 and 0.75
for tilt errors of 0.25) and 0.5)\, respectively, and drops to 80%'of its

maximum value when Wy; = 0.4A.
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Optical Transfer Function

The optical transfer function (OTF) of an optical system is

equal to the normalized autocorrelation of its pupil function (Goodman,
1968, p. 116)

JJ P -Afvy, u —AfbujP(v,u)dbdu
OTF (v, V) =z

In general, P(v,u) is a complicated functioh, and Eq, (12) is difficult

to evaluate. The modulus of OTF(vy,v,) is called the modulation trans-

fer function (MTF) of the system, and the phase of OTF (vp,vy) is called

”w P 1) dvd SR

26
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its phése transfer function (PTF):

¢

OTF (vy,vy) = MIF (vp,vy) et 2TPIE (wsvud

For an unaberrated system; P(v,u) is usually a real-valued,
~binary-type function; i.e., P(v,u) is either zero or one. In that case,
the value of the denominator in Eq. (12) is equal to the area of the pu-
pil, and the value of the numerator is equal to the overlap area between
the pupil and a shifted feplica of itself. Therefore, the value of the
transfer function at any spatial frequency coordinate (vy,vy) can be
found by shiftiﬁg the pupil by an amount Afvy in v and Afvy in u, calcu-
lating the areé of overlap, and normalizing by the total area of the
pupil.

The center of the unshifted nth aperture element (Fig. 14) is
located at coordinates (Vyp,Uyo). If the nth aperture is shifted in ac-
cordance with the autocorrelation integral, its new center coordinates
become Wno + Afvp, Upo + Afvy). The distance between the center of the
unshifted mth'aperture‘élement located at (Vpp,Umo) and the shifted mth

aperture element is
Z - 2 27%
am(Vo,vu) = Lvno + AV = 0pol) = + (uno +AFvy - upop) <17

If'an is normalized by the diameter of an aperture element such that

Lo (Va3 ,95) '
Eum(VpsVy) = L ; “ s _ : (13})

then the mth and nth apertures will overlap only if Z,;, < 1. The amount
of overlap is proportiOnél to the contribution of the mth and nth pair

to the OTF(vp,vy) at the spatial frequency vy,vy. For circular aperture
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Fig.
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Autocorrelating the Pupil Function.
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elements this contribution is (Smith, 1966, p. 318)

MTan(Enm) = %-[cos‘lgnm - Enmsin(cos'lgnm)]. (14)

The total transfer function is the sum of the contributions from
all pairs of aperture elements
1 N N ,
OTF (vp,Vy,) = 3 L L MTF,, () - (15)
n=1 m=1 .
This expression is valid for any array of circular aperture elements
having a diameter d and focal length f. The value of Ewm goes to zero

and hence MTE, is a maximum when

Vmo ~ Vno

Vo = TaF .
v, = Umo =~ Uno
u A :

Therefore, OTF(v,,v,) consists of a ;eries of peaks havihg the form of
Eq. (14), ¢entered at locations in the spatial frequency plane that are
determined by the relative separation and orientation of pairs of the
aperture elements.

For an array of N a?erture elements positione& on a circle, it
is convenient to express &yuy(vy,vy) in polar coordinates. Referring to

Fig. 14, one can write

5 _ ' D ..
Vp = vicosd = vvpyxCosd = X?-vcos¢
- - D .
Vy = Vv'sing = Vvp.ysing = 3 vsing
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Vyno = 2(D d)51n[ (N 1) ]
Uy = %(D-—d)cos[(N—l)-%;]

where d and D are the diameters of the individual pupil elements and the

synthesized pupil, respectively. Substituting into Eq. (13) yields

Eym = %-{(Dvsin¢-E(D—d)[sincm—l) %%-— 51n(n 1) ——-])
+ (Dvcos¢._g(p—d)[co;0ﬁ—1) %g—— cos (n- 1) 5 ) }

(16)

Cross éections of the OTF were calculated using Eqs. (15) and

(16) and are plottéd in Fig. 15 for ¢ = 0Q°, 450, and 90°., The OTF cor-
respohds-to a six-element array in which the element diameter is one
fourth the diameter of the synthesized aperture. The cross sections
show the asymmetrical nature of the OTF. The curves are also marked to
indicate which aperture element pairs contributé to a particular spatial
frequency region. If an aperture element is aberrated, it can affect ,
iny those regions where it makes a contribution to the OTF. For exam-
ple, aberrations in pupil element 1 will be feflected'in all spatial
- frequency regions of the ¢ = 0° curve except from 0.25 < v < 0.5. The .
OTF for ¢ = 45° is affected at all spatial frequenc;es by element 1,
whereas the OTF for ¢ = 90° i5s affected only at spatial frequencies of
1e§s than 0.48. Of these three cross sections, the ¢ = 90° OTF is least
sensitive to aberrations in aperture element 1. Therefore, as described
in a later chapter, experimental measurement of the OTF was 1imifed to

. the cases for which ¢ = O° and ¢ = 45°,
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It is difficult to derive analytical expressiéns for the trans-
fer function of an arbitrarily aberrated synthetic aperture system, but
for several simple aberrations one can determine qualitatively what
should happen to the transfer function.. For example, when piston error
is introduced into aperture element 1, the component fringe field pro-
duced by element 1 and any unaberrated element is shifted, with no de-
crease in its modulation. Therefore, in spatial frequency regions where
only one pair of aperture elements contributes to the OTF, there can be
no change in the OTF modulus due to piston error. This characteristié
is illustrated by the ¢ = 0° OTF in Fig. 15, where the aberrated element
(aperture 1) interacts with other elements in the region 0.5 < v < 1.0,
For v > 0.6, only one pair of elements contributes to the OTF; therefore4
the modulus is unchanged although the phase transfer function is nonzero.
For those spatial frequency regions in which element 1 interacts only
with itself (0 < v < 0.25), there will be no effect. However, in the
0.5 < v < 0.6 region the shifted fringe field produced by elements 1 and
4 will be added to the unshifted fringe fiéld produced by elements 2 and
3, and 5 and 6. The resultant is a sinusoidal fringe field having a re-
duced médulus as well as a phase shift.

As a second example, consider the effect of a /2 piston error
on the OTF in the ¢ =-45° direction. In the region 0.25 < v'< 0.85, the
area of overlap between the aberrated element and any unaberrated ele-
ment just equals the area of overlap between pairs of unaberrated
elements. As a result there will be two fringe fields for each spatiéi-
frequency superimposed in the point spreéd function, one having no phase -

shift and the other having a half-period phase shift. The resultant
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fringe field will be of uniform intensity. That is, the modulus goes to
zero for all spatial frequency components greater than 0.25. A similar

situation exists in the region 0.25 < v, < 0.4 for the ¢ = 90° OTF.

Very Large Aberrations

When large amounts of aberration are present in one element 6f
the array, the spread function associated with that element is much
largef than the spread funcfion associated with the unaberrated elements.
As é result, the aberrated element makes only a small contribution to
tﬁe central region of the synthetic aperture spread function. For very
large amounts of aberration the contribution is negligible and the array
may be considered to be'effectively-a five-element array. The transfex
function for this case is that of the unaberrated five—elemént array
normalized to the volume under the aberrated six-element point spread
function.

Figure 16 shows cross sections of the transfer function for this
case, from which we conclude that the effect of large aberrations is
most significant for the ¢ = 45° and ¢ = 0° cross sections. The curves.
represent the asymptotic values of the transfer function as the aberra-
tions become large. For moderate amounts of aberration, however, the
;ransfer function may be lower than that shown in Fig. 16, depending on
the phase and amplitude of the amplitude spread function associated with

the aberrated element.
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CHAPTER III
COMPUTER SIMULATION

The computer simulation of an aberrated synthetic aperture sys-
tem was done on the University of Arizona's CDC 6400 computer using théf
OTF program package developed at the Optical Sciences Center.

With this program the point spread function and optical transfer
function were calculated from specified pupil functions. The pupil
function was generated by first specifying the relative locations and
radii of the circular pupil elements. Then phase aberrations were in-
tfoduced across individual pupil elements by specifying A, m, »n, and o
for an aberration ﬁolynomial of the form

. . oy
Wp,8) = ) Age Lcos(4-az) 1. S (17)

1=1

. Here p and ¢ are the coordinates of a point within an individual pupil
elgment, referenced to the center of that element, and o indicates the
orientation of the aberrated wave within the pupil element. In addi-
tion, phase variations were introduced across the entire array by speci-
fying 4, m, n, and o forva coordinate system whose origin is at the cen-
ter of the array.

The program evaluates the pupil function at points in a 32 x 32
matrix, and then calculates the point spread function and optical trans-

fer function using a Fast Fourier Transform routine. Both of these
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functions emerge from the computer in 64 % 64 matrices. Output options
include a printout, isometric plots, contour plots, and section plots.

The program package used for the computer simulation is described

in detail elsewhere (Fell, Rancourt, and Shannon, 1971).

Error Due to Rectilinear Sampling

The small size of the input matrix and the rectilinear character
of that matrix cause a small but noticeable error in the calculated
transfer function. In this study the pupil element diameter was one
fourth the synthesized pupil diameter. So, although the synthesized pu-
pPil was sampled at 32 points across its diameter, the individual elements
were sampled at only eight points across their diameter. As a result,
the circular pupil element is described by an irregular shape, as illus-
trated in Fig. 17. The shape of the effective pupil element is also de-
pendent upon the location of the center of the 32 x 32 matrix. For
example, Fig. 1l7a shows the sampled pattern of a pupil element at the
top of the matrix, and Fig. 17b shows the pattern of an element at the

origin of the matrix.

Desired pupil shape

z \
/ \
» e
» e .
» e
\ /
X /
a. Pupil element at top b. Pupil element at cen-
of matrix ter of matrix

Fig. 17. Description of a Pupil Element by the 32 x 32 Matrix.
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It is not surprising that these two different pupil shapes have
different transfer functions; In Fig. 18 the transfer function cross
sections for the two cases are compared with the exact transfer function
for a circular pupil. The double values in Fig. 18a reflect the differ-
ence between two orthogonal,sectipns of the slightly asymmetrical trans-
fer function.

The computer-calculated transfer function cross gections of the
six-element array used in this study are shown in Figs. 19 and 20. They.
are compared with the transfer function calculated from the analytical
expression in Eq. (15). The errér is effectively zero for the ¢ = 45°
cross section and is very small for the ¢ = 0° cross section.

When aberrations are introduced into the multiple—element array,
the errors do not necessarily remain insignificant. For. example, if a
piston error of A/X is introduced into..a pupil element, the ¢ = 0° phase
transfer function should have a value of 1/X cycles for normalized spa-
tial frequency components greafer than 0.6 (see pupil interactién dis-
cussion in Chapter IIj. Calculated by the computer program, howéver,
the phase transfer functions (Fig. 20) do not reach the proper values at
Q - 0.6 owing to the rectilinear pupil-sampling. Although these errors
are small in»férms of the gross behavior of the curves,~fhey are present

and should be kept in mind when the curves are interpreted.
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Fig. 20. Computer-Calculated ¢ =0° PTF for Piston Error.

Quarter-Wave Restriction

The OTF cdmputer program is limited in that the phase variation
between any adjacent sample points cannot exceed A/4. This restriction
limits the maximum value of the aberration coefficient that can be used.
For pupiis with a large density of sampled points, this restriction is
not important until the magnitude of the aberrations is very iarge; how-
ever, even small.to moderate amounts of aberration can violate the ré-

- striction for the synthetic aperture arrays used in this study.
Table 2 shows . the maxiﬁum allowable aberration coefficients that

could be used in this study as a result of the A/4 restriction.
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Table 2. Maximum Magnitude of Aberrations That Can
Be Used with Computer Program.

Max. value of aber-

Aberration ration coefficient
Piston error _ No restriction
Tilt Wi1 s 1.0A
Defocus Wap < 0.56A
Spherical aberration _
Paraxial focus Wyo < O.SSA
Mid focus Wyp < 1.25A
Marginal focus ' Wyg s 0.79A
Coma S W31 < 0.43A
Astigmatism
Sagittal or tangential focus Woo < 0.561

Mid focus Wpo < 1.13X




CHAPTER IV

THE EXPERIMENTAL PROGRAM

<

The_purposes:of the experimental portion of this program were.
(1) to measure the transfer fﬁnction when the aberfations are large and
the OTF program cannot be used aﬁd (2) to observe thé images of point
sources and extended objects formed by aberrated synthetic aperfure
systéms.. |

A block diagram of the expérimental arréngement is given in Fig.
21. It shows the three major functional subsystems: the iliumination
stage, the synthetic aperture system, and the detection stagé. The il-
lumination stage provides two test objects, a point éource and an ex-

tended object, located at infinity. The synthetic aperture system, which

Photo~
: . graph
Point : ' spread
l//gf source function
\\\XQ 1 Aberrated Photograph
Light Colli- synthetic | image of
] D,
source mator aperture extended
o : system object
\\\X& inco- ' \\\\\\\\z&
herent duMeasure
extended - line | C?li:
object | - . . spread TR
function
L J J — ’ J
hd " v
IMMumination stage Synthetic aperture , Detectioh stage
’ system

Fig. 21. Block Diagram of the Experimental Setup.
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can be aberrated in varying forms and magnitudes, forms images of the
test objects in the vicinity of the detection stage. The detection
stage photographs' the point spread function, photographs the image of
the extended object, and measures the line spread function of the aber-
rated synthetic aperture system; A cross section of the optical trans-
fer function is then»calculatéd from the line spread function. Figure
22 is a photograph of the experimental arrangement on a 5-m opﬁical

bench.

Aberrated Synthetic Aperture System

The heart of the experimental setup was the aberrated synthetic
aperture system. An unaberrated syﬁthetic aperture system was simulated
by placing a mask that defines the‘aperture arréy near the pupil of a
high-quality telescope objective (Fig. 23). The array used in the ex-
perimental investigation consisted of six circular pupil elements equally
spaced on a circle. The ratio of the synthesized pupil diameter to the
individual element diameter was 4:1. Aberrations were introduced into

one aperture element with an aberration generator.

The Unaberrated Array

The high-quality telescbpe objective was an f78.7 doublet with a
4.5-in. diameter, manufactured by Diffraction-Limited, Inc. An identi-
~cal lens was used as the collimator in the illumiﬁation sfage. Because
these two lenses limited the image qualityrof the unaberrated synthetié
_apertufe system, they were tested separately and in tandem with a scat-
terplate interferometer. The resulting interferograms revealed that the

collimating lens suffered from approximately 0.2)X of astigmatism and the



Fig. 22. Photograph of the Experimental Setup.

() Illumination stage, (B) collimating lens, (C) aberrated synthetic
aperture system, (D) detection stage, (E) electronics.
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telescope objective had about 0.16X of spherical aberrétion. In addi-
tion, each lens produced a 0.25) deformation in the center of the wave-
front. Fortunately; the deformations were in different directions, and
when the lenses wefe used together the net wavefront deformation was
nearly zero.

The effect of the spherical aberration was_reduced by first
stopping down the aperture of the objective to a diameter of 4 in.
(f/10). Then. the objective was focused for the zone in which tﬂe aper-
ture elements were positioned. As a result, the wavefront error across
a pupil element due to the spherical aberration was reduced to less than
0.0SA; The astigmatism was removed by introducing a compensating amount
of astigmatism with a plane-parallel plate. The plate was positioned in
the converging beam formed by the telescope objective and was tipped 1i°
with respect to the optical axis. At this angle, astigmatism was the
only significant‘aberration introduced by the plate.

Figures 24a and 24b show the point spread function for the f/10
circular pupil and the f/lQ synthetic aperture array before the plate
was inserted into the beam. Introducing thevplate reduced the astigma-

tism to nearly zero as shown in Figs. 24c and 24d. The corrected images

" - exhibited a slight but insignificant amount of aberration.

Aberration Génerator

The function of the aberration generator was to introduce con-
trolled amounts of aberrations, either independently or>in,combination,
into one element of the synthetic aperture array. The aberrations in-

troduced were piston error, tilt, defocus, spherical aberration, coma,



fs/10 circular b. //10 array, without

pupil, without plate
plate
//10 circular d. //10 array, with plate

pupil, with plate

Fig. 24. Point Spread Function with and without the
Astigmatism-Compensating Plate.
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and astigmétism. The magnitude of each aberration could be varied from
0.05X) to 2.0%,-and the orientation of the aberrationbcould be varied in
the case of coma, astigﬁatism, and tilt. The generator was color cor-
rected over the visible spectrum although it was used- only at A = 632 nm
in this study. The isoplanatic angular field of- the aberration generator
was designed to beviO.SCv’° Because the aberration generator operates in
collimated 1ight (see Fig. 23), it had to be afocal and have an angular
magnification of unity.

A significant feature of the aberration generator was that the
‘aberrations it introduced were not field dependent. The magnitude of
coma, astigmatism, and tilt were constant across the #0.5 field. As a
result, the extended object photographs show the images that would bé
formed at one point in the field for the general case of field dependent
aberrations.

Design. Figure 23 shows the optical layout of the aberration
generator. All optical element motions are referred to a éoordinate
system whose origin coincides with the center of the element. The first
element (A) is a plane—parallél plate that rotates about the y axisAand
Viﬁtroduces a cohsfant phase shift (piston error) acréss the aperture.

" Elements B and C are weak cylindrical lenses that introduce astigmétism
when their cylindrical axes are notfparallel. By counterrotating B and
C about the z axis the amount of astigmatism can be varied, and by ro-
tating both in the same direction the orientatién of the astighatism can
be varied.

The next four elements (D-F) form an afocal system whose angular

magnification is about 0.9. Element D can be translated along the z
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axis to introduce defocus. Element D and doublet E introduce negatife
spherical aberration, which just cancels the positive spherical‘aberra~
tion introduced by element F. When doublet E is moved along the z axis,
its spherical aberration contribution changes (it is in a diverging
beam), and therefore the net spherical aberration is no longer zero.
Either negative or positive spherical aberration may be introduced. Be-
cause doublet E has zero power, the telescope remains afocal when E is
shifted. |

Elementst, H, and I form a telescope identical to the one just
desc£ibed except.that the sequence of its elements is reversed. Aé a
result, the net angular magnification of” the two telescopes in tandem is
ﬁnity. Element G, just like element F, is stationary. Doublet H moves
in the 2-y plane to produce coma. Wavefront tilt is introduced by ro-
‘tating element I about. the center of curvature of its concave surface.
This rotation effectively adds a prismatic element to element I and

‘causes the wavefront to deviate. The direction and magnitude of coma or
tilt are determined by the direction and magnitude of‘the.corresponding
lens motion,

The aberration generator is shown in Fig. 25 in its operating

) position. Aberrations are introduced with knobs A-F. To‘prevent vig-
netting when imaging off-axis points, the aberration generator is posi-
tioned very élose to the aperture mask. The clear aperture of the
aberration generator is 28 mm, or about 3 mm. larger than'the diameter of
an aperture element.

| The detailed optical desigp of the aberration generator is given

in Appendix A.



Fig.

25.

Photograph of the Synthetic Aperture System.

(A) Piston error control, (B) focus control,
aberration control, (D) astigmatism controls,
trol, (F) tilt control, (G) aperture.

(C) spherical
(E) coma con-
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Calibration. The éberration generétor was calibrated with a
vayman—Green interferometer that kas incorporated as an integral part of
the simulated synthetic aperture system. Thus the calibration could be
made with the aberration generator in its.operating position, and any
misalignments could be detected. Figure 26 shows the components of the
interferometer in position for calibrating the aberration generator. A
beamsplitter was positioned between the collimating lens and the aberra-
tion generator. Light transmitted through the beamsplitter traversed
the aberration generator and was refiected back toward the beamsplitter
by the signal arm mirror (the telescope‘objective was moved to make room
for thiskmirrof).v Light reflected by the beamsplitter traveled to the
reference arm mirror and was reflected back to the beamsplitter, where it
recombined with the signal arm beam. The resulting interference fringes
were viewed on a ground glass screen (as in Fig. 26) or photographed.
| All aberrations introduced by the aberration génerator, except
for piston error and tilt, were measured with the Twyman-Green interfer-
ometer. The dial settings for the aberration control knobs were corre-
lated with the wavefront errors ﬁeasured with the interferograms.

Piston error and tilt could not be méasured conveniently wifh
the interferometer. Instead, the effect of these aberrations on the
point spread functioh was used as a calibration tool.

For piston error the’following procedure was used:

.~ (1) The pistoh error was adjusted to zero by making the point
spread function of the six-element array symmetrical.

(2) All aperture elements were covered except fhe aberrated

element and one of the unaberrated elements. The position



Fig. 26. Configuration for Calibration of the Aberration Generator.

(&) Collimating lens, (B) beamsplitter, (C) reference arm mirror, (D) signal arm
mirror, (E) interference pattern.
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as well as the period of the sinusoidal fringes in the point
spread funcfion were noted. ’

(3) X waves, of piston error were introduced by moving the sinu-
soidal fringes X periods.,
- Using this method, piston error was introduced with an accuracy of about
0.05x.
When tilt is introduced, the point spread function of the aber-

rated element shifts an amount §, where
§ = Wlle/a.

In this expression, f ‘is the system focal length, a is the aperture ele-
ment radius, and Wj; is the tilt aberration coefficient eXxpressed in
waves. The diameter, d, of the first dark ring in the Airy pattern is

given‘by

d

1.22Af/a,

and therefore

(o]
1}

X dW11/1f22.

The last relatiohship and the measured value of d were used to introduce
. the desired amount of tilt. The point spread function of the aberrated
element was shifted by an ambunt § from the position of the unaberrated
point spread function. This method permits tilt to be introduced with
an accuracy of about 0.05X.

Performance Evaluation. The aberration generator was designed

- to be free of aberrations over a *0.5° field with the aberration con-

trols in their null positions. In spite of the large number of optical
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elements (11) within the device, it forms an image that exhibits only
small residual aberrations.

The wavefront imperfections are apparent in the interferograms
in Fig. 27, which show that about 0.14) of astigmatism is present. (A
slight difference in’the'powers of the astigmétism—generating chinderS'\
prevents the complete zeroing of astigmatism.) The worst wavefront de-
formation -at any point in the pupil is 0.2Xx. The corresponding point
spread function, shown in Fig. 28, is nearly free of aberrations.

Figures 27 and 28 show an interferogram of the wavefront and the
point spreéd function, respectively, for the axial object point used in
the transfer function measurements and the point spread function photo-
graphs., .When extended objects are beihg used, however, the off-axis
performance of the aberration generator is of interest as well. To ex-
amine off-axis imaging, a point object was moved to various positions in
the *0.05° field, and observations were made of the point spread func-
tion of the six—apertﬁre array. Since there was no significanf change
in the point spread function across fhe field, the extended object occu-

pied an isoplanatic region in the field.




Fig.

27.

Fig.

1Xr

Interferograms of the Wavefront Produced by the
Aberration Generator (No Aberrations).

28. PSF Associated with the Aberration
Generator (No Aberrations).
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‘The. Tllumination Stage .

The illumination stage (Figs. 29 and 30) provides a point source
‘and an extended object as test objects for the synthetic aperture system.

The light source is a Spectra-Physics Model 120 laser whose out-
put is 5 mW at A = 632 nm. When fhe point object is used (Fig. 29), the
laser beam is focused by a 40X microscope objective onto a 5-um-diameter
pinhole. Light passing through the pinhole overfills the collimating
lens by more than 50%. Since the Airy disk diameter for the f/10 colli-
mating lens is about 15 um, the 5-um pinhole is a reasonably‘good approx-
imation to a point source.

When the extended object is used (Fig. 30), a mirror and three
prisms fold the light im a path around the microscope objective and pin-
hole. A diverging lené enlarges the laser beam from 2 mm to approximately

.15 mm on the diffuser (Polacoat LS75 .Lenscreen), which is rotated at 400
rpm to reduce the time-averaged spatial coherence of the light. The ex-
“tended target, positioned close to the diffuser, is therefore incoherently
illuminated over the time intervals of interest.  Light transmitted by
the target is reflected by a_mirror toward the collimating lens.

Figure 31 is a éhotograph of the illumination stage (excluding
the collimating lens). Prism 1 and the folding mirror are positioned on
dovetailed slides so that they may be-accurately moved into or out of
the laser beam. The A/Z blate is needed to rotate the orientation of
fhe linearly poiarized laser beam in order to reduce tﬁe visibility of
fringes formed by front-to-back reflections from the beamsplitter in the
Twyman-Green interferometer. (These fringes can be seeﬁ overlapping the

fringe field of interest in Fig. 26.)
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Fig. 30. Illumination Stage, Extended Object.
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Fig. 31. Photograph of the Illumination Stage.

() Laser, (B) A/4 plate, (C) microscope objective, (D) pinhole, (E) prism 1,
(F) diverging lens, (G) prism 2, (H) spinning diffuser, (I) extended target,
(J) folding mirror.
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Uniformity of Illumination

In Chapter II it was assumed that the wave-field amplitude across
the pupil was uniform. In practice this is seldom the case. Hopkins
(1949, p. 22) investigated the effect on the point spread function when
the amplitude distribution across a circular pupil decreases as the
square of the distance from the center of the pupil. He found that the
effect is negligible even for amplitude variations of 50%.

The intensity across the collimating lens was measured and found
to decrease in a nearly quadratic manner to 65% of its peak value at the
edge of the aperture. The corresponding amplitude distribution is shown
in Fig. 32 along with the distribution used by Hopkins. It is evident
that the field amplitude at the collimating lens is effectively uniform

for imaging situations involving a circular pupil.

RELATIVE
AMPLITUDE
Distribution having
no effect (Hopkins)
0 Measured Distribution
1.0 _o0.5 0.0 0.5 1.0

NORMALIZED PUPIL POSITION

Fig. 32. Amplitude Variations across Diameter of Collimating Lens.
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Unfortunately, the pupil used in the synthetic aperture experi-
ments was not circular. In addition, the intensity distribution was not .
always centered on .the pupil. Small mechanical drifts (and perhaps la-
se; beam steering) often caused the distribution to bg offset from the
center of the lens. Reflections and absorption within the aberration
generator also caused an intensity loss in the aberratéd pupil element.

By careful adjustment of the pinhole at the illumination stage,
it was possible to equalizé the average amplitude of each aperfure ele-
ment to within #6%. In many instances the difference in average ampli-
tude was less than +3%. The amplitude variation across an individual
element was typically 7% of the a&erage amplitude. In View.of the
small magnitude of the variations and Hopkins' findings for a somewhat
similar situation, it was assumed that the slight nonuniformity of illu-
mination would not significantly affect the measurements. This assump-
tion was supported by the high accuracy of the unaberrated transfer

function measurements (to be presented later in this chapter).

Temporal Coherence of the Laser

For the simulated synthetic aperture system to work properly,
light from the aberrated element must be able to interfere with light
from the other elements. Since the aberration generator increases the
optical path in the aberrated element by about 20 mm, the coherence
length of the light must be much greater than 20 mm if a high visibility
interference pattern is to be formed.

Thé Fourier transform of the laser's spectralnenergy distribu-

tion describes the temporal coherence properties of the laser, which in
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turn determines the visibility of the interference fringes formed with
the laser light (Bérn and Wolf, 1965, ﬁp. 316-323). The spectrum, S(s),
of a laser that is oscillating in several axial modes simultaneously may

be expressed as
- 2
S(s) = e m(e/B)° | comb (s/4),

where comb(s/A) is an infinite series of imfulses separated by an inter-
val A, and b describes the widthvof the-Gaussién—shaped, Doppler-broadened
atomic resonance that modulates the series of‘very narrow laser lines
(assumed to be S'functions) separated by a frequency A. The value of b
for a He-Ne laser is 1500 MHz, and the value of A for the 45-cm-long

laser used in this study is 300 MHz.

The Fourier transform of SCs)_is the visibility function

e—ﬂ(bx)2

V(@) = FS()} = ¢ + comb (A%)

where C is an unimportant constant. The visibility function is a series
of Gaussian functions 6.6 x 10710 sec wide, separated by 30x 10710 sec.
The overlap of the Gaussian functions.is negligible.

The 20-mm optical path difference introduced by the aberration
generator corresponds to a timé difference of 0.66 x 10710 sec. Evaluat-
ing V(x) at & = 0.66 x10"10 sec yields V(z) = 0.95. That is, when the
; aberration generator is inserted in front of a pupil element, the fringes
formed by that element and any other element drop in contrast by only
5%. Therefore, neglecting other factors, the transfer function will be
5% lower than theory predicts in spatial frequency regions where the

aberrated element and one other element contribute to the transfer .
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function {(e.g., 0.64<v<1,0 in Fig. 15a). This error will be diluted
in those spatial frequency regions where other element pairs contribute

as well.

Spatial Coherence and the Extended Object

In ordéer to use a laser in an incoherent imaging situation, the
spatial coherence of the laser beam must be destroyed. Ih this experi-
ment the spatial coherence was reduced by projecting an expanded laser
beam onto a spinning diffuser. The exparded beam was approximately 15
mn in diameter, and the diffuser was positioned 40 mm behind the object,
which wag 2 mm in diameter. Therefore, the object effectively was illu-
minated by a broad source. By spinning the diffuser at 400 rpm, the
phase relationships across the broad source were mixed for sufficiently
long observation times. Typical exposure times were on the order of 1
sec, in which time the diffuser made six revolutions.

Photograbhs of resolution targets taken with the spinning diffu-
ser did not show any of the characteristics of coherent imagés such.as‘
edge ringihg. In additioﬁ, the highest spatial frequency component of
the target to be resolved was the incoherent resolutiqn limit. There-
fore, it was concluded that the illumination scheme for the extended ob-

" ject did indeed produce.an incoherent imaging situation.

The Extended Objeét

The extended object (hereafter referred to aé the ''target') used
in this study was.a photogfaph'of a simulated aerial scene (Fig. 33),
'supplied by the U.S. Air Force. The target contains four resolution pat-

terns, a runway with aircraft of various sizes, and an urban scene. Two
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a. Entire Target (45X).

158 cycles/mm

b. Section Showing Log-
Periodic Target (150X).

Fig. 33. The Extended Target.
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of the resolution patterns are Tri-Bar patterns with black bars on a
gray background, which are oriented at 90° with respect to each other.
The other two resolution patterns'are log-periodic targets (a series of
parallel bars whose spacing and width varies in a logarithmic manner),
one having white bars on a black background and the other having white
bars on a gray background. Resolution values for the log-periodic tar-

gets are given in Table 3,

Table 3. Spatial Frequency Values for Log-Periodic Target.

Element Normalized to Element Normalized to
No. Cycles/mm 160 cycles/mm ° No. Cycles/mm 160 cycles/mm
1 29.2 .182 19 70.3 - .440
2 29.9 .186 20 74,1 .463
3 32.1 .194 ' 21 77.2 .482:
4 33.5 . 209 22 81.7 .510
5 35.1 .219 23 85.9 .536
6 36.9 .230 24 90.0 .561
7 39.0 . 244 25 96.0 .600
8 41.0 .256 26 101 . .630
9 42.9 . 268 27 106 662 -
10 44,8 .280 - 28 112 .700 -
11 47.4 . 296 29 118 .736
12 49.8 .312 30 122 .762
13 52.0 .325 31 131 . .820
14 54.9 . 342 32 139 .870
15 - 57.8 .362 33 140 .875
16 61.2 . 382 34 146 .910.
17 63.9 .398 35 . 158 .99
18 66.9 .417

Although the entire image of the target was recorded on film and
used to evaluate the effects of aberrations, only selected portions of
the target are included in the discussion of experimental results (Chap-

ter V). These portions were chosen on the basis of their sensitivity to
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change with the introduction of aberrations. Although subtle changes
occurred in most areaé of the target, the changes in the selected por-
tions were the most dramatic and illustrative of synthetic aperture im-
agery. The three target sections are marked in Pig. 33a. Section A
contains a large:aircraft and several smaller aircraft. Section B con-
tains a large building, a railrbad track, a four-car train, and four
cars and trucks on a road. The third section contains the two
log-periodic test patterns.

Siﬂce the transfer function for the §ynthetic aperture system
being considered israsymmetric, two target orientations were used. In
the ¢ = 0° (or 45°) orientation the target was oriented so that the
log-periodic target reflected the ¢ = 0° (or 45°) transfer function.

The target transparency simulates a medium CAntrast aeriall
scene., Table 4 gives the contrast and corresponding modulation value of
the scene from which the target tiansparency was made. These values,
however, are not necessarily those of the target itself, as they do not
include the effects of the caméra and film that made the target trans-
parency. In fact; the contrasf of the log-periodic target is seen to

decrease in Fig. 33 at high spatial frequencies.

Table 4. Contrast of Model from Which Target Photo-
graph Was Made.

Pattern ' Contrast Modulation
Urban scene C3.0:1° . .50
Tri-bar scene , 4.68:1 . .68
Log-periodic pattern

White background 100:1 (high) .98

Gray background 6.3:1 (medium) 73
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- The enlaﬁgement of the target (Fig. 33b) shows that spatial
frequency components of 196 mm~! are present in the high-contrast
log-periodic target. Since the f/10 synthetic aperture system cannot

pass spatial frequencies greater than 160 mm~ !

» the spatial frequency
content of the image is limited by the synthetic aperture system rather
than by the target.

Figure 33 shows many tiny bubblelike structures on the target
transparency. These are part of the pellicle backing on the film and

are needed to prevent the film from sticking together when it is rolled

on a spool,

‘The Detection Stage

The functions of the detection stage are (1) to measure the line
spread function of the aberration Synthetic aperture system, (2) to pho-
tograph the point spread function, and (3) to photograph the image éf
the exfended target.

The threeAconfigurations of the detection stage are shown in
Fig. 34. For the line spread function measurement, a slit is positioned
at ‘the focus of the synthetic aperture system. The iight passing through
" the slit is collected by a_lOX microscope objective and directed to é
photomultiplier tube by a folding mirror. These elements are mouﬁted on
a scanning stage so that the entire point spread function can be sampled
by fhe slit.

| When the point spread‘function is to be photographed, the slit
and folding mirror are»removed and'the objective and eyepiece focus a

highly magnified image of the pointkspréad function directly onto the
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. film. Photogrephing the image of the extended object requires the same
microscope arrangement; however, rather than being projected with the
eyepieee, the image is focused onto the film with a camera lens.

Figure 35 shows the detection stage mounted on the optical bench.
Two dial indicators monitor the position of the stage along the optical
a*is (focal position) and the position of the stage transverse to the
optical axis (scan position). The focal position indicator is gradueted
in 10-um increments, corresponding to a A/60 system focal shift, and the
scan position indicator is graduated in 1.25-pm increments. The 10X
Nikon microscope objective is of exceptionally high quality. A 6X eye-
piece Was used for both the point sbreed function and target photographs.
fhe microscope, photomultiplier tube, and slit are mounted on a ball
slide assembly that is positioned with a micrometer (not visible in

photograph).

Line Spread Function Measurement
| As discussed in Chapter II, the ¢ = 0° and ¢ = 450 cress sec-
tione of the OTF change significantly when aberrations are introduced
into one aperture element. In order to measure the transfer function in
both directions, the aberrated element is oriented atA45° to the scan
axis (see Fig. 36). For the ¢v% 450 measurement the slit is oriented at
90° to the scan direction, and fer the ¢ = 0° measurement the slit ie'
oriented at 45° to the scan direction.

The 3,5—um—wide by 1-cm-long slit is mounted en’a stage that can
be adjusted along the optical axis in order fo focus the slit. Light

passing through the slit is brought to a focus in the vicinity of a
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field lens (Fig. 34) by fhe mi;roscope objeéfive. The field lens images .
the pupil of the microscope objective onto the diffuser. Since the la-
ser beam is lihearly polarized and the 1P21 photomultiplier tube is
polarizationn sensitive, a depolarizer is required. A diffuser made of a
sandwich of vellum sheets provides the scattering elements necessarf to
depolarize the beam. |

The signal from the photomultiplier represents the value of the
line spread function for a particular scan position. The entire line
spread function is generated'by scanning the slit, microscope, and photo-
multiplier tubé.

Sampling Rate. According to the sampling theorem, a band-limited

function can be completely specified by its values at regularly spaced
points if the sampling interval is no larger than (Goodman, 1968, pp.

21-25)

Axc = 1/2\)0,

where v, is the frequency of the hkighest spatial frequeﬁcy component: in
the function. For ah f/10 0pfical system, incoherently illuminated with
A = 632 mm, the cutoff frequency is 160 mm~1, TherefOTe; because an im-
age formed with such a systemvwill have no componenté higher than 160
mm~!, the maximum allowable sampling interval is 3.1 um. The line spread
function measurements are made with a 2.5-um sampling ihtervai for the

¢ = 45° direction and a 1.8-um sampling interval for ¢ = 0°,
P .

.Truﬁcation of the Line Spread Function. Since the line spread

function is of infinite extent, an infinite number of samples is needed
e

to determine it completely. If the function is truncated, then the
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actual line spread function, LSF(x), is approximated by a function of

the form
LSF'(x) = LSF{x) ° rect(x/a),

where rect(x/a) is 1 inside and 0 outside.of the interval -a/2 <x< a/2.

The Fourier transform of LSF(x) is the transfer function. Therefore
OTF'(v) = K[OTF(Vv) % sinc(ax)],

where X is a normalization constant that sets OTF’(v =0) = 1. As the
width of rect(z/a) increases, the width of sinc(ax) decreases, and for
sufficiently lérge values of a, OTF'(v) = OTF(v) with negligible error.
Rabedeau (1969) determined that, for circularly symmetric pupils
with small or well balanced aberrations, a significanﬁ (@4%) error in
the OTF exists even if the line spread function is not truncated until
it reaches %% of its maximum value; The error is largest at very low
spatial frequencies (v < 0.1). If the LSF is truncated at its %% values,
then 20 sample points at the critical sampling interval are required.
Rabedeau's results do not necessérily apply to synthétic aper-
ture systems because the point spread functions are generally much more
complicated than for circularly symmetric systems. Therefore the effect
of truncating the synthetic aperture 1ine spread function was experi-
mentally determined, fhé line sprééd function corresponding to the ¢ =
0°.transfer function wasrmeasured and . then truncatealto varying degrees.
The transfer functions calculated from the truncated line spread func-
tion were compafed, and it was determined that the line spread function

should be measured out to 90 um on each side of its center. Truncation
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at this point produces an error in the calculated MTF (see Fig. 37) that
is less than o0.01 for normalized spatial frequency components greater
than 0.1. The 180-um sampled region extends out to the third dark ring
of the /y40 pupil element Airy pattern and the fourteenth dark ring of
the f/10 synthesized pupil Airy pattern. At the truncation point the

value of the line spread function is about 0.5% of its peak value.

0.01

0.00

0.01
0 0.1 0.2 0.3 0.4 0.5 0.6

SPATIAL FREQUENCY, v

Fig. 37. Error in MTF Calculated from a Truncated
Line Spread Function.

Effect of Slit Width and Point Source Diameter. The finite size
of the point object and the finite width of the sampling slit affect the
measured line spread function and therefore the transfer function.

The line spread function, LSF(a), is measured by scanning the

point spread function, PSF(a:,z/), with a slit, ¢ (#) , oriented parallel to
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the y axis:
LSE(x) = PSF(x,y) % 8(x),

where #* denotes a two-dimensional convolution. If the object, @(x,y),

has finite extent, then its image is
PSF'(x,y) = @(x,y) == PSF(z,y).

Furthermore, if the slit has a finite width, then the measured line

spread function is
LSF'(x) = PSF’(cé,y) x%x Tect(x/b),
where b is the sl'i‘trwidth. Therefore,
LSf’(x) = O(x,y) *af PSF (x,y) == rect(w/b).

Since rect(x/b) = rect(x/b) ** §(x), the last expression may be written

LSF ' (x) . @ (x,y) #* PSF(x,y) ** &(x) #x rect(x/b)

@O(x,y) s+ LSF(x) ==x reét(x/b).

The cross section of the experimentally determined transfer function in

the v, direction is- the Fourier transform of LSF' (x)

)
(18)

OTF'(vy,0) = OTF(vg,0) « F{@(x,y)} ° sinc(bvy) = §(v

where sincx = (sinmz)/wmx. Hence the experimentally determined OTF is
the actual OTF multiplied by two factors; one depends on the object dis-

tribution and the other on the slit width.
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First consider. the errbr due to the object distribution. The
object is a 5;um—diameter pinhole illuminated by a focused laser beam.
The laser beam has a Gaussian amplitude distribution that falls to its
1/e point when the beam diameter is 0.8 mm (according to the manufac-
turer's literature). Since the laser has a beam divergence of 1.1 mrad
and the microscope objective is 150 mm from the 1asef, the 1/e point
beam diameter at the objective is 0.95 mm. Hence, the amplitﬁde distri-
bution at the pupil of the objectiye can be expressed as

Pﬁx',y') = exp [-ﬂ <—£f%j%%ézl>2] .

The amplitude distribution at the focal plane of the objective is

A(z,y) FiP(x',y"}

exp [—ﬂ <14%?22 %57_27?>2] s

where f is the focal length of the objective. Substituting A = 633 nm

and f = 4 mm, the intensity distribution at the focal plane is

A,y A% (,y)

(—LY =7 )2
eXp [’"<0.945 m VY > ]

@ (%,y)

i

When modified by the 5-um pinhole, this focused Gaussian beam
forms the "point" source for the synthetic aperture system. Since the
effective diameter'of the Gaussian beam is only 2 um (at the 4% inten-

sity points), the effect of the pinhole is insignificant in defining the
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intensity ‘distribution of the source. . Therefore, the finite source size

factor in Eq. (18) is
FlO@,y)} = exp {-1[0.945 um x (vp2+vy2)712},

If Vy = 0 and vy, is normalized to the cutoff frequency for an f/10 sys-

tem, then
F{O(x,y)} = exp[-n(0.15 um x vx)é]. : (19)

This function shows the fractional reduction in the MTF due to the
'spurceAsize and is plotted in Fig. 38.

The effect of the slit width on the MIF is expressed by the
sinc (bvy) funétion. If the slit width is 3.5 um and v, 1s normalized to
the cutoff frequency for an f/10 system, then the effect of the slit
width is sinc[(0.555 um)ve]l. This factor is also plotted in Fig. 38.
The combined effect is just the produc; of the two curves.

The major modification to the MTF comes from the slit. In order
to correct this error, the MTF CﬁrVes obtained experiﬁentally aré multi-
plied by a correction functipﬁ equal to 1/sinc(0.58 um X vg), which very A
closely approximates the inverse of the net effect curve in Fig. 38.

The cofrection function is plotted in Fig. 39.

Electronics. Owing to,bench‘vigrations and atmospheric turbu-
lence, the amount of light,passing through the slit varied significantly
with time. The bench vibrations were of relatively high frequency (> 40
Hz), whereas the atmospheric turbulence was of low frequency (0.1 to 10
- Hz). These produced intensity fluctuations at the PMT that were typi-

cally 10% but often went as high as 30%. Intensity variations due to
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the laser were insignificant (less than 0.3%) even over periods as long
as 15 min.

Assuming that the variations dﬁe to vibration and turbulence
have a zéro meaﬁ relative to the actual value of the line spread func-
tion,-the noise can be removed by intégrating the signal for a suffi-
ciently long pe;iod. The system for performing this function is outlined
in Fig. 40. The PMT produces a current signal that is converted to a
voltage signal by a Keithley Model 414 Micro-Micro Ammeter. The noisy
signal is then fed to an electronic integrator that is controlled by two
electronic timers., Timer 1 regulates the integration time by opening'
aﬁd closing a switch at the intégrétor's input. Timer 2 shorts out the
integrating capacitor prior to the beginning of a new integration cycle.
The output from the integrator is displayed on a Weston Model 1242 Digi-

tal Voltmeter.

Light W PMT
(1p21)

from

slit ‘L’

Micro-Micro
ammeter

Y
Timer
Switch < : ¥
¥
Integrator |&— T;m;r

!

Digital
voltmeter

Fig. 40. Electronics.
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This signal integration scheme worked remarkably well in reduc-
ing the random signal fluctuations. For an integration time of 15 sec
the noise was typically 1% of the signal. The 1inearity of the PMT, am-
meter, and integrator was sufficiently accurate for the line spread func-
tion measurements. |

OTF Calculation. The optical transfer function was calculated

from the measured line spread function using a fast Fourier transform
routine. The program then multiplied the calculated transfer function
by the correctibn function (Fig; 39). The program used for this calcu-
lation is described further in Appendix B..
Photographing the Point Spread Function
and the Extended Target
| vPhotographs of the éoint spread function and the extended target
were made using the experimental arrangement shown in Fig. 34. The
point spread was focused by the detection stage microscope at a plane
1ocafed 700 mm from the eyépiece., Film placed in this plane recorded
the 125X magnified point spread function. When the point spread func-
tion was focused at this plane, the image of the target was located at
infinity (owing to the positioning of the target relative to the pinhole
at the illumination stage). The target image was photographed using a
35-mm focal 1ength lens focused at.infinify. With this lens the film
recorded the tafget-at 8X magnification.

The effect of the microscope and camera optics on the image
quality of the photogréphs was insignificant. The microscope objective
(10X Nikon; N.A. = 0.25) was of very high quality, and its pupil was

underfilled by the f/10 synthetic aperture beam. Similarly, the maximum
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spatial frequency content of the target image in the focal plane of the
f/3.5 camera lens was only 20 mm~1, compared to the 250 mm~! that the
~ lens can easily resolve.

The photographs were made with Kodak Plus-X film developed in
Kodak Microdol-X developer. The effect of this film on the recorded im-.
age quality is quite small. At 20 cycles/mm, Plus-X film has a transfer
function value of approximétely 0.85. (This value was .estimated from
transfer function curves for similar.developers as described by Eastman
Kodak Company, 1967.)

'Thé photographs in this report show the point spread function
énlarged 450X and the‘extended target enlarged 48X, except as otherwise

noted.

Experimental Procedure

The procedure followed in a typical data run is outlined below.
If'is significant that (a) the exact aberration introduced was always
known and recorded on an interferogram (except for piston error and
tilt), and (b)’thé focus of the system was identical for‘recording of
the point spread function, line spread. function, and image of an ex-
tended object.

(1) The magnified point spread functign of the aberrated aper;
ture element was observea,_aﬁd the aberration generator was adjusted un-
til épherical aberration, coma, astigmatism, and defocus.were'zero;

(2) The tilt and piston errors were removed using a tecﬁnique
described earlier in.this cﬁaﬁter.

(3) The desired aberration was introducea with the aberration

.generator.
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(4) The teléscope objective was .replaced with the signal arm
mirror (see Fig. 26) and an interferogram was made of the wavefront from
the aberration generator.

(5) The telescope objective was placed back into position, and
the detecfion stage was adjusted for best focus as the magnified
six-element point spread function (on a screen 700 mm from the eyepiece)
was being observed. |

(6) The critical focus of the array was adjusted using the fine
focus technique described in Appendix C.

(7) The slit was positioned in its proper orientation in front
of the microscope objective, and the slit focus control was used té bring
the image of tﬁe slit into focus on the focusing screen.

(8) Using the slit focus control, the slit was moved 12.2 x 1073
in. toward the telescope objective. This was necessary in order to po-

' sition the slit in the focal blane of thé synthetic aperture array. The
tﬁickness of the slit's glass substrate affected the fOCal position ob-
tained'in step (7).

(9) The detection stage's folding mirror wés moved so that the
beam coming from the microscope objective was.directed to the PMT,

(10) The scanner micrometer was adjusted until the maximum volt-
age output from the PMT was obtained. This centered.the slit on the
point spréad function.

(1D The total lighfbcoming through each aperture element was
measured. The pinhole was adjusted at the illumination stage, if néces¥
sary, to make the total power coming through each element equal to

within 25%.
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(12) The scanner was moved 90 um to one side of center.  This
was the position for the first measurement.

(13) After the electronics had integrated the signal for the
proper time, the integrator output voltage was recorded and the scanner
was moved 2.5 um for the next reading. The readings were taken until
the point spread function was scanned. |

(14) The folding mirror in the detection Stage wés retracted,
and the slit was removed so that the point spread function was imaged
onto the focusing screen. Film was placed in-the plane of the screen;
and the point spread function was photographed.

 (15) The folding mirrors on the illumination stage were moved
so that thé'target was illuminated and was imaged through the synthetic
aperture system., The camera was placed against the eyepiece in the de-

tection stage, and the image of the extended target was photographed.

Experimental Error

There are many factors that influence the accuracy of the trans-
fer function measurements. Two categories of error soufces may be de-
fined. The first includes the sources that produce a systematic error,
and the second includes random error sourées. Systematic error sources
includ¢ the uniformity of pupil illumination, the accuracy of the mask
geometry, the source pinhole and scanning slit size, the quality of the‘
optical elements, the 1ineérity of £he-PMT and electronics, the align-
ment of the scanner axes, etc. Random error sources iﬁclude atmospheric

turbulence and mechanical vibrations.
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To evaluate the net effect of these factors, the ﬁnaberrated
transfer function was méasured a number of times and compared with the
theoretical unaberrated transfer function (Figs. 41 and 42). Figure 41

shows that there are two spatial frequency regions where the measured

¢ = 0° MTF is consistently higher than the théoretical MTE. From 0.25 <

v < 0,35 the meashred MTF is about 0.03 too large, and from 0.6 < v <

0.7 it is about 0.02 too large. Likewise, there are regions in the

1

¢

ical MTF. From 0.2 < v < 0.45 the measured MTF is about 0.03 too small,

45° MTF (Fig. 42) that vary in a consistent fashion from the theoret-

and from 0.6 < v < 0.75 it is about 0.03 too large.

Both the § = 0° and the ¢ ; 90° MTF curves fail to go to zero at
their respective cutoff frequencies. This is due to high-freQuency
noise iﬂ fhe'méasured line spread function, which probably is caused by
small inaccuracies in positioning the scanner or b& random variations in
the light signal produced by atmospheric turbulence or mechanical
vibrations. |

Except .for the regions just mentioned, thé MTF curves follow the
theoretical curves quite well, There is typically a 0.02 spread in the

‘da£é points at a particular spatial frequency, indicating a repeatabil—
yity o? about 0.01. | |

The phase transfer functions exhibit small random variations.
Typical maximum deviations are 0.05 cycles, although at very high spa-

tial frequencies the PTF error at times reaches 0.1 cycle.
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CHAPTER V
RESULTS

This cﬁapter describes the results of the computer simulation
and the experimental measurements. Transfer function curves that were
obtained experimentally are marked with an E. All unmarked curves were
calculated'ﬁsing the computer programrdescribed in Chapter III. The
spatial frequency axeslon the transfer function curves are normglized to
the cutoff frequency of an f/10 circular pupil (160 cycles/mm for A =
632.8 nmj{' Only the ¢ = 0° and ¢‘= 45° cross sections of the
two-dimensional transfer function are considered. These are referred
to és the ¢ = 0° transfer function and the ¢ = 45° transfer function,

- respectively. ﬁ

The orientations of the line spread function and tﬁe extended
target are defined in terms of their relationship to the transfer func-
tion. The ¢ = 0° (or 45°) line spread function is the inverse Fourier
transform of the ¢ = 0° (or 45°) transfer function cross section, and is
oriented pérpendicular to the ¢ = 0° (or 45°) axis. Similarly, the im-
ages of the ¢ = 0° (or 45°j extended target are oriented such that the
bars of the log-periodic target are perpendicular to the ¢ = 0° (or 45°)
axis.

Three portions of the extended target are shown in this chapter.
'The portion that includes the ¢ = 0° (or 45°) log-periodic target re-
flects tﬁe modulation variations of the ¢ =.0° {(or 45°) transfer
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function. The other two are of geﬁeral scénes and are designated by Al,
‘A2, Bl, or B2, The letter in the designation refers to the particular
target section (A for airplane, B for building), and the number refers
to the oriéntation of the target section (1 for ¢=0° and 2 for'¢ =45°),
Coﬁpariéons of the extended target images were made from prints
that are of higher quality than the reproductions included in this chap-

ter. As a result, some of the reproduced features do not have the clar-

e
/

ity present in the target images.

The wavefront associated with the aberrated pupil eiement is
described by the magnitude of its aberration coefficient, the form of
the aberration (piston error, defocus, eté.), and the orientation, a,
of the aberration within thevpﬁpil element; o is measured the same as ¢,
as shown in Fig. 1.

To clarify the presentation of the measured transferAfunction
curvés, two simplifications are made. First, there are no measured val-
ues shown for the ¢ = 0° transfer function in the region 0.25 < v < 0.5,
as the aberrated element does not contribute in this region. (The mea-
sured values are the same as the unaberrated theoretical values, within
the error range discussed in the last chapter.) Second, the measured |
PTF is not shown for those caseé where, for reasons of syﬁmetry, the PTF

 must be zero. (The measured values vary about zero within the raﬁge

mentioned in the error discussion.)

Unaberrated System"

The point spread function of the f/10 unaberrated six-element

array is shown in Fig. 43. For comparison, the spread functions of an
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individual f/40 circular aperture element and the f/10 synthesized cir-
“cular pupil are also shown. Both circular pupils produce Airy intensity
diétributions having circular symmetry, whereas the six-element array

produces an intensity distribution with hexagonal symmetry.

The central core of each spread function is surrounded by a dark
ring whose diameter depends on the shape‘and size of the pupil. The
dark ring diameter for the f/40 circular pupil is four times the diame-
ter for the f/10 circular pupil, and the diameter for the f/10 érray is
about 10% less than for the f/10 circular pupil. The Smaller.core diam-
eter for the f/10 array does not imply that there is a greater concen-
tration of ene}gy in its core than in the core for the f/10 circular .
a%ray. On the contrary, whereas the intensity of the first bright ring
in the Airy patfern is only 4% of the peak core intensity, the intenéity
of each of theAsix subsidiary peaks for the array is 18% of the peak
core intensity. Hence the concentration of energy in the core is sig-
nificantly higher for the f/10 circular aperture even though the f/10
array has a slightly smaller éore.

The line spread function of the circular pupil is the.sameAin
all directions. However, with the syﬁthetic aperture array the LSF is
ﬁighly dependent on the direction in which it is measured. In Fig. 44
the line spread functioné for the f)lO circular pupil and thelf/lo array
are compared. (Each LSF has been normalized to its peak intensity.) In
thé case.of ﬁhe circular pupil, the LSF funcfion falls off sharply until
its relative intensity is less than 0.03. On the other hand, the LSF
for the synthetic aperture array falls off abruptly only until the rela—

tive intensity is between 0.25 and 0.50. Beyond this point the intensity
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Fig. 44. Unaberrated Line Spread Functions.
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decreases slowly, and there may even be sécdndary peaks of significant
intensity (e.g., the ¢ = 0° LSF).

The transfer functions corresponding to the f/40 and f/10 circu-
lar pupils and the f/10 synthefic aperture are shown in Fig. 45{‘ The
ésymmetry éf the synthetic aperture transfer function is evident from
the curves for the ¢ = 0° and ¢ = 45° directions. The maximumrspatial
frequency for the array in the ¢ = 0° direction is the same as for the
f/10 circular pupil. However, in the ¢ = 45° direction the synthetic
aperture tfansfer function goes to zero at a spatial frequency of 0;86.'

Although the synthetic aperture array and the f/10 circular pu-
pil pass spatial fréquency coqunenﬁs over nearly the same frequency re-
gion, the array reduces the contrast of these components much more than
the circular pupil does. As a result, the images formed by'these two
systems have very different appearances. Figure 46 shows the extended
target when imaged through f/10 and f/40 circular pupils, and Fig. 47
shows the target when imaged through the f/10 synthetic aperture array.
‘To show the asymmetry of the array's transfer function, two orientations
- of the extended target are included. With each targeﬁ photograph the
corresponding point spread function is shown at the same scale.

The log-periodic targets are compared in Fig. 48. These targets
show a maximum normalized spatial frequency of 0.23 for the f/40 pupil
and 0.82 for the f/lO cifcular pupil. With the synthetic-aperthre array
the maximum normalized spatial freqﬁency is 0.74 fof ¢ = 450 and 0,82
_for ¢ = 0°, The measured resolution was lower than the theoretical res-
_olution.for the reasons mentioned in the discussion of the testftarget

in Chapter IV,
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a. £/40 Circular Pupil

b. £/10 Circular Pupil

Fig. 46. Unaberrated Extended Target Images, Circular Pupil.
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Fig. 48. Unaberrated Images of Log-Periodic Target (82X).
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The asymmetry of the synthetic aperture transfer function is
further illustrated in the bottom photographs in Fig. 49. The railroad
track just below the right side of the large building is resolved for
¢ = 0° but not for ¢ = 45°. Similarly, thelstripes on top of the rail-
road car are resolved for ¢ = 45° but not for ¢ = 0°. Both of these
features are well resolved with the f/10 circular pupil but are unre-
solved with the f/40 circular pupil.

In Fig. 50 the leading edge of the left wing of theflarge air—
craft is sharp for the £/10 circular‘pupil but very fuzzy for the f/40
circular pupil. When imaged through the synthetic aperture array; this
edge appears significantly sharper‘for the ¢ = 0° orientation than for
the ¢ = 45° orientation. However, a sharper edge is produced with
either array orientation than with the f/40 circular pupil.

The synthetic aperture array is also different from the circular
pupil in that it produces‘several interesting image artifacts. These
artifacts are most noticeable with images of edges and linear objects.
Consider the line spread functions shoWn in Fig. 44. Whereas the cifcu—
lar pupil's LSF fails monotonically to a low level, the LSF of the array

.levels off when the normalized intensity is between 0.25 and O.S.'iHence,
when adjacent dark and bright regions are imaged by the array, there
will be a distinct‘gray band separating the‘two regions.

~ This effect is noticeable in the series of éhotographs in Fig.
49, The upper edge of the building gradually changés from dark to white
for the circular pupil photographs. On each photograph two lines are.
drawn to indicate the geometric width of the building. The apparent

width is smaller for the f/40 circular pupil than for the f/10 circular
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Fig. 49. Unaberrated Images of Target Section B (82X).
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pupil owing to the wider line spread function for the f740 pupil. With
thefsynthe@ic aperture array the transition is in distinct steps, and
there is an internmediate level éf gray that appears on the dark side of

the geometric edge positions. The apparent width of the building in
this case is nearly the same as the actual width if the edge of the
building is measured from the boundary between the light and gray regions.
Another interesting artifact can be seen in the lower spatial
frequency regions of the log-periodic target (Fig. 48). There appear to
be faint bright lines between adjacent brigﬂt bars in the 0.19 to-0.23
normalized spatial frequency region. These faint 1ines are artifacté
“that also are produced by the wide skirts of the synthetic aperture's
line spread function. In Fig. 51 two line spread functions are over-
-lapped to illustrate the cross section of an image of two line objects.
For the ¢ = Q° LSF,.a strohg secondary peak is present between the two
main peaks for a line separation of 28-um (corresponding to a normalized
- spafial frequency of 0.23). Similarly, a weak secondary peak is formed
for the ¢ = 45° LSF when the iines are separated by 29 um (corresponding
to a spatial frequency of 0.21). This artifact will be called ""double
imaging." It is most noticeable when high—cpntrast periodic lines are
imaged through the synthetic aperture array. Low-contrast objects, such
as the three-bar térgets, should also producé this artifact. However,
thg additignal line in this case is of such low contrast that it cannot

be defected.
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Aberrated System

System Defocus
-. The introduction of system defocus into the synthetic apefture

array produces the point spread functions shown in FigT 52. Although
there is little if any change with 0.25) of defocus, ‘the six secondary
peaks are elongated radiaily with 0.502 of defocus. Further defocusing
continues to shift light from the central core and its surrounding hex-
agonal plateau to the outer structure of the pattern. With 1.5X ofrde—
focus the central core is very dim and there appears to be no light in
the region of the original plateau. The hexagonal symmetry of the pat-
‘tern is maintained for all magnitudes of system defocus since it is an
aberration that is symmetrical with respect to the array. |

System defocus reduces the low and high spatial frequency compo-
nents more rapidly than the middle spatial frequencies. Figure 53 shows
that the MTF is reduced by less than 0.02 for O.ZSX of defocus, whereas
it is reduced by as,much as 0.1 for 0.5X of defocus. With 0.75X of de-
focus, the MTF has a value less than 0.05 for more than half of the .
paésbands in the ¢ = 0° curve and for more than three fourths of the
passband in the ¢ = 45° curve. The phase transfer function is zero since
system defocus is a symmetri;al aberration with respect to the array. |

Figures 54 through 56 show target sections for various amounts
of system defocus. The change in the log—periodicAtarget is evident .
when 0.5\ of defocus is introduced. With this amount of aBefration the
stripes on the railroad car (target section A2) and the railroad track

(target section Al) cannot be resolved. ‘With 0.751 of defocus only the
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midfrequencies (0.25 to 0.4) are visible in the ¢ = 45° log-periodic
target. The ¢ = 0° log-periodic target shows increased double imaging
in the low-frequency region as the system defocus is increased. When
there is 1.0X ofAdefocus, the double imaging is very significant and can
be seen easily on the upper edge of the large bqilding (section B1l) and

the leading edge of the large aircraft wing (section Al).

Piston Error

The introduction of piston erfor into one element of a synthetic
~ aperture system drastically influences the point spread function. Al-
though the effect on the PSF for 0.1X of piston error is not'noticeable
(Fig. 57), 0.25) of piston error makes the pattern very asymmetric. The
central core is egg—shapéd with its narrow end pointing along the +y
axis, and the surrounding.plateau region has a threefold'symmetry._ As
the piston error increases from 0.25\ to 0.5A, the pattern loses its
threefold symmetry and appears to acquire a rectilinear nature. The pat-
tern for 0.75) of piston error is identical to that of the 0.25)A case ex-
cept that it is’rotated by 180°. When the piston error is 1.0A the PSF
returns to its unaberrated form.

The sequence of photographs in Fig. 57 illustrates a unique prop-
erty of piston error. As the magnitude of this aberration increases,
thé.PSF and transfer function vary in a cyélical fashion. The maximum
effect of piston error is obsér?ed when its magnitude is an odd multiple
of 0.5\. When the piston error is an even multiple of 0.5) it has ﬁo

effect on the PSF. No other aberration behaves in this manner.
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Figures 58 through 61 show the effect of piston error on the
transfer function and the extended target images. For the ¢ = Q° trans- -
fer function, only the aberrated element and one unaberréted element
contribute to the spatial frequency region between 0.64 and 1.0 (see
Fig; 15). In this region the MIF is unaffected, and the value of the
PTF in cycles equals the magnitude of the piston error in waves. The ¢
= Q° log—périodic target in Fig. 59 shows that the high-frequency bars
in the vicinity of v = 0.75 are visible even when 0.5\ of piston error
is present. More than two pairs of elements contribute to the ¢ = Q°
transfer function in the spatial frequency region from 0.5 to 0.64.
Therefore, thevmodulus as well as the phase is affected.

Whereas piston error affects the PTF more than therMTF for the
¢ = 0° orientation, the MIF is more affected for the ¢ = 45? orientatioh.
Figure 58 shows that, for 0.5\ of piston error, the MIF is zero for spa-
tial frequency components greater than 0.25. The ¢ = 45° log-periodic
target (Fig. 59) illustrates this reduction in the modulus of the trans-
fer function.

SeVeral features in the targét section images (Figs. 60 and 61)
are changed when piston error is introduced. As- the piston error in-
creases to>0.5k, the distinction between the two railroad tracks in tar-
get Bl:and between the stripes on the railroad car in B2 decreases. At
Wop = 0.5A they are unresolved. Similarly, the leading edge of the left
éi?craft wing in target Al (Fig. 61) becomes less distinct as - the piston
error increases to 0.5A. The image quality improves as the piston error

increases from 0.5A to 1,0A.
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Balancing Piston Errors with Defocus. The effects of 0.51 of
piston error ére very noticeable, particuiarly on the ¢ = 45° transfer
" function. By introducing a compensating amount of defocus into the ab-
errated element, the ¢ = 45° MTF can be improved significantly. Figure
62 shows the transfer function when 0.5X of piston error is balanced
with -0.66) of defocus. Tﬁe o = 45°.MTF has been improved by as much as
0.1, and the PTF shows very little phase error. The ¢ = CO PTF is sub-
stantially improved, but the ¢ = 0° MTF has decreased significantly,
particularly in the high-frequency region.

The effect of the balancing aberration on the poiﬁtAspread-func~
tion and the target photographs is.equally apparent. Figure 57 shows
that the point spread function has a better defined central core and has
regained its hexagonal symmetry to some extent. The higher frequency
. bars on the ¢ = 45° log-periodic target (see Fig. 59) are resolved as a
result of adding the balancing aberration. However, as would be expected
from Fig. 62, the high-frequency bars (v >0.6) on the ¢ =0° 16g—periodic
target are not resolved. Targef features that are unresolved as a re-
sult of the 0.5\ of piston error (railroad track, leading edge of air-
craft wing, and stripes on bpxcar; see Figs. 60 and 61) can be resolved
when the compensating defocus is added.

Interaction Between Piston Error and System Focus. When 0.5 of

piston error is introduced into one element, the ¢ = 45° MTF goes to
zero for spatial frequencies greater than 0.25. However, if system de-
focus is élso introduced, the MTF can be raised significantly.

Figure 63a shows.that the ¢ = 45° MTF for 0.5\ of piston error is

as much as 0.06 higher when 0.25) of system defocus is added. The
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improvement in MTF is evident in the ¢ = 45° log-periodic target in Fng
63b. There is no significant decrease in the ¢ = 0° tranéfer function
as indicated by the ¢ = 0° log-periodic target.

Unfortunately, neither the MTF for images of the log-periodic
target completely describe the imaging characteristics of the synthetic
aperture system. While the MTF improves when system defocus is intro-
duced, PTF develops severe fluctuations (Fig. 64a). As a result,'the
target sections show a degradation rather than an improvement as system

defocus is introduced (Fig. 64b).

Wavefronf Tilt

The effect of wavefront tilt isrfo shift the point spread func-
ti&n_of the aberrated pupil element away from the spreadofunctions.of
the unaberrated elements. In Fig. 65 the point spread function is‘shown
- for various magnitudes of tilt and for two different orientations. The
shiftéd spread function is cleariy visible in the Wiy =C.75x photographs.
The effect of o = 0° tilt‘is to make the central core of the PSF ellip-
tically shaped, while o = 90° tilt makes the core egg-shaped. Forvsmall
amounts of tilt (less than 0.5)) the intensity distribution of the sur-
rounding plateau shifts in the direction of the aberrated element's
spreéd function. For o = 0° the pattern is symmetrical about the y aﬁis
and for o = 90° the pattern is symmetrical about the x axis. When the
tilt ié 0.751 the light from the aberrated element is not contributing
significantly to tﬁe center of the pattern and the central core‘and sur-
rounding plateau have the same basic appearance for both a = 0° and

o = 90°,
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Fig. 65. PSF for Tilt.
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The transfer funcfion cross sections are shown in Figs. 66 and
67, and the target section photographs are shown in Figs. 68 through 71.

The ¢ = 0° transfer function behaves basically the same at high
spatial frequencies for o = 0° and o = 90°. With 0.5 of tilt, the mod-
ulus is at a barely detectable level and a moderate phase error exists.
The modulus is effectively zero for spatial frequencies greater than 0.6
when the tilt equals 0.75A. The low-frequency response, however, is
different for the two orientations of tilt. When o = 90° the low. spa-
tial frequency éomponents are not affected, but when o = 0° these compo-
nents show a significant decrease in modulus. These characteristics are
visible in theAlog—periodic targets of’Figs. 68 and 69.

Tilt affects the ¢ = 45° transfer function across the entire
spatial frequency region. The decrease in the MTF is slightly greater
for the o = 0° than for the o = 90° tilt orientation.

An interegting characteristic of the transfer function for the
o = 0° tilt orientation is the increase of the MTF in the spatial fre-
quency region from 0.12 to 0.22 when the tilt increases from 0.5) to
O.?SX. This increase is only about 6.04 bﬁt can be detected by compar-
ing the ¢ = 45° log-periodic targets ih_Fig. 68. The very low frequency
fortion of the target shows significant double imaging (and hence low
contrast) when the tilt is O,SA and only siight double imaging when the
‘tilt is 0.75A.

| The effect of 0.25) of tilt on the target sections is‘not sig-
nificant. However, when the tilt is 0.5\ there are noticeable changes.
The.stripes on the boxcar (target section B2 in Fig. 70) are well re-

solved for a tilt of 0.25i, barely resolved for 0.50A, and unresolved
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for 0.75\. Similar degradation occurs with the railroad tracks (target
section Bl in Fig. 70) although the tracks are still resolved when the
tilt equals 0.75A? For o = 0° tilt of 0.5\, a third railroad track ap-
pears in the Bl targef section. This artifact is caused by strong dou-

ble imaging, as evidenced by the ¢ = 45° log-periodic targét in Fig. 68.

Defocus

The effect of single-element defocus on the point spread func-
tion is illustfated in Fig. 72. With as 1itt1e as 0.25X of defocus, a
change in the central core and surrounding plateau can be detected. The
core exhibits a threefold symmetry and has a slightly triangular shape.
Similarly, the intensity distribution across the plateau région has a
threefold symmetry whereas in the unaberrated case it has a sixfold sym-
metry (note in Fig. 72 the bright plateau regions at the 2, 6, and 10
o'clock positions).

When 0.5\ of defocus is present, the point spread function is
more complicated but still shows signs of a threefold symnetry. Whereas
for 0.25x of defocus the changes in the spread function wereAsubtle,
whén the defocus reaches 0.5% the changes are very apparent. When the
defocus is 0.75)A the central core has greatly elongated and the plateau
region has broken into separate patches. Defocusing from 0.75)A to 1.0A
changes the egg-shaped central core into an oval but does not change the
spread function, as littié of the light from the abeyrated pupil is con-.
centrated near the central core.

The tfansfer function behavior (Fig. 73) is consistent with the

observed changes in the spread function. For 0.25\ of defocus there is
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oniy a slight decrease in the MIF and a small phase error in the PTF.
When the defocus féaches 0.5%, the MTF has decreased a small amount
(about 0.04) in those spafial frequeﬁcy regions where the aberrated glé-
ment contributes tp the transfer function. The PTF is small in,the é =
45° direction but neérly 25% of a cycle in the ¢ = 0° direétion (for.
frequenciés greater than 0.6}.

. The transfer function for 1.0X of defocus is subsﬁantially less
than for 0.5) of défocus. In the ¢ = 0° direction, the 1ow—frequenéy _
components are reduced in modulus by as much as 0.12 and the
high-frequency components (greater than 0.6) have a modulation that is
effectiveiy ZEero0. in the ¢ = 45° direction the low-frequency (less than
0.25) modulationrhas been reduced by about 0.06 and the middle and high
fréqUency modulatidn has been reduced by about 50%.

The PTF curves in Fig. 73 indicate the asymmetry of thevpoint
spread function. As the defocus increaées, the asymmetry and hence the
PTF increase. However, as the defocus increases from 0.5 to 1.0A, much
of the symmetry in the ¢ = 0° and ¢ = 45° directions is regained.

The target'photographs in Figs. 74 and 75 show no degfadation
for 0.25) of defocus. When the defocus reaches O.SK the higﬁ—frequency
(greater than 6.6) components in the ¢ = 0° log-periodic target are no
longer visible and the railroad tracks in target section Bl cannot be
resolved. For defocus of 1.0) the contrést of the ¢ = 0° and ¢ = 45°
1oé—periodic targets is noticeably lower than in the unaberrated case.
In addition, the stripes on the railroad car can no longer be resolved
in target section B2. Increasing the defocus from 1\ to 2)X does not

-'_change the appearance of the log-periodic target (Fig. 74).
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When 1.0A of defocus has been introduced, most of the light from
the aberrated element is distributed away from the central core of the
synthetic aperture point spread function. As a result, the aberrated
six-element aperture is behaving like the unaberrated five-element aper-
ture discussed in Chapter II. The modulation transfer function of the
five-element synthetic aperture (Fig. 16) is very similar to the trans-

fer function of the highly aberrated six-element aperture (Fig. 73).

Spherical Aberration

The effeqts of spherical aberration on the synthetic aperture
images are very small., Figure 76 shows that the central core of the
point spread function elongates slightly when 1.0\ of spherical aberra-
4 tibn is introduced. However, the spread function is not nearly as dis-
torted as when there is 1.0)A of defocus (see Fig. 72). With 1.0) of
spherical aberration there is a significant reduction in the ¢ = 0° MTF
(Fig. 77) and a significant phase error for spatial frequency components
greater than 0.6; Bars in that frequency range on the log-periodic tar-
get (Fig. 78) cannot be resolved.

The ¢ = 45° MTF is slightly reduced by 1.0\ of spherical aberra-
tion although,the phase error is negligible. The effect on the
log-periodic target is visible as.a slight reduction in contrast.

When the spherical aberration is bélanced by an equal amount of
defocus (of the opposite sign), the image quality improves markedly.
With the balancing defocus the>core'of the point spread function is more

compact and has a slightly triangular rather than an oval shape. The
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Fig. 78. Log-Periodic Target for Spherical Aberration.
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high-frequency region of the ¢ = 0° MIF has been'regained, and the
high-frequency bars on the ¢ = 0° log-periodic térget are visible.

There are no noticeable changes in the target sectiqns for 1.0A

of spherical aberration.

Astigmatism
The'cylindrical symmetry of the astigmatic wavefront produces an

effect on an image that is highly dependent uponvfocal position. Three
focal positions were considered in this study: the sagittal focus (Wyq =
0), the mid'focus (Wao =A—%W22), and the tangential focus (Wyg = -Woo).

| The orientation of the astigmatism was such that the direction-
‘of the astigmatic sagittal image was parallel to the y axis. Informa-
tion about the effects of astigmatism in this orientation (a = 0°)-also
describes the case where the astigmatism is oriented at o = 90°. 1In
particular, the MTF for the sagittal (or tangential) focus when a = 0°
is identical to the MIF for thg tangehtial (or sagittal) focus when a =
90°. The PTE's for a = 0° and a = 90° are related in a similar fashion
and ére identical except for a change of sign. Thé‘MTF for the mid fo-
cus position is the same for both orientations, as is the PTF'except for
a change of sign. |

The point spread function.in the preserice of astigmatism is

shown in Fig. 79. For 0.5)1 of astigmatism at the mid focus, the point
spread function appears unaberrated. At the sagittal and tangential
foci the central core is slightly egg-shaped, and the intenéity distri-
bution in the surrounding plateau exhibits a slight threefold symmetry.

 The narrow end of the egg-shaped core points radially in the direction
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of the aberrated pupil at the tangential focus and away from it at the
sagittal fécus.

When 1.0) of astigmatism is present, the spread function appears
distorted for all focal positions. At mid focus the central core has an
oval rather than an egg shépe and the surrounding plateau is more uni-
formly illuminated than at the sagittal or tangential foci.

The effect of astigmatism on the transfer function is illustrated
in Figs. 80 and 81. In each figure the transfer function is plotted for
one value of astigmatism at the three focal positions. For 0.51 of
astigmatism (Fig. 80), the transfer functlon is affected very little.

The sagittal focus is the worst for both the ¢ = 0° and ¢ = 45° dlrec—
tions, and, as expected, the mid focus is the best. At the tangential
focus the MTF is never reduced more than 0.04 from thé unaberrated curve
except at very low spatial frequencies where the reduction reéches 0.08.
The PTF error is less than 0.1 cycle over most of the spatial frequencyA
region. The mid focus transfer function is practically unaffected.

When 1.0\ of astigmatism is introdﬁced, the effect on the trané—
fer function is more significant (see Fig. 81). The high-frequency (less
than 0.6) region of the ¢ = 0° MTF is very low for both the tangential
and the sagittal foci although the response for the mid focus curﬁe is
high. At low spatial frequencies (less than 0.2) the sagittal focus MTF
is decreased by as much as 0.1 and the tangential focus MTF:is not re-
duced at all. For ;he ¢ = 45° MTF the sagittal and tangential focus
curves are reduced by 0.04 to 0.06 from the unaberrated curve. At mid

focus the reduction in MTF is about 0.03,
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The ¢ = 0° ?TF varies by about one fourth of a cycle in the
high-frequency region for the satittal and tangential foci. At mid fo-
cus, the phase error is less than 0.1 cycle. The ¢ = 45° PTF error at
mid focus is also less than 0.1 cycle.

The reduction in the MTF is reflected in the log-periodic’ target
photographs shown in Fig. 82. For 1.0X of astigmatism the high-frequency
(greater than 0.6) portion of the ¢ = 0° target is not resolved for the
sagittal and tangential foci. . However, at the mid focus they are visi-
ble. At tﬁe.sagittal focus in the low—frgquencyrregion there is more
apparent double imaging than at the other foci. This is consistent with
the lower MTF for the sagittal focus as shown in Fig. 8la.

The target section photographs do not show much change with the
introduction of astigmatism. One feature that does change is the rail-
road tracks in target section Bl (Fig. 83). When 1.0A of astigmatism is
introduced, the tracks are more distinct at mid focus than at:the'other

foci.

Coma

| The point spread functipn doés not change significantly until
large amounts of comé are introduced. Figure 84 showé that 0.4 of coma
produces only a slight asymmetry in the core and'surrounding plateau.
‘The asymmetry is som§what worse for o = 90° than for a = 0°, When the
coma reaches 1.0A the PSF is clearly aberrated, but not as much as with
an equgl amount of defocus or tilt.

Thé transfef function curves (Figs. 85 and 86) also show that

- coma oriented at a = 0° is more harmful than coma oriented at a = 90°,



Fig. 82. Log-Periodic Target for Astigmatism.

Fig. 83. Target Section B for Astigmatism.
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Fig. 84. PSF for Coma.
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However, 0.4)X of coma does not have an appreci;ble effect on the.PTF or
MTF for either orientation. For 1.0X of coma the high-frequency region
(greater than 0.6) of the ¢ = 0° transfer function has fallen to 50% of
its unaberrated value. The phase error is large at the higher spatial
frequency components although its Significance is diluted by the low
modulation in that region. The decrease in high—frequenby response 1is
illustrated in the ¢ = 0° log-periodic target in Fig. 87.

The ¢ = 45° transfer function is hardly affected by 0.41 of coma.
For 1.0X of coma oriented at o = 0°, the ¢ = 45° MTF is decreased to
about 65% of its unaberrated value in the spatial frequency region 0.25
to 0.6. In the same region an equal amount of coma oriented at o = 90°
reduces the MTF.to about 75% of its unaberrated value. The PTF for both
orientations is insignificant.

The effect of up to 1.0X of cbma on the target séctions is sub-
tle. Some changes can be seen in the Bl target section (Fig. 88). The

contrast of the railroad tracks decreases slightly as coma is introduced.



Fig. 87. Log-Periodic Target for Coma
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Fig. 88. Target Section B for Coma.
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CHAPTER VI
CONCLUSIONS

The effects of aberrations on the wavefront variance, the point
" spread function, the transfer function, and images of extended objects
have been discussed. In the present chapter these effects will be cor-
related so that conclusions may be drawn about the general naturé of the
aberrétion effecfs, the relative sensitivity of the aberrations, and the

tolerable magnitude of the aberrations.,

General Characteristics

With a circularly-symmetric optical syétem, abeirations may be
"categorized as (1) changing’the phase of the amplitude spread function,
(2) changing"the,locatioﬁ of the pbint spread function, and (3) changing
the form of the point spread function. Introducing piston‘error changes
the phase of the amplitude spread function but has no effect on the im-
aging characteristics of an incohérently‘illuminated system. Tilt -
changes the location of the PSF and gives rise to either a magnification
~error (if the field dependence is linear) or distortion (if the field
dependence is cubic). However, as with piston errér, the form of the
PSF remains unchanged. Defocus, spherical aberration, coma, and astig-
matism change the form of thé PSF and hence influence the optical trans-
fer function.

| With a synthetic aperture array haﬁiné one aberrated element,
all aberration terms change the form of the PSF and influence the
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transfer function. Pisfoﬁ Qirof and linear tilt, which are not really
considered to be aberrations ih'gircuiarly symmetric systems, are among
the most serious aberrations in a synthetic aperture system. Since any
aberration introduced into one pupil eleﬁent makes the system pupil
function asymmetric, the point spread function is asymmetric and the
phase transfer function is nonzero.

As aberrations that change the form of the PSF are introduced
into a circularly symmetric system, the quality of the image steadily’
dg;feases. This is not the case when one element of a synthetic aper-
ture array is aberrated. If large amounts of aberration are present,
the point spreéd function associated with the aberrated element is very
diluté in the region of the spread functions formed by the unaberrated
elements. As a result, there is little contribution by the aberrated
element to the central core of the synthetic aperture PSF, and increas-
ing the magnitude of the aberration has little or ﬁo effect.

The effect of piston error in a synthetic aperture system is un-
like any aberration in an incoherently illuminated, circularly symmetric
system. The influence of pisfon error on the image is cyclical as the
magnitude of the piston error incredses. Unaberratéd images will be
formed by monochromatic light whenever the piston error is a multiple of
the wavelength.

Asrdiscussed in Chapters I1 and iV, images formed by synthetic
aperture systems exhibit artifacts that are particularly noficeable in
the vicinity of edges and linear objects. These artifacts are produced
by the relatively large amount of energy in the skirts of the line

spread function, and by the plateaulike shape of the skirts. As
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aberrations are introduced, light from the central core of the point
spread function is redistributed outward, and the amo;nt_of energy in
the skirts increases. Depending on the nature of the aberration, this
redistribution of energy can increase the effect of the artifacts. For
example, with tilt and system defocus there is a significant increase in
the artifact called double imaging. With piston error there is no no-
ticeable increase, and with the other aberrations there is only a slight
increase.

The quality of an image formed by a synthetic aperture system is
highly dependent upon the orientation of the image.  Figures 47 and 48
in Chapter V showed that certain features that are resolved for one tar-
get orientation are not resolved for a different orientation. Since the
transfer function has hexagonal symmetry, the image quality varies in a
» cyclical mannef as the object is rotated through 3600; When aberrations
are introduced, the hexagonal symmetries of the pointAépread function
and the transfer function are, in general, destroyed. As a result, the
image quality varies in é»more éomplex manner as the orientation of the
object is changed;

Just as the image quality is dependent upon the orientation of
‘an object relative to the array; it is also dependent upon the orienta-
tion of the aberration relative to the array. For example, the effect
of tilt on the ¢ = 0° transfer function is less if o = 90° than if a =
 0°.' For either orientation, the effect on the ¢ = 45° transfer function
is about the same. Similarly, coma and a;tigmatism produce a smaller
effect on the ¢ = 0° transfer function if they ére oriented at o = 90°

rather than at o = 0°.
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This is not to say that the values of the two-diménsional trans-
fer'function as a whole are larger if o equals 90° rather than 0°. As
we saw in Chapter II, the central ordinate of the point spread function
is the same regardless of the orientation of tilt. Therefore, the vol-
ume under the transfer function must be the same fqr'all tilt orienta-
tions. By changing the orientation of tilt, coma, or astigmatism, the
form of the two-dimensional transfer function is changed, but not its
volume. For a particular object with a given orientation, there is a
preferred orientation for the aberration. However, if there is no
a priori knowledge of the object‘diétribution, then no preferred orien-

tation can be selected,

Correlations

Four different quality criteria were correlated to determine.the
relative significance and the tolerable magnitude of the aberrations.
Two of the criteria (wavefront variance and area under the transfer func-
tion cross sections) are objective, and the other tWo (the - appearances
of the point spread function and the target image) are subjective.

General expressions for the wavefront variance were derived in
Chapter II', For small aberrations (less Fhan A/4), the variance is pro-
portional to the decrease in the central ordinate of the transfer func-
“tion and to the decrease in the volume under the transfer function.
Since aberrations larger than A/4 were used, the relationship between
the variance and the PSF and MTF does not necessarily hold. Neverthe-
less, the variance may still be used as a quality criterion because the

main limitation of the variance criterion arises when the aberrations
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are greater than 0.75) when applied to Synthetic éperture systems. ‘In
this case, the variance continues to iﬁcrease”as the méghitUdé of thg
aberrati@n increases although the quality of tﬁe image does ndg chaﬁgé.

A commonly ﬁged quality criterion is the volume under the
two-dimensional transfer function. Siﬁce'only two cross sectidné of the
transfer function were measured in this study, the volume coul@:not be
determine&. As a result, the transfer function was described by the
decrease in area under Cross séctions of thé modulation transfer func-
tion, and by the area under the absolute value of the phase transfer
function cross section. As the area associated with the MTF Cross sec-
tion decreases or the area associated with the PTF cross section in-
créases, the quality of the image generally aecrgases. The Valﬁes
obtained for the ¢ = 0° and ¢ = 45° cross sections were averaged to form
the modulation area reduction factor (MAR) and the phase error descrip-
tor (PED).
| Although the MAR and PED are descriptions of just two cross sec-
tions of the transfer function, they afe representative of the bghavior
of the transfer function in most situations. The two cross sections
used are at ¢ = 0° and ¢ =,45° and, as was seen in Chapter II; the ¢ =
90° cross section is rather inéensitive to aberrations in pupil element
1. It is expected that the behavior of the transfer function for inter-
mediate values of ¢ is not fundamehtally different from the cross sec-
tions that were considered. That is, as the aberratioﬁs are increased,
it is unlikely that the MAR or PED would increase for an intefmediate

value of ¢ while they decreased for ¢ = 0° and ¢ = 45°.
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Table 5>§ompares the wavefront variance, the MAR, and the PED
for different maénitudes of the aberrafions. AberrationS»tHat have a
relatively greater effect for magﬁitudes of 0.5\ are placed toward the

top of the. list,

Table 5. Summary of Objective Criteria

Aberration Magnitude W MAR PED 10002
Piston error 0.1 0.01 58 0.16
0.25 and 0.75 0.06 - 150 - 0.81
0.5 0.17 210 3.60
0.5 (Wpp = -0.66) 0.15 65 0.53
Defocus - 0.25 ' 0.03 55 0.36
0.5 0.11 105 1.21
_ 1.0 0.26 36 4.85
Tilt o =0°  0.25 0.06 47 0.25
0.50 0.18 87 1.00
0.75 0.24 20 2.25
o =90° 0.25 0.04 18 0.36
0.50 0.14 36 1.21
0.75 0.21 21 4.85
System defocus  0.25 0.04 0 0.25
0.50 0.18 0 0.81
0.75 0.38 - 0 1.96
1.0 0.52 0 3.60
Astigmatism 0.5 0.08 72 0.49
1.0 » 0.18 79 1.96 .
0.5 (Wop = -0.25) 0.02 19 0.16
1.0 (Wpq = -0.5) 0.08 31 0.64
0.5 (Wy9 = -0.5) 0.06 54 0.49
1.0 (Way = -1.0) 0.13 87 1.96
Coma a = 0° 0.4 0.04 51 0.36
1.0 0.18 90 1.96
o =90° 0.4 0.04 9 0.36
' 1.0 0.13 30 1.96
Spherical 0.5 0.08 47 0.75
aberration ‘1.0 0.14 66 2.9
1.0 (Wog = -LQ) 0.03 28 - 0.16
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The point spread functions and the target images provided a sﬁb—
jective measure of whether significant amounts of aberration have been
introduced. The aberrated point spread functions were classified as
having no, slight, modefate, or high degradation. The target images
were classified according to whether or not there was a noticeable deg;
radation in one of the target sections.

Table 6 compares the changes in the point spread functions and
the target images for various aberrations. As in Table'S, the aberra-

tions that produéed the largest changes are listed first.

Table 6. Summary of Subjective Criteria.

_ Change in
Aberration Change in PSF target sections?
Piston error 0.1A None to slight No
0.25A High Yes
Tilt 0.25x Slight to moderate No
0.5A High Yes
Defocus 0.25x Slight. No
0.5Xx High _ Yes
Over-all 0.25x None - ' No
defocus 0.5x Moderate Yes
Astigmatism 0.5x Slight No
. 1.0 Moderate _ Yes, faint
Coma 0.4A Slight - No
1.0x Moderate Yes, faint
Spherical - 0.5 Slight : No
aberration 1.0A Moderate ' Yes, very faint
Astigmatism at None No ‘
mid focus ’
Spherical aberra- - Slight ~ No

tion at mid focus
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" Several conclusions may be drawn from the comparisons in Tables
1, 5, and 6. Piston error is by far the most significant aberratibn.
Its effect is negligible when Wgpg = 0.1X but is very much apparent when
WOQ = 0.25)A. Tilt, defocus, and system defocus have approximately the
Same effect when their magnitudes are less than 0.75A. For magnitudes
of 0.25X their effect is insignificant; and. for O.SA their effect is no-
ticeable, Thé maximum tolerable magnitude of these three aberrations is
about OTSSA. ‘The least sensitive aberrations are astigmatism, coma, and
spherical aberration. Their effect is insignificant for magnitudes less
than 0.5) although it is noticeable for magnitudes of 1.0A. A tolerable
magnitude for these aberrations lies in the range 0.5) to 1.0A.

Balancing piston error, astigmatism, and spherical aberration
with defocus can improve the system performance significantly.v As was
seen in Chapter IV, 0.5) of piston error produces a dramatic effect on
the transfer function and point spread function. Howevér, if the piston
error is balanced with -0.66) of defocus, the net effect is appfoximately
equivalent to 0.25) of piston error. Similarly, 1.0A of astigmatism or
spherical aberration produces a noticeable if not large effect. By re-
focusing to the best focal position (Wog = -0.5W35 or Woqg = =1.0Wyq),
the system perfdrménce is increased to the point where the aberration
has no no;iceable effect.A )

Table 1 liéted the minimum detectable aberration magnitudes based
on wavéfroﬁt variance considerations. These magnitudés are consistent
with the magnitudes producing observable changes in the point spread
functiqn (Table 6). However, changes in the target image are not observ-

able until aberration magnitudes nearly twice as large are introduced.

-



APPENDIX A
DESIGN OF THE ABERRATION GENERATOR

The optical lay0ut of the aberration generator is shown in Fig.
23, and the detailed optical specifications are given in Table 7.

Elements A, B, and C were fabricated at the Optical Sciences
Center, and elements D through K were fabriéated'by Herron Optical Com-
pany. (Surface radii match Herron's test plates.) The.optical elements
had a peak—to—peak surface error of-less than A/12 (at A = 550 nm); a
cosmetic surface quality of 40-30, and a centration of better than 1 min
of arc. All elements wefe antireflection coated by Herron.

The motions of the optical elements that were necessary to pro-

duce the desired aberrations are listed in Table 8.
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Table 7. Optical Specification of the Aberration Generator.

. Axial Axial Radius of curvature ‘Diam-  Clear
Element thickness  spacing Front Back eter aperture Material

A 5.0 @ ® 32 28 BK7
ASAP :

B 5.0 e 24,400 cc 32 28 BK7
ASAP

C 5.0 24,400 cc o 32 28 BK7
ASAP

D 2.54 846.55 cc 57.22 cc 32 28 KF9
8.04 ,

E 5.08 70,36 cx o 35 32 SK5

. 1.50 :

F 2.54 70.36 cc. ® 35 32 SK5
8.04

G 5.08 o 72.64 cx 36 32 - SK5
ASAP :

H 5.08 72.64 cx o 36 32 SK5
8.04 ‘

I ©2.54 o 70.36 cc 35 32 SKS

- 1.50

J 5.08 o 70.36 cx 35 32 SK5
8.04

K 2.54 57.22 cc 846.55 cc 32 28 KF9

Note: -All dimensions are in millimeters. .

ASAP = as small as practicéble

cc

cX

i

concave

-convex

8T



Table 8. Mechanical Specification of the Aberration Generator.

Motion Aberration introduced
Element x Y b Rotation Least count Type Least count Maximum
A - -- -- £6° about  0.15° Woo ~ 0.05\% £16)
x axis
B - -- -~ +90° about 10
y axis. Wop — 0.2\% £6. 7\
C - -- - £90° about 1o
2 axis _
D -- -- +0.5 mm -~ 10 um Woo 0.08x* +3A
E,F -- -- £5.6 mm -- 100 um Wi 0.1x 2\
G (Stationary) -- -- -- --
H (Stationary) - - -- --
I,J £1.5 mm +1.5 mm -- -- : 25 um W31 0.1x 3
K +60 um 60 um -~ -- 0.5 um W11 0.1A +12)
Note: *

Eor small amounts of

aberration.
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APPENDIX B
THE LINE SPREAD FUNCTION PROGRAM

The Line Spread Functign Program calculates the cross section of
the optical transfer function from the measured line spread function
(LSF) using a Fast Fourier Transform routine. The modulus of the trans-
fer function is then multiplied by a correction factor that takes into
account the finite size of the slit used to measure the liné spread
function {(see slit width discussion in Chapter IV).

The LSF input to the program must be described by 2 data points.
Although any »n may be used with the Fourier transform routine, the cor-
rection factor will be properly scaled only for =n =7 (corresponding to
128 data points). The scale of the correction factor is also dependent
upon the éize of the LSF sampling interval. Since this interval is dif- .
férent for the ¢ = 0° and ¢ = 45° scans, it is necessary to-speéify
MAJOR AXIS to indicate a ¢ = 0° scan or 45 DEGREE AXIS to indicate‘a o =
45? scan.

The outputs of the program are the réal part, imaginary parf,
modulus, and phase of the optical transfer function. In addition, the
corrected modulus is printed. The médulus is normalized to unity at the
origin, and the-phaée is expressed in fractions of a cycle. = The spatial

frequency interval Av between adjaéent_output points is

1
T e
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where 2" is the number of input data-points and As is the spatial inter-
val between input ddta poirnts.

A sample input data deck-is as follows:

Control cards
7 ,
8.
9
*1.0 WAVES COMA
MAJOR AXIS
0.0
0.9
46,
4,
7
89

{(next data deck)

The comment card is requifed, Depending on the scan direction, 45 DEGREE
AXIS or MAJOR AXIS is used. The peak value of the LSF (45 in this exam-
ple) is always the 27/2 + 1 data position. Data are entered in columns
10 spaces wide (1-10, 11-20, 21-31, etc.) and may have three ditits fol-
lowing the required décimal‘point. If the measured LSF does not fill |
the 2" data positions, then zeros must be added to éither end of the LSF

in order to fill all positions.



APPENDIX C
FINE FOCUSING METHOD

The focal plane of the synthetic aperture system ﬁas located us-
ing a three—Beam interference technique suggested by Shack (1970).
| A mask containing three small apertureé was placed over the pu- -
pil of the éynthetic aperture array. One of the holes was positioned on
the optical axis and the other two holes were located on each side of .
and equidistant from the center hole.

The three-beam interference pattern observed in the focal plane
4of the synthetic aperturé system had the form shown in Fig. 89a.7 A set
of low-visibility fringes existed between a set of high-visibility
fringes. When the observation plane was.moved a distance corresponding
to 0.51 of defocus, the two sets of fringe fields had the same maximum
intensity (Fig. 89b). The focal plane, therefdré, was found by first
adjusting the sensor head on each side of the nominally best focus until -
thé fringes observed on the focusing screen had the same maximum inten-
sity. The plane of best focus was located halfway between the two
planes where this occurred.

It was found thatiﬁith this method the repeatability in position-
ing the sensor head in the focal plane was better than £10 um. This

corresponds to a system defocus of less than +1/50.
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